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functions, Fekete-Szegö theorem, iteration of rational maps, Fatou and

Julia sets, canonical heights, equidistribution theorems



Contents

Preface ix
History x
Related works xi
Acknowledgments xii
Differences from the preliminary version xii

Introduction xv

Notation xxix

Chapter 1. The Berkovich unit disc 1
1.1. Definition of D(0, 1) 1
1.2. Berkovich’s classification of points in D(0, 1) 2
1.3. The topology on D(0, 1) 7
1.4. The tree structure on D(0, 1) 9
1.5. Metrizability 17
1.6. Notes and further references 18

Chapter 2. The Berkovich projective line 19
2.1. The Berkovich affine line A1

Berk 19
2.2. The Berkovich “Proj” construction 23
2.3. The action of a rational map ϕ on P1

Berk 29
2.4. Points of P1

Berk revisited 35
2.5. The tree structure on HBerk and P1

Berk 38
2.6. Discs, annuli, and simple domains 40
2.7. The path distance metric and the strong topology 42
2.8. Notes and further references 46

Chapter 3. Metrized graphs 47
3.1. Definitions 47
3.2. The space CPA(Γ) 48
3.3. The potential kernel jz(x, y) 49
3.4. The Zhang space Zh(Γ) 51
3.5. The space BDV(Γ) 53
3.6. The Laplacian on a metrized graph 58

Chapter 4. The Hsia kernel 63
4.1. Definition of the Hsia kernel 63

v



vi CONTENTS

4.2. The extension of jz(x, y) to P1
Berk 66

4.3. The spherical distance and the spherical kernel 69
4.4. The generalized Hsia kernel 71
4.5. Notes and further references 75

Chapter 5. The Laplacian on the Berkovich projective line 77
5.1. Continuous functions 77
5.2. Coherent systems of measures 81
5.3. The Laplacian on a subdomain of P1

Berk 84
5.4. Properties of the Laplacian 87
5.5. The Laplacians of Favre–Rivera-Letelier and Thuillier 92
5.6. Notes and further references 95

Chapter 6. Capacity theory 97
6.1. Logarithmic capacities 97
6.2. The equilibrium distribution 99
6.3. Potential functions attached to probability measures 104
6.4. The transfinite diameter and the Chebyshev constant 111
6.5. Equality of the capacitary functions 114
6.6. A generalization of the Fekete-Szegö Theorem 116
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Preface

This book is a revised and expanded version of the authors’ manuscript
“Analysis and Dynamics on the Berkovich Projective Line” ([74], July 2004).
Its purpose is to develop the foundations of potential theory on the Berkovich
projective line P1

Berk over an arbitrary complete, algebraically closed nonar-
chimedean field.

In the book, we first give a detailed description of the topological struc-
ture of the Berkovich projective line. We then introduce the Hsia kernel,
the fundamental kernel for potential theory (closely related to the Gromov
kernel of [38]). Next we define a Laplacian operator on P1

Berk, and construct
theories of capacities, harmonic functions, and subharmonic functions, all
of which are strikingly similar to their classical counterparts over C. Us-
ing these, we develop a theory of multiplicities and give applications to
nonarchimedean dynamics, including the construction of a canonical invari-
ant probability measure on P1

Berk attached to a rational function of degree at
least 2. This measure is analogous to the well-known probability measure on
P1(C) constructed by Lyubich and Freire-Lopes-Mañé. We also investigate
Berkovich space analogues of the classical Fatou-Julia theory for rational
iteration over C.

In addition to providing a concrete introduction to Berkovich’s ana-
lytic spaces and to potential theory and rational dynamics on P1

Berk, the
theory developed here has applications in arithmetic geometry, arithmetic
intersection theory, and arithmetic dynamics. In particular, it provides the
background needed for the authors’ proof of an adelic equidistribution the-
orem for small points with respect to the dynamical height attached to a
rational function of degree at least 2 over a number field ([6]), and for the
first author’s proof of a Northcott-type finiteness theorem for the dynamical
height attached to non-isotrivial rational function of degree at least 2 over
a function field ([2]). It also contains an updated treatment (in the special
case of P1) of the Fekete and Fekete-Szegö theorems from ([72]), replacing
the somewhat esoteric notion of “algebraic capacitability” with the simple
notion of compactness.

A more detailed overview of the results in this book can be found in the
first author’s lecture notes from the 2007 Arizona Winter School ([3]), and
in the Introduction below.

ix
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History

This book began as a set of lecture notes from a seminar on the Berkovich
projective line held at the University of Georgia during Spring 2004. The
purpose of the seminar was to develop the tools needed to prove an adelic
equidistribution theorem for small points with respect to the dynamical
height attached to a rational function of degree d ≥ 2 defined over a number
field. Establishing such a theorem had been one of the main goals in our
2002 NSF proposal DMS-0300784.

In ([5]), the first author and Liang-Chung Hsia had proved an adelic
equidistribution theorem for points of P1(Q) having small dynamical height
with respect to the iteration of a polynomial map. Two basic problems re-
mained after that work. First, there was the issue of generalizing the main
results of ([5]) to rational functions, rather than just polynomials. It oc-
curs frequently in complex dynamics and potential theory that one needs
heavier machinery to deal with rational maps than polynomials, and it was
fairly clear that the methods of ([5]) would not generalize directly to the
case of rational maps – a more systematic development of potential theory
in the nonarchimedean setting was needed. Second, because the filled Julia
set in P1(Cp) of a polynomial over Cp is frequently non-compact, the au-
thors of ([5]) were unable formulate their result as a true “equidistribution”
theorem. Instead, they introduced a somewhat artificial notion of “pseudo-
equidistribution”, and showed that when the filled Julia set is compact, then
pseudo-equidistribution coincides with the usual notion of equidistribution.

The second author, upon learning of the results in ([5]), suggested that
Berkovich’s theory might allow one to remove the awkwardness in those
results. Several years earlier, in ([27]), he had proposed that Berkovich
spaces would be a natural setting for nonarchimedean potential theory.

We thus set out to generalize the results of ([5]) to a true equidistribu-
tion theorem on P1

Berk, valid for arbitrary rational maps. An important step
in this plan was to establish the existence of a canonical invariant measure
on P1

Berk attached to a rational function of degree at least 2 defined over
Cp, having properties analogous to those of the canonical measure in com-
plex dynamics (see [56, 42]). It was clear that even defining the canonical
measure would require significant foundational work.

In summer 2003, the first author met with Antoine Chambert-Loir in
Paris, and learned that Chambert-Loir was thinking about Berkovich spaces
and his student Amaury Thuillier had recently defined a Laplacian opera-
tor on Berkovich curves. Not knowing exactly what Thuillier had proved,
nor when his results might be publicly available, we undertook to develop a
measure-valued Laplacian and a theory of subharmonic functions on P1

Berk
ourselves, with a view toward applying them in a dynamical setting. The
previous year we had studied Laplacians on metrized graphs and their spec-
tral theory ([7]), and that work made it plausible that a Laplacian operator
could be constructed on P1

Berk by taking an inverse limit of graph Laplacians.
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The project succeeded, and we presented this material at the confer-
ence on Arithmetical Dynamical Systems held at CUNY in May 2004. To
our surprise, we learned that Chambert-Loir, Thuillier, and Pascal Autissier
had proved the same equidistribution theorem using an approach based on
Arakelov theory. At that conference, Rob Benedetto also pointed out to us
the work of Juan Rivera-Letelier, who had independently rediscovered the
Berkovich projective line and used it to carry out a deep study of nonar-
chimedean dynamics. Soon after, we learned that Charles Favre and Rivera-
Letelier had independently proved the equidistribution theorem as well.

The realization that three different groups of researchers had been work-
ing on similar things slowed our plans to develop the theory further. How-
ever, over time it became evident that each of the proofs had its merits:
our proof brought out connections with energy minimization principles; the
proof of Chambert-Loir, Thuillier and Autissier was later generalized to
higher dimensions; and Favre and Rivera-Letelier’s proof lead to explicit
quantitative error bounds. And ultimately, we, at least, have benefitted
greatly from the others’ perspectives.

Thus, while this book began as a research monograph, we now view it
mainly as an expository work, whose goal is to give a systematic presentation
of foundational results in potential theory and dynamics on P1

Berk. Although
the approach to potential theory given here is our own, it has overlaps with
the theory developed by Thuillier for curves of arbitrary genus. And many
of the results in the final two chapters on the dynamics of rational functions
were originally discovered by Rivera-Letelier.

Related works

Amaury Thuillier, in his doctoral thesis ([77]), established the founda-
tions of potential theory for Berkovich curves of arbitrary genus. Thuillier
constructs a Laplacian operator and theories of harmonic and subharmonic
functions, and gives applications of his work to Arakelov intersection theory.
Thuillier’s work has great generality and scope, but is written in a sophisti-
cated language and assumes a considerable amount of machinery. Because
the present monograph is written in a more elementary language and deals
only with P1, it may be a more accessible introduction to the subject for
some readers. In addition, we prove a number of results which are not
contained in ([77]) but are needed for applications to the theory of nonar-
chimedean dynamics and dynamical canonical heights (see, for example, [6]
and [2]).

Juan Rivera-Letelier, in his doctoral thesis ([65]) and subsequent papers
([66, 67, 68, 64]), has carried out a profound study of the dynamics of
rational maps on the Berkovich projective line (though his papers are written
in a rather different terminology). Section 10.8 contains an exposition of
Rivera-Letelier’s work.
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Using Rivera-Letelier’s ideas, we have simplified and generalized our
discussion of multiplicities in Chapter 9, and have greatly extended our
results on the dynamics of rational maps in Chapter 10. It should be noted
that Rivera-Letelier’s proofs are written with Cp as the ground field. One
of the goals of this book is to establish a reference for parts of his theory
which hold over an arbitrary complete algebraically closed field.

Charles Favre and Mattias Jonsson ([36]) have developed a Laplacian
operator, and parts of potential theory, in the general context of R-trees.
Their definition of the Laplacian, though it ultimately constructs the same
operator on P1

Berk, has a rather different flavor from ours. As noted above,
Chambert-Loir ([26]) and Favre and Rivera-Letelier ([37, 38]) have given in-
dependent proofs of the adelic dynamical equidistribution theorem for small
points, as well as constructions of the canonical measure on P1

Berk attached
to a rational function. Recently Favre and Rivera-Letelier ([39]) have inves-
tigated ergodic theory for rational maps on P1

Berk. In section 10.3, we prove
a special case of their theorem on the convergence of pullback measures to
the canonical measure, which we use as the basis for our development of
Fatou-Julia theory.
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Differences from the preliminary version

There are several differences between the present manuscript and the
preliminary version ([74]) posted to the arXiv preprint server in July 2004.
For one thing, we have corrected a number of errors in the earlier version.

More importantly, we have revised all of the statements and proofs so
that they hold over an arbitrary complete, algebraically closed field K en-
dowed with a non-trivial nonarchimedean absolute value, rather than just
the field Cp. The main difference is that the Berkovich projective line over
Cp is metrizable and has countable branching at every point, whereas in
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general the Berkovich projective line over K is non-metrizable and has un-
countable branching. This required a significant reworking of many of our
original proofs, since ([74]) relies in several places on arguments valid for
metric spaces but not for an arbitrary compact Hausdorff space. Conse-
quently, the present book makes more demands on the reader in terms of
topological prerequisites; for example we now make use of nets rather than
sequences in several places.

In some sense, this works against the concrete and “elementary” expo-
sition that we have striven for. However, the changes seem desirable for at
least two reasons. First, some proofs become more natural once the crutch of
metrizability is removed. Second, and perhaps more importantly, the theory
for more general fields is needed for many applications. The first author’s
paper ([2]) is one example of this: it contains a Northcott-type theorem
for heights over a general field k endowed with a product formula which
is proved by working locally at each place v on the Berkovich projective
line over Cv (the smallest complete and algebraically closed field contain-
ing k and possessing an absolute value extending the given one | |v on k).
As another example, Kontsevich and Soibelman ([53]) have recently used
Berkovich’s theory over fields such as the completion of the algebraic clo-
sure of C((T )) to study homological mirror symmetry. We mention also the
work of Favre and Jonsson ([36]) on the valuative tree, as well as the related
work of Jan Kiwi ([51]), which have applications to complex dynamics and
complex pluripotential theory.

Here is a summary of the main differences between this work and ([74]):

• We have added a detailed Introduction summarizing the work.
• We have added several appendices in order to make the presentation

more self-contained.
• We have updated the bibliography and added an index.
• We give a different construction of P1

Berk (analogous to the “Proj”
construction in algebraic geometry) which makes it easier to un-
derstand the action of a rational function.
• We have changed some of our notation and terminology to be com-

patible with that of the authors mentioned above.
• We have included a discussion of R-trees, and in particular of P1

Berk
as a “profinite R-tree”.
• We have expanded our discussion of the Poisson formula on P1

Berk.
• We state and prove Berkovich space versions of the arithmetic

Fekete-Szegö theorem for P1.
• We have simplified and expanded the discussion in Chapter 9 on

analytic multiplicities.
• We have greatly expanded the material on dynamics of rational

maps, incorporating the work of Rivera-Letelier and the joint work
of Favre–Rivera-Letelier.





Introduction

This monograph has several goals. Its first and primary goal is to de-
velop the foundations of potential theory on P1

Berk, including the definition of
a measure-valued Laplacian operator, capacity theory, and a theory of har-
monic and subharmonic functions. Its second goal is to provide the reader
with a concrete introduction to Berkovich’s theory of analytic spaces by fo-
cusing on the special case of the Berkovich projective line. Its third goal is
to give applications of potential theory on P1

Berk, especially to the dynam-
ics of rational maps defined over an arbitrary complete, algebraically closed
nonarchimedean field K.

We now outline the contents of the book.

The Berkovich affine and projective lines. Let K be an alge-
braically closed field which is complete with respect to a nontrivial nonar-
chimedean absolute value. The topology on K induced by the given absolute
value is Hausdorff, but is also totally disconnected and not locally compact.
This makes it difficult to define a good notion of an analytic function on
K. Tate dealt with this problem by developing the subject now known as
rigid analysis, in which one works with a certain Grothendieck topology on
K. This leads to a satisfactory theory of analytic functions, but since the
underlying topological space is unchanged, difficulties remain for other ap-
plications. For example, using only the topology on K there is no evident
way to define a Laplacian operator analogous to the classical Laplacian on
C, or to work sensibly with probability measures on K.

However, these difficulties, and many more, can be resolved in a very
satisfactory way using Berkovich’s theory. The Berkovich affine line A1

Berk
overK is a locally compact, Hausdorff, and path-connected topological space
which contains K (with the topology induced by the given absolute value)
as a dense subspace. One obtains the Berkovich projective line P1

Berk by
adjoining to A1

Berk in a suitable manner a point at infinity; the resulting
space P1

Berk is a compact, Hausdorff, path-connected topological space which
contains P1(K) (with its natural topology) as a dense subspace. In fact,
A1

Berk and P1
Berk are more than just path-connected: they are uniquely path-

connected, in the sense that any two distinct points can be joined by a unique
arc. The unique path-connectedness is closely related to the fact that A1

Berk

and P1
Berk are endowed with a natural tree structure. (More specifically,

they are R-trees, as defined in §1.4.) The tree structure on A1
Berk (resp.

xv
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P1
Berk) can be used to define a Laplacian operator in terms of the classical

Laplacian on a finite graph. This in turn leads to a theory of harmonic and
subharmonic functions which closely parallels the classical theory over C.

The definition of A1
Berk is quite simple, and makes sense with K replaced

by an arbitrary field k endowed with a (possibly archimedean or even trivial)
absolute value. As a set, A1

Berk,k consists of all multiplicative seminorms on
the polynomial ring k[T ] which extend the usual absolute value on k. (A
multiplicative seminorm on a ring A is a function [ ]x : A→ R≥0 satisfying
[0]x = 0, [1]x = 1, [fg]x = [f ]x ·[g]x, and [f+g]x ≤ [f ]x+[g]x for all f, g ∈ A.)
By an aesthetically desirable abuse of notation, we will identify seminorms
[ ]x with points x ∈ A1

Berk,k, and we will usually omit explicit reference to
the field k, writing simply A1

Berk. The topology on A1
Berk,k is the weakest

one for which x 7→ [f ]x is continuous for every f ∈ k[T ].
To motivate this definition, we observe that in the classical setting, every

multiplicative seminorm on C[T ] which extends the usual absolute value on
C is of the form f 7→ |f(z)| for some z ∈ C. (This is a consequence of
the well-known Gelfand-Mazur theorem from functional analysis.) It is then
easy to see that A1

Berk,C is homeomorphic to C itself, and also to the Gelfand
spectrum (i.e., the space of all maximal ideals) in C[T ].

In the nonarchimedean world, K can once again be identified with the
Gelfand space of maximal ideals in K[T ], but now there are many more
multiplicative seminorms on K[T ] than just the ones given by evaluation at
a point of K. The prototypical example is gotten by fixing a closed disc
D(a, r) = {z ∈ K : |z − a| ≤ r} in K, and defining [ ]D(a,r) by

[f ]D(a,r) = sup
z∈D(a,r)

|f(z)| .

It is an elementary consequence of Gauss’ lemma that [ ]D(a,r) is multiplica-
tive, and the other axioms for a seminorm are trivially satisfied. Thus each
disc D(a, r) gives rise to a point of A1

Berk. Note that this includes discs for
which r 6∈ |K∗|, i.e., “irrational discs” for which the set {z ∈ K : |z−a| = r}
is empty. We may consider the point a as a “degenerate” disc of radius zero.
(If r > 0, then [ ]D(a,r) is not only a seminorm, but a norm). It is not hard to
see that distinct discs D(a, r) with r ≥ 0 give rise to distinct multiplicative
seminorms on K[T ], and therefore the set of all such discs embeds naturally
into A1

Berk.
Suppose x, x′ ∈ A1

Berk are distinct points corresponding to the (possibly
degenerate) discs D(a, r), D(a′, r′), respectively. The unique path in A1

Berk
between x and x′ has a very intuitive description. If D(a, r) ⊂ D(a′, r′),
it consists of all points of A1

Berk corresponding to discs containing D(a, r)
and contained in D(a′, r′). The set of all such “intermediate discs” is totally
ordered by containment, and if a = a′ it is just {D(a, t) : r ≤ t ≤ r′}. If
D(a, r) and D(a′, r′) are disjoint, the unique path between x and x′ consists
of all points of A1

Berk corresponding to discs of the form D(a, t) with r ≤
t ≤ |a − a′| or discs of the form D(a′, t) with r′ ≤ t ≤ |a − a′|. The disc
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D(a, |a − a′|) = D(a′, |a − a′|) is the smallest one containing both D(a, r)
and D(a′, r′), and if x ∨ x′ denotes the point of A1

Berk corresponding to
D(a, |a − a′|), then the path from x to x′ is just the path from x to x ∨ x′
followed by the path from x ∨ x′ to x′.

In particular, if a, a′ are distinct points of K, one can visualize the path
in A1

Berk from a to a′ as follows: increase the “radius” of the degenerate
disc D(a, 0) until a disc D(a, r) is reached which also contains a′. This disc
can also be written as D(a′, s) with s = |a − a′|. Now decrease s until
the radius reaches zero. This “connects” the totally disconnected space K
by adding points corresponding to closed discs in K. In order to obtain a
compact space, however, it is necessary in general to add even more points.
For K may not be spherically complete (this happens, e.g., when K = Cp):
there may be decreasing sequences of closed discs with empty intersection.
Intuitively, we need to add in points corresponding to such sequences in order
to obtain a space which has a chance of being compact. More precisely, if
we return to the definition of A1

Berk in terms of multiplicative seminorms, it
is easy to see that if {D(ai, ri)} is any decreasing nested sequence of closed
discs, then the map

f 7→ lim
i→∞

[f ]D(ai,ri)

defines a multiplicative seminorm on K[T ] extending the usual absolute
value on K. One can show that two sequences of discs with empty inter-
section define the same seminorm if and only if the sequences are cofinal.
This yields a large number additional points of A1

Berk. However, according
to Berkovich’s classification theorem, we have now described all the points
of A1

Berk: each point x ∈ A1
Berk corresponds to a decreasing nested sequence

{D(ai, ri)} of closed discs, and we can categorize the points of A1
Berk into

four types according to the nature of D =
⋂
D(ai, ri):

(Type I) D is a point of K.
(Type II) D is a closed disc with radius belonging to |K∗|.
(Type III) D is a closed disc with radius not belonging to |K∗|.
(Type IV) D = ∅.

As a set, P1
Berk can be obtained from A1

Berk by adding a type I point denoted
∞. The topology on P1

Berk is that of the one-point compactification.
Following Rivera-Letelier, we write HBerk for the subset of P1

Berk consist-
ing of all points of type II, III, or IV (Berkovich “hyperbolic space”). Note
that HBerk consists of precisely the points in P1

Berk for which [ ]x is a norm.
We also write HQ

Berk for the set of type II points, and HR
Berk for the set of

points of type II or III.
The description of points of A1

Berk in terms of closed discs is very useful,
because it allows one to visualize quite concretely the abstract space of
multiplicative seminorms which we started with. It also shows us that A1

Berk
is endowed with a natural partial order, defined by saying that x ≤ y if
and only if [f ]x ≤ [f ]y for all f ∈ K[T ]. In terms of discs, if x, y are
points of Type I, II, or III, one can show that x ≤ y if and only if the disc
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Figure 1. The Berkovich projective line (adapted from an
illustration of Joe Silverman)

corresponding to x is contained in the disc corresponding to y. (We leave it
as an exercise to the reader to extend this description of the partial order
to points of Type IV.) For any pair of points x, y ∈ A1

Berk, there is a unique
least upper bound x ∨ y ∈ A1

Berk with respect to this partial order. We can
extend the partial order to P1

Berk by declaring that x ≤ ∞ for all x ∈ A1
Berk.

Writing

[x, x′] = {z ∈ P1
Berk : x ≤ z ≤ x′} ∪ {z ∈ P1

Berk : x′ ≤ z ≤ x} ,

it is easy to see that the unique path between x, y ∈ P1
Berk is just

[x, x ∨ y] ∪ [x ∨ y, y] .

There is a canonical metric ρ on HBerk which is of great importance for
potential theory. First, define a function diam : A1

Berk → R≥0 by setting
diam(x) = lim ri if x corresponds to the nested sequence {D(ai, ri)}. This
is well-defined independent of the choice of nested sequence. If x ∈ HR

Berk,
then diam(x) is just the diameter (= radius) of the corresponding closed
disc. Because K is complete, if x is of type IV then diam(x) > 0. Thus
diam(x) = 0 for x ∈ A1

Berk of Type I, and diam(x) > 0 for x ∈ HBerk.
If x, y ∈ HBerk with x ≤ y, we define

ρ(x, y) = logv
diam(y)
diam(x)

,

where logv denotes the logarithm to the base qv, with qv > 1 a fixed real
number chosen so that − logv | · | is a prescribed normalized valuation on K.
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More generally, for x, y ∈ HBerk arbitrary, we define the path distance
metric ρ(x, y) by

ρ(x, y) = ρ(x, x ∨ y) + ρ(y, x ∨ y) .

It is not hard to verify that ρ defines a metric on HBerk. One can extend ρ
to a singular function on P1

Berk by declaring that if x ∈ P1(K) and y ∈ P1
Berk,

we have ρ(x, y) = ∞ if x 6= y and 0 if x = y. However, usually we only
consider ρ as being defined on HBerk.

It is important to note that the topology on HBerk defined by the metric
ρ is not the subspace topology induced from the Berkovich (or Gelfand)
topology on P1

Berk ⊃ HBerk; it is strictly finer than the subspace topology.
The group PGL(2,K) of Möbius transformations acts continuously on

P1
Berk in a natural way compatible with the usual action on P1(K), and this

action preserves HBerk,HQ
Berk, and HR

Berk. Using the definition of P1
Berk in

terms of multiplicative seminorms (and extending each [ ]x to a seminorm
on its local ring in the quotient field K(T )) we have [f ]M(x) = [f ◦ M ]x
for each M ∈ PGL(2,K). The action of PGL(2,K) on P1

Berk can also be
described concretely in terms of Berkovich’s classification theorem, using
the fact that each M ∈ PGL(2,K) takes closed discs to closed discs. An
important observation is that PGL(2,K) acts isometrically on HBerk, i.e.,

ρ(M(x),M(y)) = ρ(x, y)

for all x, y ∈ HBerk and all M ∈ PGL(2,K). This shows that the path
distance metric ρ is “coordinate-free”.

The diameter function diam can also be used to extend the usual distance
function |x− y| on K to A1

Berk. We call this extension the Hsia kernel, and
denote it by δ(x, y)∞. Formally, for x, y ∈ A1

Berk we have

δ(x, y)∞ = diam(x ∨ y) .

It is easy to see that if x, y ∈ K then δ(x, y)∞ = |x − y|. More generally,
one has the formula

δ(x, y)∞ = lim sup
(x0,y0)→(x,y)

|x0 − y0| ,

where (x0, y0) ∈ K ×K and the convergence implicit in the lim sup is with
respect to the product topology on P1

Berk×P1
Berk. The Hsia kernel satisfies all

of the axioms for an ultrametric with one exception: we have δ(x, x)∞ > 0
for x ∈ HBerk.

The function − logv δ(x, y)∞, which generalizes the usual potential the-
ory kernel − logv |x − y|, leads to a theory of capacities on P1

Berk which
generalizes that of ([72]), and which has many features in common with
classical capacity theory over C.

There is also a generalized Hsia kernel δ(x, y)ζ with respect to an arbi-
trary point ζ ∈ P1

Berk; we refer the reader to §4.4 for details.
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We now come to an important description of P1
Berk as a profinite R-tree.

An R-tree is a metric space (T, d) such that for each distinct pair of points
x, y ∈ T , there is a unique arc in T from x to y, and this arc is a geodesic.
(See Appendix B for a more detailed discussion of R-trees.) A branch point
is a point x ∈ T for which T\{x} has either one or more than two connected
components. A finite R-tree is an R-tree which is compact and has only
finitely many branch points. Intuitively, a finite R-tree is just a tree in
the usual graph-theoretic sense, but where the edges are thought of as line
segments having definite lengths. Finally, a profinite R-tree is an inverse
limit of finite R-trees.

Let us consider how these definitions play out for P1
Berk. If S ⊂ P1

Berk,
define the convex hull of S to be the smallest path-connected subset of P1

Berk
containing S. (This is the same as the set of all paths between points of S.)
By abuse of terminology, a finite subgraph of P1

Berk will mean the convex hull
of a finite subset S ⊂ HR

Berk. Every finite subgraph Γ, when endowed with
the induced path distance metric ρ, is a finite R-tree, and the collection of
all finite subgraphs of P1

Berk is a directed set under inclusion. Moreover, if
Γ ≤ Γ′, then by a basic property of R-trees, there is a continuous retraction
map rΓ′,Γ : Γ′ → Γ. In §1.4, we will show that P1

Berk is homeomorphic
to the inverse limit lim←−Γ over all finite subgraphs Γ ⊂ P1

Berk. (Intuitively,
this is just a topological formulation of Berkovich’s classification theorem.)
This description of P1

Berk as a profinite R-tree provides a convenient way to
visualize the topology on P1

Berk: two points are “close” if they retract to the
same point of a “large” finite subgraph. For each Γ, we let rP1

Berk,Γ
be the

natural retraction map from P1
Berk to Γ coming from the universal property

of the inverse limit.
A fundamental system of open neighborhoods for the topology on P1

Berk is
given by the open affinoid subsets, which are the sets of the form r−1

P1
Berk,Γ

(V )

for Γ a finite subgraph of HR
Berk and V an open subset of Γ. We will refer

to a connected open affinoid subset of P1
Berk as simple domain. Simple

domains can be completely characterized as the connected open subsets of
P1

Berk having a finite (non-zero) number of boundary points contained in
HR

Berk. If U is an open subset of P1
Berk, a simple subdomain of U is defined

to be a simple domain whose closure is contained in U .

Laplacians. The profinite R-tree structure on P1
Berk also leads directly

to the construction of a Laplacian operator. On a finite subgraph Γ (or more
generally any finite, compact R-tree), there is a natural Laplacian opera-
tor ∆Γ generalizing the well-known combinatorial Laplacian on a weighted
graph. If f : Γ → R is continuous, and C2 except at a finite number of
points, then there is a unique Borel measure ∆Γ(f) of total mass zero on Γ
such that

(0.1)
∫

Γ
ψ∆Γ(f) =

∫
Γ
f ′(x)ψ′(x) dx
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for all suitable test functions ψ. The measure ∆Γ(f) has a discrete part
and a continuous part. At each P ∈ Γ which is either a branch point of
Γ or a point where f(x) fails to be C2, ∆Γ(f) has a point mass equal to
the negative of the sum of the directional derivatives of f(x) on the edges
emanating from P . On the intervening edges, it is given by −f ′′(x)dx. (See
§3 for details.)

We define BDV(Γ) to be the largest class of continuous functions f on
Γ for which the distribution defined by

(0.2) ψ 7→
∫

Γ
f ∆Γ(ψ) ,

for all ψ as above, is represented by a bounded signed Borel measure ∆Γ(f);
a simple integration by parts argument shows that this measure coincides
with the one defined by (0.1) when f is sufficiently smooth. The name
“BDV” abbreviates “Bounded Differential Variation”. We call the measure
∆Γ(f) the Laplacian of f on Γ.

The Laplacian satisfies an important compatibility property with re-
spect to the partial order on the set of finite subgraphs of P1

Berk given by
containment. If Γ ≤ Γ′ and f ∈ BDV(Γ′), then

(0.3) ∆Γ(f |Γ) =
(
rΓ′,Γ

)
∗∆Γ′(f) .

We define BDV(P1
Berk) to be the collection of all functions f : P1

Berk →
R ∪ {±∞} such that:

• f |Γ ∈ BDV(Γ) for each finite subgraph Γ.
• The measures |∆Γ(f)| have uniformly bounded total mass.

Note that belonging to BDV(Γ) imposes no condition on the values of f at
points of P1(K).

Using the compatibility property (0.3), one shows that if f ∈ BDV(P1
Berk),

then the collection of measures {∆Γ} “cohere” to give a unique Borel mea-
sure ∆(f) of total mass zero on the inverse limit space P1

Berk, for which(
rP1

Berk,Γ

)
∗

∆(f) = ∆Γ(f)

for all finite subgraphs Γ of P1
Berk. We call ∆(f) the Laplacian of f on P1

Berk.
Similarly, if U is a domain (i.e., a non-empty connected open subset)

in P1
Berk, one defines a class BDV(U) of functions f : U → R ∪ {±∞} for

which the Laplacian ∆U (f) is a bounded Borel measure of total mass zero
supported on the closure of U . The measure ∆U (f) has the property that(

rU,Γ

)
∗

∆(f) = ∆Γ(f)

for all finite subgraphs Γ of P1
Berk contained in U .

As a concrete example, fix y ∈ A1
Berk and let f : P1

Berk → R ∪ {±∞} be
defined by f(∞) = −∞ and

f(x) = − logv δ(x, y)∞
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for x ∈ A1
Berk. Then f ∈ BDV(P1

Berk), and

(0.4) ∆f = δy − δ∞

is a discrete measure on P1
Berk supported on {y,∞}. Intuitively, the expla-

nation for the formula (0.4) is as follows. The function f is locally con-
stant away from the path Λ = [y,∞] from y to ∞; more precisely, we have
f(x) = rP1

Berk,Λ
(x). Moreover, the restriction of f to Λ is linear (with re-

spect to the distance function ρ) with slope −1. For any test function ψ, we
therefore have the “heuristic” calculation∫

P1
Berk

ψ∆f =
∫

Λ
ψ∆f =

∫
Λ
f ′(x)ψ′(x) dx = −

∫ ∞
y

ψ′(x) dx = ψ(y)−ψ(∞) .

(To make this calculation rigorous, one needs to exhaust Λ = [y,∞] by an
increasing sequence of line segments Γ ⊂ HR

Berk, and then observe that the
corresponding measures ∆Γf converge weakly to δy − δ∞.)

Equation (0.4) shows that − logv δ(x, y)∞, like its classical counterpart
− log |x− y| over C, is a fundamental solution (in the sense of distributions)
to the Laplace equation. This “explains” why − logv δ(x, y)∞ is the correct
kernel for doing potential theory.

More generally, let ϕ ∈ K(T ) be a nonzero rational function with zeros
and poles given by the divisor div(ϕ) on P1(K). The usual action of ϕ on
P1(K) extends naturally to an action of ϕ on P1

Berk, and there is a continuous
function − logv[ϕ]x : P1

Berk → P1 ∪ {±∞} extending the usual map x 7→
− logv |ϕ(x)| on P1(K). One derives from (0.4) the following version of the
Poincaré-Lelong formula:

∆P1
Berk

(− logv[ϕ]x) = δdiv(ϕ) .

Harmonic functions. If U is a domain in P1
Berk, a real-valued function

f : U → R is called strongly harmonic on U if it is continuous, belongs to
BDV(U), and if ∆U (f) is supported on ∂U . The function f is harmonic on
U if every point x ∈ U has a connected open neighborhood on which f is
strongly harmonic.

Harmonic functions on domains U ⊆ P1
Berk satisfy many properties anal-

ogous to their classical counterparts over C. For example, a harmonic func-
tion which attains its maximum or minimum value on U must be constant.
There is also an analogue of the Poisson Formula: if f is a harmonic function
on an open affinoid U , then f extends uniquely to the boundary ∂U , and
the values of f on U can be computed explicitly in terms of f |∂U . A version
of Harnack’s principle holds as well: the limit of a monotonically increas-
ing sequence of nonnegative harmonic functions on U is either harmonic or
identically +∞. Even better than the classical case (where a hypothesis of
uniform convergence is required), a pointwise limit of harmonic functions
is automatically harmonic. As is the case over C, harmonicity is preserved
under pullbacks by meromorphic functions.
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Capacities. Fix ζ ∈ P1
Berk, and let E be a compact subset of P1

Berk\{ζ}.
(For concreteness, the reader may wish to imagine that ζ =∞.) By analogy
with the classical theory over C, and also with the nonarchimedean theory
developed in ([72]), one can define the logarithmic capacity of E with respect
to ζ. This is done as follows.

Given a probability measure ν on P1
Berk with support contained in E, we

define the energy integral

Iζ(ν) =
∫∫

E×E
− logv δ(x, y)ζ dν(x)dν(y) .

Letting ν vary over the collection P(E) of all probability measures sup-
ported on E, one defines the Robin constant

Vζ(E) = inf
ν∈P(E)

Iζ(ν) .

The logarithmic capacity of E relative to ζ is then defined to be

γζ(E) = q
−Vζ(E)
v .

For an arbitrary set H, the inner logarithmic capacity γζ(H) is defined by

γζ(H) = sup
compact E ⊂ H

γζ(E) .

A countably supported probability measure must have point masses,
and δ(x, x)ζ = 0 for x ∈ P1(K)\{ζ}; thus Vζ(E) = +∞ when E ⊂ P1(K)
is countable, so every countable subset of P1(K) has capacity zero. On the
other hand, for a “non-classical” point x ∈ HBerk we have Vζ({x}) < +∞,
since δ(x, x)ζ > 0, and therefore γζ({x}) = 0. In particular, a singleton set
can have positive capacity, a phenomenon which has no classical analogue.
More generally, if E ∩HBerk 6= ∅ then γζ(E) > 0.

As a more elaborate example, if K = Cp and E = Zp ⊂ A1(Cp) ⊂
A1

Berk,Cp , then γ∞(E) = p−1/(p−1). Since δ(x, y)∞ = |x − y| for x, y ∈ K,
this follows from the same computation as in ([72], Example 5.2.13).

For fixed E, the property of E having inner capacity 0 relative to ζ is
independent of the point ζ /∈ E.

If E is compact, and if γζ(E) > 0, we show that there is a unique
probability measure µE,ζ on E, called the equilibrium measure of E with
respect to ζ, which minimizes energy (i.e., for which Iζ(µE,ζ) = Vζ(E)). As
in the classical case, µE,ζ is always supported on the boundary of E.

Closely linked to the theory of capacities is the theory of potential func-
tions. For each probability measure ν supported on P1

Berk\{ζ}, one defines
the potential function uν(z, ζ) by

uν(z, ζ) =
∫
− logv δ(z, w)ζ dν(w) .

As in classical potential theory, potential functions need not be contin-
uous, but they do share several of the distinguishing features of continuous
functions. For example, uν(z, ζ) is lower semi-continuous, and is continuous
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at each z /∈ supp(ν). Potential functions on P1
Berk satisfy the following ana-

logues of Maria’s theorem and Frostman’s theorem from complex potential
theory:

Theorem (Maria). If uν(z, ζ) ≤ M on supp(ν), then uν(z, ζ) ≤ M for
all z ∈ P1

Berk\{ζ}.

Theorem (Frostman). If a compact set E has positive capacity, then
the equilibrium potential uE(z, ζ) satisfies uE(z, ζ) ≤ Vζ(E) for all z ∈
P1

Berk\{ζ}, and uE(z, ζ) = Vζ(E) for all z ∈ E outside a set of inner capacity
zero.

As in capacity theory over C, one can also define the transfinite diameter
and the Chebyshev constant of E, and they turn out to both be equal to the
logarithmic capacity of E.

We define the Green’s function of E relative to ζ to be

G(z, ζ;E) = Vζ(E)− uE(z, ζ)

for all z ∈ P1
Berk. We show that the Green’s function is everywhere nonneg-

ative, and is strictly positive on the connected component Uζ of P1
Berk\E

containing ζ. Also, G(z, ζ;E) is finite on P1
Berk\{ζ}, with a logarithmic

singularity at ζ, and it is harmonic in Uζ\{ζ}. Additionally, G(z, ζ;E) is
identically zero on the complement of Uζ outside a set of capacity zero. The
Laplacian of G(z, ζ;E) on P1

Berk is equal to δζ − µE,ζ . As in the classical
case, the Green’s function is symmetric as a function of z and ζ: we have

G(z1, z2;E) = G(z2, z1;E)

for all z1, z2 6∈ E. In a satisfying improvement over the theory for P1(Cp) in
([72]), the role of G(z, ζ;E) as a reproducing kernel for the Berkovich space
Laplacian becomes evident.

As an arithmetic application of the theory of capacities on P1
Berk, we

formulate generalizations to P1
Berk of the Fekete and Fekete-Szegö theorems

from ([72]). The proofs are easy, since they go by reducing the general
case to the special case of RL-domains, which was already treated in ([72]).
Nonetheless, the results are aesthetically pleasing because in their statement,
the simple notion of compactness replaces the awkward concept of “algebraic
capacitability”. The possibility for such a reformulation is directly related
to the fact that P1

Berk is compact, while P1(K) is not.

Subharmonic functions. We give two characterizations of what it
means for a function on a domain U ⊆ P1

Berk to be subharmonic. The
first, which we take as the definition, is as follows. We say that a function
f : U → R ∪ {−∞} is strongly subharmonic if it is upper semicontinuous,
satisfies a semicontinuity hypothesis at points of P1(K), and if the positive
part of ∆U (f) is supported on ∂U . f is subharmonic on U if every point of
U has a connected open neighborhood on which f is strongly subharmonic.
We also say that f is superharmonic on U if −f is subharmonic on U . As
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an example, if ν is a probability measure on P1
Berk and ζ 6∈ supp(ν), the

potential function uν(x, ζ) is strongly superharmonic in P1
Berk\{ζ} and is

strongly subharmonic in P1
Berk\ supp(ν). A function f is harmonic on U if

and only if it is both subharmonic and superharmonic on U .
As a second characterization of subharmonic functions, we say that f :

U → R ∪ {−∞} (not identically −∞) is domination subharmonic on the
domain U if it is upper semicontinuous, and if for each simple subdomain V
of U and each harmonic function f on V for which f ≤ h on ∂V , we have
f ≤ h on V . A fundamental fact, proved in §8.2, is that f is subharmonic
on U if and only if it is domination subharmonic on U .

Like harmonic functions, subharmonic functions satisfy the Maximum
Principle: if U is a domain in P1

Berk and f is a subharmonic function which at-
tains its maximum value on U , then f is constant. In addition, subharmonic
functions on domains in P1

Berk are stable under many of the same operations
(e.g., convex combinations, maximum, monotone convergence, uniform con-
vergence) as their classical counterparts. There is also an analogue of the
Riesz Decomposition Theorem, according to which a subharmonic function
on a simple subdomain V ⊂ U can be written as the difference of a harmonic
function and a potential function. We also show that subharmonic functions
can be well-approximated by continuous functions of a special form, which
we call smooth functions.

In §8.8, we define the notion of an Arakelov-Green’s function on P1
Berk,

and establish an energy minimization principle used in the proof of the main
result in ([6]). Our proof of the energy minimization principle relies crucially
on the theory of subharmonic functions.

Multiplicities. If ϕ ∈ K(T ) is a non-constant rational function, then as
discussed above, the action of ϕ on P1(K) extends naturally to an action of
ϕ on P1

Berk. We use the theory of Laplacians to give an analytic construction
of multiplicities for points in P1

Berk which generalize the usual multiplicity
of ϕ at a point a ∈ P1(K) (i.e., the multiplicity of a as a preimage of
b = ϕ(a) ∈ P1(K)). Using the theory of multiplicities, we show that the
extended map ϕ : P1

Berk → P1
Berk is a surjective open mapping. We also

obtain a purely topological interpretation of the multiplicity, which shows
that our multiplicities coincide with the multiplicities defined by Rivera-
Letelier. For each a ∈ P1

Berk, the multiplicity of ϕ at a is a positive integer,
and if char(K) = 0 it is equal to 1 if and only if ϕ is locally injective at a.
For each b ∈ P1

Berk, the sum of the multiplicities of ϕ over all preimages of b
is equal to the degree of ϕ.

Using the existence of multiplicities, we define the pushforward and pull-
back of a bounded Borel measure on P1

Berk under ϕ. The pushforward and
pullback measures satisfy the expected functoriality properties; for exam-
ple, if f is subharmonic on U , then f ◦ϕ is subharmonic on ϕ−1(U) and the
Laplacian of f ◦ ϕ is the pullback under ϕ of the Laplacian of f .
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Applications to the dynamics of rational maps. Suppose ϕ ∈
K(T ) is a rational function of degree d ≥ 2. In §10.1, we construct a
canonical probability measure µϕ on P1

Berk attached to ϕ, whose properties
are analogous to the well-known measure on P1(C) first defined by Lyu-
bich and Freire-Lopes-Mañe. The measure µϕ is ϕ-invariant (i.e., satisfies
ϕ∗(µϕ) = µϕ), and also satisfies the functional equation ϕ∗(µϕ) = d · µϕ.

In §10.2, we prove an explicit formula and functional equation for the
Arakelov-Green’s function gµϕ(x, y) associated to µϕ. These results, along
with the energy minimization principle mentioned earlier, play a key role in
applications of the theory to arithmetic dynamics over global fields (see [2]
and [6]).

We then discuss analogues for P1
Berk of classical results in the Fatou-Julia

theory of iteration of rational maps on P1(C). In particular, we define the
Berkovich Fatou and Julia sets of ϕ, and prove that the Berkovich Julia
set Jϕ (like its complex counterpart, but unlike its counterpart in P1(K))
is always non-empty. We give a new proof of an equidistribution theorem
for pullbacks of the Dirac measures attached to non-exceptional points, and
using this theorem we show that the Berkovich Julia set shares many of the
properties of its classical counterpart. For example, it is either connected or
has uncountably many connected components, repelling periodic points are
dense in it, and the “Transitivity Theorem” holds.

In P1(K), the notion of equicontinuity leads to a good definition of
the Fatou set. In P1

Berk, as was pointed out to us by Rivera-Letelier, this
remains true when K = Cp but fails for general K. We explain the subtleties
regarding equicontinuity in the Berkovich case, and give Rivera-Letelier’s
proof that over Cp the Berkovich equicontinuity locus coincides with the
Berkovich Fatou set. We also give an overview (mostly without proof) of
some of Rivera-Letelier’s fundamental results concerning rational dynamics
over Cp. While some of Rivera-Letelier’s results hold for arbitrary K, others
make special use of the fact that the residue field of Cp is a union of finite
fields.

We note that although Berkovich introduced his theory of analytic spaces
with rather different goals in mind, Berkovich spaces are well adapted to
the study of nonarchimedean dynamics. The fact that the topological space
P1

Berk is both compact and connected means in practice that many of the
difficulties encountered in “classical” nonarchimedean dynamics disappear
when one defines the Fatou and Julia sets as subsets of P1

Berk. For example,
the notion of a connected component is straightforward in the Berkovich
setting, so one avoids the subtle issues involved in defining Fatou compo-
nents in P1(Cp) (e.g. the D-components versus analytic components in Rob
Benedetto’s paper [11], or the definition by Rivera-Letelier in [67]).

Appendices. In Appendix A, we review some facts from real analysis
and point-set topology which are used throughout the text. Some of these
(e.g., the Riesz Representation Theorem) are well-known, while others (e.g.,
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the Portmanteau Theorem) are hard to find precise references for. We have
provided self-contained proofs for the latter. We also include a detailed
discussion of nets in topological spaces: since the space P1

Berk,K is not in
general metrizable, sequences do not suffice when discussing notions such as
continuity.

In Appendix B, we discuss R-trees and their relation to Gromov’s theory
of hyperbolic spaces. This appendix serves two main purposes. On the one
hand, it provides references for some basic definitions and facts about R-trees
which are used in the text. On the other hand, it provides some intuition for
the general theory of R-trees by exploring the fundamental role played by
the Gromov product, which is closely related to our generalized Hsia kernel.

Appendix C gives a brief overview of some basic definitions and results
from Berkovich’s theory of nonarchimedean analytic spaces. This material
is included in order to give the reader some perspective on the relationship
between the special cases dealt with in this book (the Berkovich unit disc,
affine line, and projective line) and the general setting of Berkovich’s theory.
For the most part, we do not provide proofs, but we do include a proof,
different from the one in Berkovich’s book, that the spectrum of a Banach
ring is compact.





Notation

We set the following notation, which will be used throughout unless
otherwise specified.

Z the ring of integers.
N the set of natural numbers, {n ∈ Z : n ≥ 0}.
Q the field of rational numbers.
Q a fixed algebraic closure of Q.
R the field of real numbers.
C the field of complex numbers.
Qp the field of p-adic numbers.
Zp the ring of integers of Qp.
Cp the completion of a fixed algebraic closure of Qp for some

prime number p.
Fp the finite field with p elements.
Fp a fixed algebraic closure of Fp.
K a complete, algebraically closed nonarchimedean field.
K× the set of nonzero elements in K.
| · | the nonarchimedean absolute value on K, assumed non-

trivial.
qv a fixed real number greater than 1 associated to K, used

to normalize | · | and ordv(·).
logv(t) shorthand for logqv(t).
ordv(·) the normalized valuation − logv(| · |) associated to | · |.
|K×| the value group of K, that is, {|α| : α ∈ K×}.
O the valuation ring of K.
m the maximal ideal of O.
K̃ the residue field O/m of K.

g̃(T ) the reduction, in K̃(T ), of a function g(T ) ∈ K(T ).
K[T ] the ring of polynomials with coefficients in K.
K[[T ]] the ring of formal power series with coefficients in K.
K(T ) the field of rational functions with coefficients in K.

A1 the affine line over K.
P1 the projective line over K.

‖x, y‖ the spherical distance on P1(K) associated to | · |, or the
spherical kernel, its canonical upper semi-continuous ex-
tension to P1

Berk (see §4.3).
‖(x, y)‖ the norm max(|x|, |y|) of a point (x, y) ∈ K2 (see §10.1).

xxix
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D(a, r) the closed disc {x ∈ K : |x− a| ≤ r} of radius r centered
at a. Here r is any positive real number, and sometimes
we allow the degenerate case r = 0 as well. If r ∈ |K∗| we
call the disc rational, and if r 6∈ |K∗| we call it irrational.

D(a, r)− the open disc {x ∈ K : |x− a| < r} of radius r about a.
B(a, r) the closed ball {x ∈ P1(K) : ‖x, a‖ ≤ r} of radius r about

a in P1(K), relative to the spherical distance ‖x, y‖.
B(a, r)− the open ball {x ∈ P1(K) : ‖x, a‖ < r} of radius r about

a in P1(K), relative to the spherical distance.
A1

Berk the Berkovich affine line over K.
P1

Berk the Berkovich projective line over K.
HBerk the “hyperbolic space” P1

Berk\P1(K).
HQ

Berk the points of type II in HBerk (corresponding to rational
discs in K).

HR
Berk the points of type II or III in HBerk (corresponding to

either rational or irrational discs in K).
ζa,r the point of A1

Berk corresponding toD(a, r) under Berkovich’s
classification.

ζGauss the ‘Gauss point’, corresponding toD(0, 1) under Berkovich’s
classification.

[ ]x the semi-norm associated to a point x ∈ P1
Berk.

[x, y] the path (or arc) from x to y.
x ∨ζ y the point where the paths [x, ζ], [y, ζ] first meet.
x ∨∞ y the point where the paths [x,∞], [y,∞] first meet.
x ∨ y shorthand for x ∨ζGauss

y.
δ(x, y)ζ The generalized Hsia kernel with respect to ζ (see §4.4).

diamζ(x) the number δ(x, x)ζ .
diam∞(x) the number δ(x, x)∞, equal to limi→∞ ri for any nested

sequence of discs {D(ai, ri)} corresponding to x ∈ A1
Berk.

diam(x) the number ‖x, x‖ = δ(x, x)ζGauss
.

ρ(x, y) the path distance metric on HBerk; see §2.7.
`(Z) the total path length of a set Z ⊂ HBerk.

jζ(x, y) the fundamental potential kernel relative to the point ζ,
given by jζ(x, y) = ρ(ζ, x ∨ζ y).

X the closure of a set X in P1
Berk.

Xc the complement P1
Berk\X.

∂X the boundary of a set X.
X(K) the set of K-rational points in X, i.e., X ∩ P1(K) .

clH(X) the closure of a set X ⊂ HBerk, in the strong topology.
∂H(X) the boundary of a set X ⊂ HBerk, in the strong topology.
D(a, r) the closed Berkovich disc {x ∈ ABerk : [T − a]x ≤ r}

corresponding to the classical disc D(a, r).
D(a, r)− the open Berkovich disc {x ∈ ABerk : [T − a]x < r}

corresponding to the classical disc D(a, r)−.
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B(a, r)ζ the closed ball {z ∈ P1
Berk : δ(x, y)ζ ≤ r}.

B(a, r)−ζ the open ball {z ∈ P1
Berk : δ(x, y)ζ < r}.

B(a, r) the closed ball {x ∈ P1
Berk : ‖x, a‖ ≤ r} = B(a, r)ζGauss

.
B(a, r)− the open ball {x ∈ P1

Berk : ‖x, a‖ < r} = B(a, r)−ζGauss
.

Ta the ‘tangent space’ at a ∈ P1
Berk, consisting of the equiv-

alence classes of paths emanating from a which share a
common initial segment (see Appendix B.6).

~v ∈ Ta a tangent direction at a (see Appendix B.6).
Ba(~v)− the component of P1

Berk\{a} corresponding to ~v ∈ Ta.
B̂(a, δ)− the set {z ∈ HBerk : ρ(a, z) < δ}, an open ball for the

strong topology.
B̂X(a, δ)− for X ⊂ HBerk, the set X ∩ B̂(a, δ)−.

Γ a finite metrized graph.
CPA(Γ) the space of continuous, piecewise affine functions on Γ.
BDV(Γ) the space of functions of ‘bounded differential variation’

on Γ (see §3.5).
d~v(f) the derivative of f in the tangent direction ~v.

∆Γ(f) the Laplacian of f ∈ BDV(Γ).
BDV(U) the space of functions of ‘bounded differential variation’

on a domain U (see §5.3).
∆U (f) the complete Laplacian of f ∈ BDV(U) (see §5.3).
∆U (f) the Laplacian ∆U (f)|U of f ∈ BDV(U) (see §5.3).

∆∂U (f) the boundary derivative ∆U (f)|∂U of f ∈ BDV(U).
supp(µ) the support of a measure µ.
Iζ(µ) the ‘energy integral’

∫∫
− logv(δ(x, y)ζ) dµ(x)dµ(y) for µ.

uµ(z, ζ) the potential function
∫
− logv(δ(x, y)ζ) dµ(y) for µ.

Vζ(E) the Robin constant of a set E, relative to the point ζ.
γζ(E) the logarithmic capacity of a set E, relative to ζ.
µE the equilibrium distribution of a set E.

uE(z, ζ) the potential function associated to µE .
G(x, ζ;E) the Green’s function of a set E of positive capacity.
d∞(E)ζ the transfinite diameter of a set E relative to ζ (see §6.4).
CH(E)ζ the Chebyshev constant of E relative to ζ (see §6.4).

CH∗(E)ζ the restricted Chebyshev constant of E relative to ζ.
CHa(E)ζ the algebraic Chebyshev constant of E relative to ζ.

E an ‘adelic set’
∏
v Ev for a number field k (see §7.8).

X a finite, galois-stable set of points in P1(k).
Pn the set of n-dimensional probability vectors.

Γ(E,X) the global Green’s matrix of E relative to X.
V (E,X) the global Robin constant of E relative to X.
γ(E,X) the global capacity of E relative to X.
SH(U) the space of subharmonic functions on a domain U .
gµ(x, y) the Arakelov Green’s function associated to a probability

measure µ.
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ϕ(T ) a rational function in K(T ).
ϕ(n)(T ) the n-fold iterate ϕ ◦ · · · ◦ ϕ.
deg(ϕ) the degree of the rational function ϕ(T ) ∈ K(T ).
mϕ(a) the multiplicity of ϕ(T ) at a ∈ P1

Berk.
mϕ(a,~v) the multiplicity of ϕ(T ) at a in the tangent direction ~v.
rϕ(a,~v) the rate of repulsion of ϕ(T ) at a in the direction ~v.
Nβ(V ) the number of solutions to ϕ(z) = β in V , counting mul-

tiplicities.
N+
ζ,β(V ) the number max(0, Nζ(V )−Nβ(V )).
Aa,c the open Berkovich annulus with boundary points a, c.

Mod(A) the modulus of an annulus A.
µϕ the ‘canonical measure’ associated to ϕ(T ).

gϕ(x, y) a function shown to coincide with the Arakelov Green’s
function gµϕ(x, y) (see §10.2).

ĥϕ,v,(x)(z) the Call-Silverman local height associated to ϕ(T ) and
the point x.

HF (x) the homogeneous dynamical height associated to F =
(F1, F2), where F1, F2 ∈ K[X,Y ] are homogenous poly-
nomials.

Res(F ) the resultant of the homogeneous polynomials F1, F2.
GO(x) the ‘grand orbit’ of a point x ∈ P1

Berk under ϕ(T ) ∈ K(T ).
Eϕ the ‘exceptional set’ of points in P1

Berk with finite grand
orbit under ϕ(T ).

Fϕ the Berkovich Fatou set of ϕ(T ).
Jϕ the Berkovich Julia set of ϕ(T ).
Kϕ the Berkovich filled Julia set of a polynomial ϕ(T ) ∈

K[T ].
Hp the space HBerk, when K = Cp.

Ax(ϕ) the immediate basin of attraction of an attracting fixed
point x for ϕ(T ) ∈ Cp(T ).

E(ϕ) the domain of quasiperiodicity of a function ϕ(T ) ∈ Cp(T ).



CHAPTER 1

The Berkovich unit disc

In this chapter, we recall Berkovich’s theorem that points of the Berkovich
unit disc D(0, 1) over K can be identified with equivalence classes of se-
quences of nested closed discs {D(ai, ri)}i=1,2,... contained in the closed unit
disc D(0, 1) of K. This leads to an explicit description of the Berkovich unit
disc as an “infinitely branched tree”; more precisely, we show that D(0, 1)
is an inverse limit of finite R-trees.

1.1. Definition of D(0, 1)

Let A = K〈T 〉 be the ring of all formal power series with coefficients
in K, converging on D(0, 1). That is, A is the ring of of all power series
f(T ) =

∑∞
i=0 aiT

i ∈ K[[T ]] such that limi→∞ |ai| = 0. Equipped with the
Gauss norm ‖ ‖ defined by ‖f‖ = maxi(|ai|), A becomes a Banach algebra
over K.

A multiplicative seminorm on A is a function [ ]x : A → R≥0 such that
[0]x = 0, [1]x = 1, [f · g]x = [f ]x · [g]x and [f + g]x ≤ [f ]x + [g]x for all
f, g ∈ A. It is a norm provided that [f ]x = 0 if and only if f = 0.

A multiplicative seminorm [ ]x is called bounded if there is a constant Cx
such that [f ]x ≤ Cx‖f‖ for all f ∈ A. It is well-known (see [40, Proposition
5.2]) that boundedness is equivalent to continuity relative to the Banach
norm topology on A. The reason for writing the x in [ ]x is that we will be
considering the space of all bounded multiplicative seminorms on A, and we
will identify the seminorm [·]x with a point x in this space.

It can be deduced from the definition that a bounded multiplicative
seminorm [ ]x onA behaves just like a nonarchimedean absolute value, except
that its kernel may be nontrivial. For example, [ ]x satisfies the following
properties:

Lemma 1.1. Let [ ]x be a bounded multiplicative seminorm on A. Then:
for all f, g ∈ A,

(A) [f ]x ≤ ‖f‖ for all f ∈ A.
(B) [c]x = |c| for all c ∈ K.
(C) [f + g]x ≤ max([f ]x, [g]x), with equality if [f ]x 6= [g]x.

Proof. (A) For each n, ([f ]x)n = [fn]x ≤ Cx‖fn‖ = Cx‖f‖n, so [f ]x ≤
C

1/n
x ‖f‖, and letting n→∞ gives the desired inequality.

(B) By the definition of the Gauss norm, ‖c‖ = |c|. If c = 0 then
trivially [c]x = 0; otherwise, [c]x ≤ ‖c‖ = |c| and [c−1]x ≤ ‖c−1‖ = |c−1|,

1
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while multiplicativity gives [c]x · [c−1]x = [c · c−1]x = 1. Combining these
gives [c]x = |c|.

(C) The binomial theorem shows that for each n,

([f + g]x)n = [(f + g)n]x = [
n∑
k=0

(
n

k

)
fkgn−k]x

≤
n∑
k=0

|
(
n

k

)
| · [f ]kx[g]n−kx ≤

n∑
k=0

[f ]kx[g]n−kx

≤ (n+ 1) ·max([f ]x, [g]x)n .

Taking nth roots and passing to a limit gives the desired inequality. If in
addition [f ]x < [g]x, then [g]x ≤ max([f+g]x, [−f ]x) gives [f+g]x = [g]x. �

As a set, the Berkovich unit disc D(0, 1) is defined to be the functional
analytic spectrum of A, i.e., the set of all bounded multiplicative seminorms
[ ]x on K〈T 〉. The set D(0, 1) is clearly non-empty, since it contains the
Gauss norm. By abuse of notation, we will often denote the seminorm
[ ]x ∈ D(0, 1) by just x. The topology on D(0, 1) is taken to be the Gelfand
topology (which we will usually refer to as the Berkovich topology): it is the
weakest topology such that for all f ∈ A and all α ∈ R, the sets

U(f, α) = {x ∈ D(0, 1) : [f ]x < α} ,
V (f, α) = {x ∈ D(0, 1) : [f ]x > α} ,

are open. This topology makes D(0, 1) into a compact Hausdorff space: see
Theorem C.3. The space D(0, 1) is connected, and in fact path-connected;
this will emerge as a simple consequence of our description of it in §1.4,
below, as a profinite R-tree. See also [13, Corollary 3.2.3] for a generalization
to higher dimensions.

1.2. Berkovich’s classification of points in D(0, 1)

A useful observation is that each x ∈ D(0, 1) is determined by its values
on the linear polynomials T − a for a ∈ D(0, 1). Indeed, fix x ∈ D(0, 1).
By the Weierstrass Preparation Theorem ([21, Theorem 5.2.2/1]), each f ∈
K〈T 〉 can be uniquely written as

f = c ·
m∏
j=1

(T − aj) · u(T ) ,

where c ∈ K, aj ∈ D(0, 1) for each j, and u(T ) is a unit power series, that is
u(T ) = 1+

∑∞
i=1 aiT

i ∈ K〈T 〉 with |ai| < 1 for all i ≥ 1 and limi→∞ |ai| = 0.
It is easy to see that [u]x = 1. Indeed, u(T ) has a multiplicative inverse
u−1(T ) of the same form, and by the definition of the Gauss norm ‖u‖ =
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‖u−1‖ = 1. Since [u]x ≤ ‖u‖ = 1, [u−1]x ≤ ‖u−1‖ ≤ 1, and [u]x · [u−1]x =
[u · u−1]x = 1, we must have [u]x = 1. It follows that

[f ]x = |c| ·
m∏
j=1

[T − aj ]x .

Thus x is determined by the values of [ ]x on the linear polynomials T − aj .

Before proceeding further, we give some examples of elements of D(0, 1).
For each a ∈ D(0, 1) we have the evaluation seminorm

[f ]a = |f(a)| .

The boundedness of [f ]a follows easily from the ultrametric inequality, and
it is obvious that [ ]a is multiplicative.

Also, for each subdisc D(a, r) ⊆ D(0, 1), we have the supremum norm

[f ]D(a,r) = sup
z∈D(a,r)

|f(z)| .

One of the miracles of the non-archimedean universe is that this norm is
multiplicative. This is a consequence of the Maximum Modulus Principle in
non-archimedean analysis (see [21, Propositions 5.1.4/2 and 5.1.4/3]), which
tells us that if g(T ) =

∑∞
i=0 ai(T − a)i ∈ K[[T ]] converges on D(a, r) (i.e., if

lim |ai|ri = 0), then

(1.1) [f ]D(a,r) = sup |ai|ri .

The norm [f ] = sup |ai|ri is easily verified to be multiplicative: just multiply
out the corresponding power series and use the ultrametric inequality. More
generally, for any decreasing sequence of discs x = {D(ai, ri)}i≥1, one can
consider the limit seminorm

[f ]x = lim
i→∞

[f ]D(ai,ri) .

Berkovich’s classification theorem asserts that every point x ∈ D(0, 1)
arises in this way:

Theorem 1.2. (Berkovich [13], p.18) Every x ∈ D(0, 1) can be realized
as

(1.2) [f ]x = lim
i→∞

[f ]D(ai,ri)

for some sequence of nested discs D(a1, r1) ⊇ D(a2, r2) ⊇ · · · . If this se-
quence has a nonempty intersection, then either

(A) the intersection is a single point a, in which case [f ]x = |f(a)|, or
(B) the intersection is a closed disc D(a, r) (where r may or may not

belong to the value group of K), in which case [f ]x = [f ]D(a,r).

Proof. Fix x ∈ D(0, 1), and consider the family of (possibly degener-
ate) discs

F = {D(a, [T − a]x) : a ∈ D(0, 1)} .
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We claim that the family F is totally ordered by containment. Indeed, if
a, b ∈ D(0, 1) and [T − a]x ≥ [T − b]x, then

|a− b| = [a− b]x = [(T − b)− (T − a)]x
≤ max([T − a]x, [T − b]x) = [T − a]x ,(1.3)

with equality if [T − a]x > [T − b]x. In particular b ∈ D(a, [T − a]x), and

D(b, [T − b]x) ⊆ D(a, [T − a]x) .

Put r = infa∈D(0,1)[T −a]x, and choose a sequence of points ai ∈ D(0, 1)
such that the numbers ri = [T − ai]x satisfy limi→∞ ri = r.

We claim that for each polynomial T − a with a ∈ D(0, 1), we have

(1.4) [T − a]x = lim
i→∞

[T − a]D(ai,ri) .

Fix a ∈ D(0, 1). By the definition of r, we have [T − a]x ≥ r.
If [T − a]x = r, then for each ai we have ri = [T − ai]x ≥ |ai − a| (by

(1.3) applied to a = ai and b = a), so a ∈ D(ai, ri). Hence

[T − a]D(ai,ri) := sup
z∈D(ai,ri)

|z − a| = ri .

Since limi→∞ ri = r, (1.4) holds in this case. If [T − a]x > r, then for
each ai with [T − a]x > [T − ai]x (which holds for all but finitely many ai),
we have [T − a]x = |a − ai| by the strict case in (1.3), which means that
|a− ai| > [T − ai]x = ri. Hence

[T − a]D(ai,ri) := sup
z∈D(ai,ri)

|z − a| = |a− ai| = [T − a]x .

Thus the limit on the right side of (1.4) stabilizes at [T −a]x, and (1.4) holds
in this case as well. As noted previously, [ ]x is determined by its values on
the polynomials T − a, so for all f ∈ K〈T 〉,
(1.5) [f ]x = lim

i→∞
[f ]D(ai,ri) .

Now suppose the family F has non-empty intersection, and let a be a
point in that intersection. Formula (1.4) gives

[T − a]x = lim
i→∞

[T − a]D(ai,ri) ≤ lim
i→∞

ri = r ,

while the definition of r shows that [T − a]x ≥ r. Thus [T − a]x = r. Hence
the disc D(a, r) (which may consist of a single point if r = 0) is a minimal
element of F . The arguments above show that formula (1.5) holds for any
sequence of discs D(ai, ri) such that ri = [T − ai]x satisfies lim ri = r. If we
take ai = a for each i, then ri = [T −a]x = r, and (1.5) gives [f ]x = [f ]D(a,r).
If r = 0, it gives [f ]x = |f(a)|. �

In the important case when K = Cp for some prime p, there do ex-
ist sequences of nested discs {D(ai, ri)} with empty intersection. Such se-
quences necessarily satisfy r = lim ri > 0, since if r = 0, the completeness
of K shows the intersection is a point a ∈ K. To construct an example
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of such a sequence, fix 0 < r < 1, and choose a sequence {ri} which de-
creases monotonically to r, with r < ri ≤ 1 for each i. The algebraic
closure Q of Q is countable, and is dense in Cp. Enumerate the elements
of Q

⋂
D(0, 1) as {αj}j≥1. Define a sequence of discs D(ai, ri) as follows.

Take D(a1, r1) = D(α1, r1). Suppose D(ai, ri) has been constructed. Let
ji be the least index of an element with αj ∈ D(ai, ri). Since ri > ri+1,
D(ai, ri)\D(αji , ri+1) is nonempty; let ai+1 be any element of it. Then
αji /∈ D(ai+1, ri+1).

Clearly the sequence ji increases to ∞, indeed one sees inductively that
ji ≥ i. For each i, the construction has arranged that the αj with j ≤ ji
do not belong to D(ai+1, ri+1). It follows that

⋂∞
i=1D(ai, ri) contains no

elements of Q. If it were nonempty, it would be a disc D(a, r). However,
every such disc contains elements of Q. Hence

⋂∞
i=1D(ai, ri) must be empty.

A nonarchimedean field in which every nested sequence of closed discs
has nonempty intersection is called spherically complete. For example, finite
extensions of Qp are spherically complete, while as we have just seen Cp is not
spherically complete. It is easy to see that every spherically complete field is
complete, and it is known (see [34], Chapter 7) that every nonarchimedean
field L is contained in an algebraically closed and spherically complete field
whose absolute value extends the one on L.

This brings us to Berkovich’s classification of elements of D(0, 1):

Type I: Points corresponding to nested sequences {D(ai, ri)} with lim ri =
0 are said to be of type I. As noted above, the completeness of K
assures that the intersection of such a sequence is a point a ∈ K,
and the corresponding seminorm is [ ]a. We will also call these
points the “classical points”.

Type II: Points corresponding to nested sequences {D(ai, ri)} with nonempty
intersection, for which r = lim ri > 0 belongs to the value group
|K∗| of K, are said to be of type II; these correspond to a supremum
norm [ ]D(a,r). The corresponding discs D(a, r) are called ‘rational’.

Type III: Points corresponding to nested sequences {D(ai, ri)} with nonempty
intersection, but for which r = lim ri > 0 does not belong to the
value group of K, are said to be of type III; the corresponding discs
are called ‘irrational’. These also correspond to a supremum norm
[ ]D(a,r); however the disc D(a, r) is not an “affinoid domain” in
the sense of classical rigid analysis. (Alternately, in Berkovich’s
terminology, D(a, r) is not a strict affinoid.)

Type IV: Points corresponding to nested sequences {D(ai, ri)} with empty
intersection are said to be of type IV. As noted before, necessarily
lim ri > 0.

Note that K is spherically complete if and only if P1
Berk,K contains no

points of type IV.
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We let ζa,r denote the point of D(0, 1) of type II or III corresponding
to the closed rational or irrational disc D(a, r). Allowing degenerate discs
(i.e., r = 0), we can extend this notation to points of type I: we let ζa,0 be
the point of D(0, 1) corresponding to a ∈ D(0, 1).

Using the terminology of Chambert-Loir [26], we will call the distin-
guished point ζ0,1 in D(0, 1), corresponding to the Gauss norm ‖f‖ =
[f ]D(0,1), the Gauss point. We will usually write ζGauss for ζ0,1.

We will call two sequences of nested discs equivalent if they define the
same point in D(0, 1).

Lemma 1.3. Two nested sequences of closed discs {D(ai, ri)}, {D(a′j , r
′
j)},

are equivalent if and only if
(A) each has nonempty intersection, and their intersections are the same;

or
(B) both have empty intersection, and each sequence is cofinal in the

other. (To say that {D(a′j , r
′
j)} is cofinal in {D(ai, ri)} means that for each

i, there is a j such that D(a′j , r
′
j) ⊆ D(ai, ri).)

Proof. Since the limit (1.2) is a decreasing one, it is clear that two
sequences {D(ai, ri)} and {D(a′j , r

′
j)} are equivalent if either condition (A)

or (B) is satisfied.
These conditions are also necessary. Indeed, from Theorem 1.2 it is clear

that two sequences with nonempty intersection are equivalent if and only if
they have the same intersection. A sequence x with nonempty intersection
D(a, r) (possibly r = 0) cannot be equivalent to any sequence y = {D(ai, ri)}
with empty intersection, since for any i with a /∈ D(ai, ri) we have

[T − ai]x = [T − ai]D(a,r) = |a− ai| > ri ,

whereas
[T − ai]y ≤ [T − ai]D(ai,ri) = ri .

Finally, two sequences x = {D(ai, ri)} and y = {D(a′j , r
′
j)} with empty

intersection which are not mutually cofinal cannot be equivalent. Suppose
y is not cofinal in x. After removing some initial terms of x we can assume
that D(a′j , r

′
j) 6⊆ D(a1, r1) for any j. Since

⋂∞
j D(a′j , r

′
j) = ∅, after deleting

some initial terms of y we can assume that a1 /∈ D(a′1, r
′
1). As any two

discs are either disjoint, or one contains the other, it must be that D(a1, r1)
and D(a′1, r

′
1) are disjoint. Since D(a′j , r

′
j) ⊆ D(a′1, r

′
1) for all j, we have

[T − a1]D(a′j ,r
′
j)

= |a1 − a′1| > r1 for each j. Hence

[T − a1]x ≤ [T − a1]D(a1,r1) = r1 ,

while
[T − a1]y = lim

j→∞
[T − a1]D(a′j ,r

′
j)

= |a1 − a′1| > r1 .

�
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Remark 1.4. More generally, every nested family (or net) of closed discs
in D(0, 1) defines a point of D(0, 1), and we call two families of nested discs
equivalent if they define the same point in D(0, 1). The proof of Theorem 1.2
shows that every nested family of closed discs is equivalent to a sequence
of closed discs, so that equivalence classes of nested families and nested
sequences coincide.

1.3. The topology on D(0, 1)

In this section we will give a geometric description of a basis for the open
sets of D(0, 1). By definition, the Berkovich topology on D(0, 1) is generated
by the sets U(f, α) = {x ∈ D(0, 1) : [f ]x < α} and V (f, α) = {x ∈ D(0, 1) :
[f ]x > α}, for f ∈ K〈T 〉 and α ∈ R. Since the value group of K is dense
in R≥0, it suffices to consider α belonging to the value group of K. Also,
by the Weierstrass Preparation Theorem and the fact that any unit power
series u(T ) satisfies [u]x ≡ 1, we can restrict to polynomials f(T ) ∈ K[T ]
with roots in D(0, 1).

Given a nonconstant polynomial f(T ) = c
∏n
i=1(T − ai)mi ∈ K[T ], and

α > 0 belonging to the value group of K, there is a well-known description
of the set {z ∈ K : |f(z)| ≤ α} as a finite union of closed discs

⋃N
i=1D(ai, ri)

(c.f. [25], Theorem 3.1.2, p.180). Here the centers can be taken to be roots
of f(T ), and each ri belongs to the value group of K. If desired, one can
assume that the discs in the decomposition are pairwise disjoint. However,
for us it will be more useful to allow redundancy, and assume that all the
roots occur as centers, so that N = n. Note that if ai and aj are roots with
aj ∈ D(ai, ri), then necessarily D(ai, ri) = D(aj , rj).

Taking the union over an increasing sequence of α, we can lift the re-
quirement that α belongs to the value group of K. (Note that if α is not
in the value group, then {z ∈ K : |f(z)| = α} is empty.) Thus, any α > 0
determines a collection of numbers ri > 0, which belong to the value group
of K if α does, for which

{z ∈ K : |f(z)| ≤ α} =
n⋃
i=1

D(ai, ri) .

Here we can assume as before that a1, . . . , an are the roots of f(z), and if
aj ∈ D(ai, ri) then rj = ri. Using this and the factorization of f(T ), it is
easy to see that

{z ∈ K : |f(z)| < α} =
n⋃
i=1

D(ai, ri)− ,

where D(ai, ri)− = {z ∈ K : |z − ai| < ri}.
For any closed disc D(b, t) ⊂ D(ai, ri)− with t in the value group of K,

one sees readily that
sup

z∈D(b,t)
|f(z)| < α .
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Likewise, for anyD(b, t) ⊂ D(ai, ri)\(∪aj∈D(ai,ri)D(aj , ri)−) one has |f(z)| ≡
α on D(b, t), and for any D(b, t) disjoint from ∪ni=1D(ai, ri) one has |f(z)| ≡
β on D(b, t), for some β > α.

Suppose x ∈ D(0, 1) corresponds to a sequence of nested discs {D(bj , tj)}.
Without loss of generality, we can assume that each tj belongs to the value
group of K. We will say that x is associated to an open disc D(a, r)− if
there is some j such that D(bj , tj) ⊂ D(a, r)−. We say that x is associated
to a closed disc D(a, r) if there is some j such that D(bj , tj) ⊂ D(a, r), or
if
⋂∞
j=1D(bj , tj) = D(a, r). From the assertions in the previous paragraph,

it follows that [f ]x < α if and only if x is associated to some D(ai, ri)−.
Likewise, [f ]x > α if and only x is not associated to any of the D(ai, ri).

Lemma 1.5. Let x ∈ D(0, 1). Then:
(A) x is associated to an open disc D(a, r)− if and only if [T − a]x < r.
(B) x is associated to a closed disc D(a, r) if and only if [T − a]x ≤ r.
Proof. Assume x ∈ D(0, 1) corresponds to a nested sequence {D(bj , tj)}

with each tj in the value group of K. Here [T −a]D(bj ,tj) = max(tj , |bj−a|).
Thus, if [T − a]x < r, then there is some j for which max(tj , |bj − a|) < r
and this implies D(bj , tj) ⊂ D(a, r)−. Conversely, if D(bj , tj) ⊂ D(a, r)−

then tj < r and |bj − a| < r, so [T − a]x ≤ [T − a]D(bj ,tj) < r. This proves
(A).

For (B), first suppose x is associated to D(a, r). If some D(bj , tj) ⊆
D(a, r) then clearly [T − a]x ≤ [T − a]D(bj ,tj) ≤ r. By Theorem 1.2, if⋂∞
j=1D(bj , tj) = D(a, r) then [T − a]x = [T − a]D(a,r) = r. Conversely,

suppose [T − a]x ≤ r. If D(bj , tj) ⊆ D(a, r) for some j then x is certainly
associated to D(a, r). Otherwise, for each j either D(bj , tj) is disjoint from
D(a, r) or D(bj , tj) ⊃ D(a, r). If some D(bj0 , tj0) is disjoint from D(a, r)
then by the ultrametric inequality |z−a| = |bj0−a| > r for all z ∈ D(bj0 , tj0).
Since the discs D(bj , tj) are nested, this gives [T −a]D(bj ,tj) = |bj0−a| for all
j ≥ j0, hence [T − a]x = |bj0 − a|. This contradicts that [T − a]x ≤ r, so it
must be that each D(bj , tj) contains D(a, r). Thus,

⋂∞
j=1D(bj , tj) = D(a, t)

for some t ≥ r. By Theorem 1.2, [T − a]x = t. Since we have assumed
[T − a]x ≤ r this gives t = r, so x is associated to D(a, r). �

This leads us to define open and closed “Berkovich discs”, as follows.
For a ∈ D(0, 1) and r > 0, write

D(a, r)− = {x ∈ D(0, 1) : [T − a]x < r} ,
D(a, r) = {x ∈ D(0, 1) : [T − a]x ≤ r} .

With this notation, our discussion above shows that

U(f, α) =
N⋃
i=1

D(ai, ri)−, V (f, α) = D(0, 1)\
N⋃
i=1

D(ai, ri) .

Taking finite intersections of sets of the form U(f, α) and V (f, α) gives a
basis for the open sets in the Berkovich topology. Since the value group |K∗|
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is dense in R, it clearly suffices to take α ∈ |K∗|, in which case r, ri ∈ |K∗|
as well. Thus:

Proposition 1.6. A basis for the open sets of D(0, 1) is given by the
sets

(1.6) D(a, r)−, D(a, r)−\
N⋃
i=1

D(ai, ri), and D(0, 1)\
N⋃
i=1

D(ai, ri),

where a and the ai range over D(0, 1), and where r, ri all belong to the value
group |K∗|.

The special subsets appearing in Proposition 1.6 are called connected
strict open affinoids in D(0, 1). If we lift the requirement that r, ri ∈ |K∗|,
we obtain the more general class of connected open affinoids in D(0, 1). We
will also refer to these as simple domains. Equivalently, a connected open
affinoid in D(0, 1) is any finite intersection of open Berkovich discs. An open
affinoid in D(0, 1) is defined as a finite union of connected open affinoids.

We can define (connected, strict) closed affinoids in D(0, 1) similarly,
reversing the roles of the open and closed discs in (1.6). The connected
strict closed affinoids form a fundamental system of compact neighborhoods
for the Berkovich topology on D(0, 1).

Note that an open affinoid V in D(0, 1) is empty if and only if its inter-
section with D(0, 1) is empty. This follows from the fact that if f ∈ K〈T 〉
and [f ]x < α (resp. [f ]x > α) for some x ∈ D(0, 1), then |f(z)| < α (resp.
|f(z)| > α) for some z ∈ D(0, 1) by Berkovich’s classification theorem (since
x is a limit of sup norms on discs in D(0, 1)). In particular, we conclude:

Lemma 1.7. D(0, 1) is dense in D(0, 1).

Similarly, for any z ∈ D(0, 1) and any f ∈ K〈T 〉, if x is a type II
point of D(0, 1) corresponding to a sufficiently small disc centered around
z, then |f(z)| and [f ]x can be made as close as we please. Combined with
Lemma 1.7, we therefore find:

Lemma 1.8. The set of type II points of D(0, 1) is dense in D(0, 1).

1.4. The tree structure on D(0, 1)

In this section, we will use Berkovich’s classification theorem to show
that D(0, 1) is homeomorphic to an R-tree endowed with its weak topology,
and to an inverse limit of finite R-trees. This “pro R-tree” structure is
fundamental for all of the material that follows.

An R-tree is a metric space (T, d) such that for any two points x, y ∈ T ,
there is a unique arc [x, y] in T joining x to y, and this arc is a geodesic
segment. A self-contained discussion of R-trees is given in Appendix B.
A point a ∈ T is called ordinary if T\{a} has exactly two components;
otherwise it is called a branch point. An R-tree is called finite if it is compact
and has finitely many branch points.
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First, we define a partial order on D(0, 1) as follows. For x, y ∈ D(0, 1),
define x � y iff [f ]x ≤ [f ]y for all f ∈ K〈T 〉. Clearly, the Gauss point
ζGauss is the unique maximal point with respect to this partial order: by
Lemma 1.1, we have x � ζGauss for all x ∈ D(0, 1).

It is useful to interpret this partial order in terms of Berkovich’s classifi-
cation of points of D(0, 1). We begin with the following lemma (recall that
ζa,r denotes the point of D(0, 1) of type II or III corresponding to the closed
disc D(a, r)):

Lemma 1.9. We have ζa,r � ζa′,r′ if and only if D(a, r) ⊆ D(a′, r′).

Proof. Let x = ζa,r and x′ = ζa′,r′ . Recall that for f ∈ K〈T 〉, we
have [f ]x = supz∈D(a,r) |f(z)| and [f ]x′ = supz∈D(a′,r′) |f(z)|. If D(a, r) ⊆
D(a′, r′), it is therefore clear that x � x′.

On the other hand, we see that

D(a, r) ⊆ D(a′, r′) ⇐⇒ sup
z∈D(a,r)

|T − a′| ≤ r′ ⇐⇒ [T − a′]x ≤ r′ .

So if D(a, r) 6⊆ D(a′, r′), then [T −a′]x > r′ = [T −a′]x′ , and thus we do not
have x � x′. �

Thus the partial order � corresponds to containment of discs on the
points of type II and III. We can easily extend this observation to all points
of D(0, 1). For this, note that every point of D(0, 1), except ζGauss, can be
represented by a strictly decreasing sequence of discs.

Lemma 1.10. Let x, y ∈ D(0, 1)\{ζGauss} be arbitrary, and choose strictly
decreasing sequences of discs {D(ai, ri)}, {D(a′i, r

′
i)} corresponding to x and

y, respectively. Then x � y if and only if for each natural number k, there
exist m,n ≥ k such that D(am, rm) ⊆ D(a′n, r

′
n).

Proof. Write Di = D(ai, ri) and D′j = D(a′j , r
′
j). Recall that for every

f ∈ K〈T 〉, we have
[f ]x = inf

i
[f ]Di

and similarly
[f ]y = inf

j
[f ]D′j .

If for each k there exist m,n ≥ k such that Dm ⊆ D′n, then for k
sufficiently large and any ε > 0, we have

[f ]x ≤ [f ]Dm ≤ [f ]D′n ≤ [f ]y + ε .

As f and ε are arbitrary, it follows that x � y.
Conversely, suppose that x � y, and fix k ≥ 1. Consider the function

f ′ = T − a′k+1. Since the sequence {D′j} is strictly decreasing, we have
[f ′]D′k+1

= r′k+1 < r′k, so that [f ′]D′k+1
≤ r′k− ε for some ε > 0. On the other

hand, for m sufficiently large we have

[f ′]D′k+1
≥ [f ′]y ≥ [f ′]x ≥ [f ′]Dm − ε .
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It follows that [T − a′k+1]Dm ≤ r′k. Since D′k = D(a′k, r
′
k) = D(a′k+1, r

′
k), it

follows that Dm ⊆ D′k, and we may take n = k. �

It follows easily from Lemma 1.10 that if x ∈ D(0, 1) is a point of type
I, then y � x if and only if y = x, and x � y if and only if x ∈ D(a′j , r

′
j) for

all j. Similarly, if x ∈ D(0, 1) is a point of type IV, then y � x if and only
if y = x. Thus we have:

Corollary 1.11. Under the partial order �, the Gauss point ζGauss is
the unique maximal point of D(0, 1), and the points of type I and type IV
are the minimal points.

Let (T,≤) be a partially ordered set satisfying the following two axioms:
(P1) T has a unique maximal element ζ, called the root of T .
(P2) For each x ∈ T , the set Sx = {z ∈ T : z ≥ x} is totally ordered.

We say that T is a parametrized rooted tree if there is a function α : T → R≥0

with values in the nonnegative reals such that:
(P3) α(ζ) = 0.
(P4) α is order-reversing, in the sense that x ≤ y implies α(x) ≥ α(y).
(P5) The restriction of α to any full totally ordered subset of T gives a

bijection onto a real interval.

Let diam : D(0, 1) → R≥0 be the function sending x ∈ D(0, 1) to
infa∈D(0,1)[T −a]x. If x corresponds to a sequence of nested discs {D(ai, ri)}
and r = limi→∞ ri, then diam(x) = r. We call diam(x) the diameter (or
radius) of x. We claim that the partially ordered set (D(0, 1),�), equipped
with the function 1− diam(x) and the root ζGauss, is a parametrized rooted
tree. Indeed, axioms (P1), (P3), and (P4) are obvious, and axioms (P2) and
(P5) follow easily from Lemma 1.10 and the fact that two discs in K are
either disjoint or one contains the other.

An R-tree (T, d) is called rooted if it has a distinguished point ζ. In
Appendix B.5, it is shown that there is a 1 − 1 correspondence between
parametrized rooted trees and rooted R-trees. Using that correspondence,
we see that (letting x ∨ y denote the least upper bound of x and y):

Lemma 1.12. The metric

d(x, y) = 2 diam(x ∨ y)− diam(x)− diam(y)

makes D(0, 1) into an R-tree.

We call d(x, y) the small metric on D(0, 1). It is important to note
that the Berkovich, or Gelfand, topology on D(0, 1) is not the same as the
topology induced by d(x, y). In fact, as we now show, the Berkovich topology
coincides with the weak topology on the R-tree (D(0, 1), d): the topology in
which a sub-basis for the open sets is given by the connected components of
D(0, 1)\{x}, as x varies over D(0, 1). (See Appendix B for more discussion
of the weak topology on an R-tree).
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Proposition 1.13. D(0, 1) with its Berkovich topology is homeomorphic
to the weak topology on the R-tree (D(0, 1), d).

Before giving the proof, we make a few preliminary remarks.
Recall that in terms of the partial order on D(0, 1), a closed Berkovich

disc D(a, r) consists of all points z ∈ D(0, 1) with z � ζa,r. The open
Berkovich disc D(a, r)− is the connected component of D(0, 1)\ζa,r con-
taining a, and the open Berkovich disc D(0, 1)\D(a, r) is the connected
component of D(0, 1)\{ζa,r} containing ζGauss. The point ζa,r is the unique
boundary point of D(a, r)− (resp. D(0, 1)\D(a, r)), as one sees easily from
the fact that the complement of D(a, r)− (resp. D(0, 1)\D(a, r)) is a union
of open Berkovich discs.

In particular, tangent vectors at ζa,r in the R-tree (D(0, 1), d) can be
identified with the open Berkovich discs having ζa,r as a boundary point.
Recall from Appendix B that for x ∈ D(0, 1), the space Tx of tangent vectors
at x (or, more properly, tangent directions at x) is defined to be the set of
equivalence classes of paths [x, y] emanating from x, where y is any point
of D(0, 1) not equal to x. Here we declare that two paths [x, y1], [x, y2] are
equivalent if they share a common initial segment. There is a natural bi-
jection between elements ~v of Tx and connected components of D(0, 1)\{x}.
We denote by U(x;~v) the connected component of D(0, 1)\{x} correspond-
ing to ~v ∈ Tx. As x and ~v vary, the open sets U(x;~v) generate the weak
topology

Proof of Proposition 1.13. Let X denote D(0, 1) equipped with the
weak R-tree topology. The natural map ι (which is the identity map on the
underlying sets) from D(0, 1) to X is continuous, since the above discussion
shows that the inverse image of a set of the form U(x;~v) is an open Berkovich
disc. Conversely every Berkovich open disc is of the form U(x;~v), which by
Proposition 1.6 implies that the inverse of ι is also continuous. �

As a consequence of Proposition 1.13 and Corollary B.18, we obtain:

Corollary 1.14. The space D(0, 1) is uniquely path-connected.

The different branches emanating from the Gauss point in D(0, 1) (i.e.,
the tangent vectors ~v ∈ TζGauss

) are naturally in one-to-one correspondence
with elements of the residue field K̃ of K, or equivalently with the open
discs of radius 1 contained in D(0, 1). Each branch splits into infinitely
many branches at each point of type II, and each new branch behaves in
the same way. This incredible collection of splitting branches forms a sort
of “witch’s broom”. However, the witch’s broom has some structure: there
is branching only at the points of type II, not those of type III; furthermore,
the branches emanating from a type II point ζa,r 6= ζ0,1 are in one-to-one
correspondence with P1(K̃): there is one branch going “up” to the Gauss
point, and the other branches correspond in a natural way to elements of K̃,
or equivalently with the open discs of radius r contained in D(a, r). Some
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Figure 1. The Berkovich unit disc (illustration courtesy of
Joe Silverman)

of the branches extend all the way to the bottom (terminating in points of
type I), while others are “cauterized off” earlier and terminate at points of
type IV, but every branch terminates either at a point of type I or type IV.

There is another metric which is only defined on D(0, 1)\D(0, 1), i.e.,
on the points of types II, III, and IV. It is given by the parametrization
function − logv(diam) on D(0, 1)\D(0, 1). The same verification as before
shows that the pair (D(0, 1)\D(0, 1),− logv(diam)) is a parametrized rooted
tree, and the corresponding metric ρ is called the big metric on the R-tree
D(0, 1)\D(0, 1). In particular:

Lemma 1.15. The metric

ρ(x, y) = 2 logv(diam(x ∨ y))− logv(diam(x))− logv(diam(y))

makes D(0, 1)\D(0, 1) into an R-tree.

Since we will often make use of the tree structures on D(0, 1) and
D(0, 1)\D(0, 1), we will now try to make those structures more concrete.

Let x ∈ D(0, 1) be a point of type I, II, or III in D(0, 1), corresponding
to a (possibly degenerate) disc D(a, r) ⊂ D(0, 1) of radius r ≥ 0. For each
t ∈ [r, 1], define x(t) = ζa,t ∈ D(0, 1). We define the line of discs [x, ζGauss]
to be the subset {x(t)} ⊂ D(0, 1) corresponding to the collection of discs
{D(a, t) : r ≤ t ≤ 1} in D(0, 1).

Lemma 1.16. For x ∈ D(0, 1) of type I, II, or III, the mapping ia,r(t) =
x(t) is a continuous embedding of the real interval [r, 1] into D(0, 1). In
particular, the line of discs [x, ζGauss] ⊂ D(0, 1) is homeomorphic to an
interval.

Proof. Let ‖ ‖D(a,t) be the multiplicative seminorm corresponding to
x(t). For any f ∈ K〈T 〉, it follows from (1.1) that the map from [r, 1] to
R defined by t 7→ ‖f‖D(a,t) is continuous; by the definition of the Berkovich
topology, this implies the continuity of ia,r. Since ia,r is clearly injective, it
suffices to prove that the inverse mapping is also continuous. This in turn
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follows from the fact that ia,r ((α, β)) = {x ∈ D(0, 1) | α < [T − a]x < β}
for all open intervals (α, β) ⊂ [r, 1]. �

One can easily extend Lemma 1.16 to the situation where x is a point
of type IV. If x corresponds to the nested sequence D(ai, ri) of closed discs,
with lim ri = r, define the line of discs [x, ζGauss] to be x together with the
set of all points ζa′,r′ ∈ D(0, 1) of type II or III with D(ai, ri) ⊆ D(a′, r′)
for some some i. Using the fact that ri → r, and that two discs in D(0, 1)
are either disjoint or one contains the other, it follows easily that for each
r′ > r, there is a unique point x(r′) ∈ [x, ζGauss] corresponding to a ball of
radius r′. We can thus define a mapping ix : [r, 1]→ [x, ζGauss] by sending r
to x and r′ to x(r′) for each r < r′ ≤ 1. Clearly x(1) = ζGauss. An argument
similar to the proof of Lemma 1.16 shows:

Lemma 1.17. For x ∈ D(0, 1) of type IV, the mapping ix : t 7→ x(t) is a
continuous embedding of the real interval [r, 1] into D(0, 1).

This gives another way of seeing that the spaceD(0, 1) is path-connected.

There are (at least) two obvious metrics on the line of discs [x, ζGauss].
In the small metric, we declare that [x, ζGauss] has length 1− r, and in the
big metric, we declare that [x, ζGauss] has length logv(1/r). For the small
metric the map t ∈ [r, 1] 7→ x(t) is an isometry, and for the big metric the
map s ∈ [0, logv(1/r)] 7→ x(q−sv ) is an isometry. Even though it looks more
cumbersome, the big metric turns out to be much more natural and useful
than the small metric. (This will become clear in the next chapter.)

Now let S = {D(a1, r1), . . . , D(an, rn)} be any finite set of (rational or
irrational) discs of positive radius contained in D(0, 1). For simplicity, we
assume that D(0, 1) 6∈ S. To each disc D(ai, ri), there is an associated point
ζai,ri ∈ D(0, 1), which is a point of type II or III.

Define the graph of discs ΓS ⊂ D(0, 1) to be the union of the associated
lines of discs [ζai,ri , ζGauss]:

ΓS =
n⋃
i=1

[ζai,ri , ζGauss] .

The subset ΓS inherits both a small and big metric structure from the
corresponding metrics on the lines of discs which comprise it. From Lem-
mas 1.12 and 1.15, it follows that ΓS is an R-tree with respect to both of
these metrics.

An alternate description of ΓS , which may make its structure clearer, is
as follows. Define the saturation of S to be the set Ŝ gotten by adjoining
to S all discs D(ai, |ai − aj |) with D(ai, ri), D(aj , rj) ∈ S, and also the
disc D(0, 1). Note that the radius of each disc in Ŝ\S belongs to the value
group of K. Then ΓS is the finite R-tree whose branch points correspond
to the discs in Ŝ, and which has an isometric path of length |ri− rj | (in the
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small metric) between each pair of nodes D(ai, ri), D(aj , rj) ∈ Ŝ for which
D(ai, ri) ⊇ D(aj , rj) or D(aj , rj) ⊇ D(ai, ri).

...............................................................................................................................

...............................................................................................................................

D(0, 1)

D(a, |a− a′|)

D(a, r) D(a′, r′)

Figure 2. The tree ΓS when S = {D(a, r), D(a′, r′)} with
D(a, r) and D(a′, r′) disjoint

It follows from this description that every branch point of ΓS (not in-
cluding the endpoints) is a type II point of D(0, 1).

If S1 and S2 are any two finite sets of discs, then ΓS1 and ΓS2 are
both R-subtrees of ΓS1∪S2 . Moreover, the embedding of ΓSi in ΓS1∪S2 is an
isometry (with respect to either metric). Thus, the collection of graphs ΓS
is a directed set. Let

Λ = lim−→ΓS =
⋃
S

ΓS

be the union (or direct limit) of all of the R-trees ΓS ; this is itself an R-tree
(equipped with two possible metrics). With respect to the small metric, Λ is
a bounded metric space, but with respect to the big metric, Λ is unbounded.

By construction, each disc D(a, r) ⊂ D(0, 1) of positive radius corre-
sponds to a unique point of Λ. In other words, as a set Λ just consists of
the points of type II or III in D(0, 1). To incorporate the points of type I
and IV, we must enlarge Λ by adding “ends”. Consider a strictly decreasing
sequence of nested discs x = {D(ai, ri)}, and put r = lim ri. The union of
the lines of discs [ζai,ri , ζGauss] is a “half-open” line of discs, which we will
write as (ζa,r, ζGauss]. If

⋂
iD(ai, ri) is nonempty, then the intersection is

either a disc D(a, r) of positive radius, in which case (ζa,r, ζGauss] extends
in a natural way to the closed path [ζa,r, ζGauss], or a point a ∈ D(0, 1),
in which case the half-open path (ζa,r, ζGauss] extends to a closed path by
adding on the corresponding type I point a as an endpoint. Similarly, if⋂
iD(ai, ri) = ∅, we must adjoin a new endpoint of type IV in order to close

up (ζa,r, ζGauss]. It is clear that cofinal sequences define the same half-open
path, so the point closing up this path depends only on the corresponding
seminorm [ ]x, and not on the sequence defining it.

A cleaner way to say all of this is that points of D(0, 1) are in one-to-one
correspondence with points in the completion of Λ with respect to the small
metric. Since the points of type I are infinitely far away with respect to the
big metric, the completion of Λ with respect to the big metric coincides (on
the level of points) with D(0, 1)\D(0, 1).
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Remark 1.18. It is important to realize that D(0, 1) is not homeomor-
phic to the completion of Λ with respect to the small metric, with topology
given by the small metric. Rather, as shown above in Proposition 1.13,
D(0, 1) is the topological space whose underlying point set is the R-tree
given by the completion of Λ with respect to the small metric, and whose
topology is the weak topology on that R-tree.

Still another way to understand the topology on D(0, 1) is in terms of
inverse limits. Let F0 be the collection of all finite R-trees of the form ΓS
as above. We have already noted that F0 is a directed set under inclusion,
and we write Γ ≤ Γ′ if Γ ⊆ Γ′ as subsets of D(0, 1). Thus whenever Γ ≤ Γ′,
there is an inclusion map

iΓ,Γ′ : Γ→ Γ′ .
The set Λ is the direct limit of ΓS over F0 with respect to the maps iΓ,Γ′ .

There is also a retraction map rΓ′,Γ : Γ′ → Γ defined whenever Γ ≤ Γ′.
This is a general property of R-trees: since there is a unique path between
any two points of Γ′, if x ∈ Γ′ we can define rΓ′,Γ(x) to be, for any y ∈ Γ,
the first point where the unique path in Γ′ from x to y intersects Γ. This
definition is independent of the choice of y, and one sees from the definition
that rΓ′,Γ(x) = x if and only if x ∈ Γ. (In particular, rΓ′,Γ(x) is surjective.)
Moreover, the retraction maps are compatible, in the sense that if Γ ≤ Γ′ ≤
Γ′′, then

(1.7) rΓ′′,Γ = rΓ′,Γ ◦ rΓ′′,Γ′ .

Note also that for each Γ, Γ′, there is a Γ′′ with Γ ≤ Γ′′, Γ′ ≤ Γ′′.
By (1.7), the inverse limit

Λ̂ = lim←−Γ ,

taken over all Γ ∈ F0, is well-defined. For each Γ, there is a natural retraction
r

Λ̂,Γ
: Λ̂ → Γ. We endow Λ̂ with the inverse limit topology, in which the

basic open sets are ones of the form r−1

Λ̂,Γ
(U), where Γ ∈ F0 is arbitrary and

U ⊂ Γ is any open set. Here each Γ is given its metric topology (which is
the same for both the big and small metrics). It follows from Tychonoff’s
theorem that Λ̂ is a compact Hausdorff topological space. The space Λ̂ is
an example of a profinite R-tree, i.e., an inverse limit of finite R-trees.

Proposition 1.19. The topological spaces D(0, 1) (with the weak topology)
and Λ̂ (with the inverse limit topology) are homeomorphic.

Proof. Since D(0, 1) can be viewed as the completion of Λ with respect
to the small metric (equipped with the weak topology), for each Γ ∈ F0 there
is a retraction map rD(0,1),Γ : D(0, 1) → Γ. This map is continuous, since
one can easily verify that if Γ ∈ F0 and V ⊂ Γ is an open subset of Γ,
then r−1

D(0,1),Γ(V ) is an open affinoid in D(0, 1). By the universal property

of inverse limits, there is a continuous map ψ from D(0, 1) to Λ̂.
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The map ψ is injective because elements of F0 “separate points”: given
two distinct points x, y ∈ D(0, 1), there is a point ζa,r of type II such that
x � ζa,r but y 6� ζa,r, and if Γ = [ζa,r, ζGauss] then

rD(0,1),Γ(x) = ζa,r 6= rD(0,1),Γ(y) .

The map ψ is also surjective, since by the definition of the indexing set
F0, each point y ∈ Λ̂ corresponds to a nested family of closed discs: namely,
for each Γ ∈ F0, the point ζΓ := r

Λ̂,Γ
(y) corresponds to a disc D(aΓ, rΓ), and

if Γ1 ⊆ Γ2, then rΓ2,Γ1(ζΓ2) = ζΓ1 , so D(aΓ2 , rΓ2) ⊆ D(aΓ1 , rΓ1). It is easy to
check that if x ∈ D(0, 1) corresponds to this nested family, then ψ(x) = y.

Since a continuous bijection between compact Hausdorff topological spaces
is automatically a homeomorphism, the desired result now follows. �

In particular, we see that D(0, 1) is homeomorphic to a profinite R-tree,
which we think of as rooted at the Gauss point.

1.5. Metrizability

If K has a countable dense subset K0, then the basis in (1.6) has a
countable sub-basis, obtained by restricting to discs D(a, r)− and D(ai, ri)
whose centers belong to K0

⋂
D(0, 1) and whose radii belong to Q ∩ (0, 1].

For example, when K = Cp this holds, with K0 being the algebraic closure
of Q in Cp. However, it fails (for example) if either the residue field or the
value group of K is uncountable.

Corollary 1.20. If K has a countable dense subset, then D(0, 1) is a
metrizable space.

Proof. A compact Hausdorff space is “T3”, that is, each point is closed,
and for each point x and each closed set A with x /∈ A, there are disjoint open
neighborhoods U of x and V of A. Urysohn’s Metrization theorem ([50],
p.125) says that any T3 space with a countable basis is metrizable. �

As previously remarked, the metrics d(x, y) and ρ(x, y) do not define
the Berkovich (i.e., Gelfand) topology. For example, the set {x ∈ D(0, 1) :
d(x, ζGauss) < 1/2} does not contain any point of type I, while every neigh-
borhood of ζGauss in the Berkovich topology contains infinitely many such
points. This same example shows that d(x, y) (resp. ρ(x, y)) is not even
continuous for the Berkovich topology. (In fact, the topology defined by
d(x, y) (resp. ρ(x, y)) is strictly finer than the Berkovich topology.)

When K has a countable dense subset K0, then by tracing through
the proof of Urysohn’s theorem, one can construct a metric defining the
Berkovich topology as follows. First, define a ‘separation kernel’ for discs
D(a, r) and points a′ ∈ D(0, 1) by

∆(D(a, r), a′) = sup
z∈D(a,r)

(|z − a′|) = max(r, |a− a′|) .
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Extend it to pairs of discs D(a, r), D(a′, r′) by

∆(D(a, r), D(a′, r′)) = sup
z∈D(a,r)
w∈D(a′,r′)

(|z − w|) = max(r, r′, |a− a′|) ,

and then to arbitrary points x, y ∈ D(0, 1) by

∆(x, y) = lim
i→∞

max(ri, r′i, |ai − a′i|)

if x, y correspond to sequences of nested discs {D(ai, ri)}, {D(a′i, r
′
i)}.

Let {αj}j∈N be an enumeration of K0∩D(0, 1), and define a map ϕ from
D(0, 1) to the infinite-dimensional unit cube [0, 1]N by putting

ϕ(x) = (∆(x, αj))j∈N .

It can be checked that ϕ is a topological isomorphism from D(0, 1) onto
its image, equipped with the induced topology. Pulling back the metric on
[0, 1]N, one obtains a metric defining the Berkovich topology on D(0, 1):

δ(x, y) =
∞∑
j=1

1
2j
|∆(x, αj)−∆(y, αj)| .

However, this formula seems nearly useless for understanding the Berkovich
topology.

1.6. Notes and further references

Much of the material in this chapter is originally due to V. Berkovich,
and can be found in his book ([13]), though we have gone into more detail
than Berkovich in describing the structure of D(0, 1). It should be noted
that Berkovich spaces of higher dimension cannot be described nearly as
explicitly (see however [17], [18]).

The notational convention ζa,r was suggested by Joe Silverman. We
have borrowed from Antoine Chambert-Loir the term “Gauss point” for the
maximal point ζGauss = ζ0,1 of D(0, 1).

Our notation x∨y for the least upper bound of x, y ∈ D(0, 1) is borrowed
from Favre and Rivera-Letelier ([37, 38]), except that they use ∧ instead
of ∨. Since the Gauss point is maximal with respect to the partial order �
on D(0, 1), our notation x∨ y is compatible with the typical usage from the
theory of partially ordered sets.



CHAPTER 2

The Berkovich projective line

In this chapter, we will define the Berkovich projective line P1
Berk, and

give several constructions of it. Our primary definition is analogous to the
“Proj” construction in algebraic geometry. Using the “Proj” definition, one
sees easily that the action of a rational map ϕ on P1(K) extends naturally
to P1

Berk. Our main structural result is that P1
Berk, like D(0, 1), is canonically

homeomorphic to an inverse limit of finite R-trees.
It should be noted that P1

Berk depends on the ground field K, and when
it is important to emphasize this we will write P1

Berk,K . However, usually we
regard K as fixed and suppress it from the notation.

It should also be noted that Berkovich spaces, like schemes, are more
than just topological spaces: for example, they are naturally endowed with
a “sheaf of analytic functions”. In our exposition of P1

Berk, we focus almost
exclusively on the topological space, though some indications of the sheaf
structure appear in §2.1 and §2.4 below. However, in considering curves of
higher genus and spaces of higher dimension, it is essential to consider the
sheaf of analytic functions as well. A brief introduction to general Berkovich
spaces is given in Appendix C.

After studying P1
Berk we introduce an important subset, the “Berkovich

hyperbolic space” HBerk = P1
Berk\P1(K), and show that it is equipped with

a natural metric ρ(x, y) extending the “big metric” defined in the previous
chapter. We prove that ρ is invariant under linear fractional transformations.

2.1. The Berkovich affine line A1
Berk

Before studying P1
Berk, we consider the Berkovich affine line A1

Berk.

As a topological space, A1
Berk can be defined as follows. The underlying

point set for A1
Berk is the collection of all multiplicative seminorms [ ]x on the

polynomial ring K[T ] which extend the absolute value on K. The topology
on A1

Berk is the weakest one for which x 7→ [f ]x is continuous for all f ∈ K[T ].
In general, Berkovich spaces are not metrizable, so in studying them one

must use nets rather than sequences. Recall that if X is a topological space,
a net in X is a mapping α 7→ xα from A to X, where A is an arbitrary
directed set. A sequence is the same thing as a net indexed by N. If x ∈ X,
a net 〈xα〉 in X converges to x (written xα → x) if for every neighborhood
U of x, there exists α0 ∈ A such that x ∈ U for all α ≥ α0. For a more
detailed discussion of nets, see Appendix A.3.

19
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It is easy to see that a net 〈xα〉 in A1
Berk converges to x if and only if

[f ]xα → [f ]x for all f ∈ K[T ], so the topology on A1
Berk is the topology of

pointwise convergence with respect to K[T ].
There is a natural continuous embedding of K into A1

Berk which asso-
ciates to a point z ∈ K the evaluation seminorm [f ]z = |f(z)|.

Similarly to Lemma 1.1(2), we have:

Lemma 2.1. A multiplicative seminorm [ ]x extends the absolute value
on K if and only if its restriction to K is bounded (that is, there is a constant
B such that [c]x ≤ B|c| for each c ∈ K).

Proof. Suppose the restriction of [ ]x to K is bounded. Since [1]x =
|1| = 1, we must have B ≥ 1. If c ∈ K, then ([c]x)n = [cn]x ≤ B|cn| = B|c|n
for each n ∈ N, so taking nth roots and letting n → ∞ gives [c]x ≤ |c|.
If c = 0, this shows that [c]x = 0. On the other hand, if c 6= 0, then both
[c]x ≤ |c| and [c−1]x ≤ |c−1|. Multiplicativity gives [c]x·[c−1]x = [c·c−1]x = 1,
from which it follows that [c]x = |c|.

The other direction is trivial. �

Berkovich’s theory was inspired by rigid analysis. One of the key insights
in rigid analysis is that one can algebraically define certain bounded sets
by considering the maximal ideals in suitable commutative Banach rings.
The polynomial ring K[x] (equipped with its K-topology) is not a Banach
ring, but there is a natural collection of Banach rings associated to it. (See
Appendix C for basic properties of Banach rings.) For each real number
R > 0, let

K〈R−1T 〉 = {
∞∑
k=0

ckT
k ∈ K[[T ]] : lim

k→∞
Rk|ck| = 0} .

be the ring of formal power series with coefficients in K and having radius
of convergence at least R. It is complete under the norm defined by ‖f‖R =
maxk≥0R

k|ck|. When R = 1, K〈R−1T 〉 is just the ring K〈T 〉 discussed in
Chapter 1.

For an arbitrary K-algebra A, we denote byM(A) the space of all mul-
tiplicative seminorms on A which extend the absolute value on K, equipped
with the weakest topology for which x 7→ [f ]x is continuous for all f ∈ A.
We define the “Berkovich disc of radius R about 0” by

D(0, R) := M(K〈R−1T 〉) .

When R = 1, it follows from Lemma 2.1 that D(0, 1) is precisely the
Berkovich unit disc studied in Chapter 1. It is also easy to see that for
each R in the value group of K×, D(0, R) is homeomorphic to D(0, 1) as a
topological space.

If 0 < r < R, then D(0, r) can naturally be viewed as a subspace of
D(0, R) via the map ιr,R sending a continuous multiplicative seminorm [ ]x
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on K〈r−1T 〉 to the continuous multiplicative seminorm [ ]ιr,R(x) on K〈R−1T 〉
defined by

[f ]ιr,R(x) = [π(f)]x,

where π : K〈R−1T 〉 → K〈r−1T 〉 is the natural K-algebra homomorphism.
This map is easily checked to be continuous, with dense image, so ιr,R is
injective. It thus makes sense to consider the direct limit, or union, of the
discs D(0, R). This union is homeomorphic to A1

Berk:

(2.1) A1
Berk

∼=
⋃
R>0

D(0, R) .

We sketch a proof of (2.1) by specifying continuous maps in each di-
rection which are inverse to one another. On the one hand, for each R
there is an obvious map ιR : D(0, R) → A1

Berk coming from the inclusion
K[T ] ↪→ K〈R−1T 〉, and if r < R then ιr = ιR ◦ ιr,R. We thus obtain a map
ι : lim−→D(0, R)→ A1

Berk.
In the other direction, suppose x ∈ A1

Berk, and let R = [T ]x. Then one
can define ψ(x) ∈ D(0, R) via

(2.2) [f ]ψ(x) = lim
N→∞

[
N∑
i=0

ciT
i]x

for f =
∑∞

i=0 ciT
i ∈ K〈R−1T 〉. To see that this limit exists, note that for

M ≤ N , a telescoping series argument using the ultrametric inequality for
[ ]x gives

(2.3)
∣∣[ N∑
i=0

ciT
i]x − [

M∑
i=0

ciT
i]x
∣∣ ≤ max

M≤i≤N
{|ci|Ri} .

Since |ci|Ri → 0, it follows that {[
∑N

i=0 ciT
i]x}N≥0 is a Cauchy sequence,

and therefore that the limit in (2.2) exists. It is straightforward to check
that the resulting map ψ : A1

Berk → lim−→D(0, R) is continuous, and that ι
and ψ are inverses to one another. Therefore A1

Berk is homeomorphic to
∪R>0D(0, R) as claimed.

Berkovich’s classification theorem admits the following extension to A1
Berk,

with the same proof:

Theorem 2.2. Every x ∈ A1
Berk can be realized as

[f ]x = lim
i→∞

[f ]D(ai,ri)

for some sequence of nested closed discs D(a1, r1) ⊇ D(a2, r2) ⊇ · · · con-
tained in K. If this sequence has a nonempty intersection, then either

(A) the intersection is a single point a, in which case [f ]x = |f(a)|, or
(B) the intersection is a closed disc D(a, r) of radius r > 0, in which

case [f ]x = [f ]D(a,r).



22 2. THE BERKOVICH PROJECTIVE LINE

Thus, it makes sense to speak of points of type I, II, III, and IV in A1
Berk,

corresponding to the seminorms associated to classical points, ‘rational’ discs
D(a, r) with radii in |K×|, ‘irrational’ discs D(a, r) with radii not in |K×|,
and nested sequences {D(ai, ri)} with empty intersection, respectively.

We will now give a more intrinsic characterization of the different types
of points. For each x ∈ A1

Berk, define its local ring in K(T ) by

(2.4) Rx = {f = g/h ∈ K(T ) : g, h ∈ K[T ], [h]x 6= 0} .

There is a natural extension of [ ]x to a multiplicative seminorm on Rx,
given by [g/h]x = [g]x/[h]x for g, h as in (2.4). Let [R×x ]x be the value group
of [ ]x. Put

Ox = {f ∈ Rx : [f ]x ≤ 1}, mx = {f ∈ Rx : [f ]x < 1},

and let k̃x = Ox/mx be the residue field. Recall that |K×| denotes the value
group of K and K̃ denotes the residue field of K. Recall also that we are
assuming that K (and hence K̃) is algebraically closed.

Proposition 2.3. Given x ∈ A1
Berk, if x is of type I then Rx ( K(T )

and [ ]x is a seminorm but not a norm. If x is of type II, III, or IV then
Rx = K(T ) and [ ]x is a norm. Indeed,

(A) x is of type I iff Rx ( K(T ), [R×x ]x = |K×|, and k̃x = K̃.
(B) x is of type II iff Rx = K(T ), [R×x ]x = |K×|, and k̃x ∼= K̃(t) where

t is transcendental over K̃.
(C) x is of type III iff Rx = K(T ), [R×x ]x ) |K×|, and k̃x = K̃.
(D) x is of type IV iff Rx = K(T ), [R×x ]x = |K×|, and k̃x = K̃.

Proof. The possibilities for the triples (Rx, [R×x ]x, k̃x) are mutually
exclusive, so it suffices to prove all implications in the forward direction.

If x is of type I, the assertions are straightforward, and are left to the
reader.

Suppose x is of type II, and corresponds to D(a, r) with r ∈ |K×|. No
nonzero polynomial can vanish identically on D(a, r), so Rx = K(T ). If
g ∈ K[T ], the nonarchimedean maximum principle shows that there is a
point p ∈ D(a, r) for which [g]x = |g(p)|, from which it follows easily that
[R×x ]x = |K×|. Let c ∈ K× satisfy |c| = r, and let t ∈ k̃x be the reduction
of (T − a)/c. It is easy to check that t is transcendental over K̃ and that
k̃x = K̃(t).

Next suppose x is of type III, and corresponds to D(a, r) with r /∈ |K×|.
As before, no polynomial can vanish identically on D(a, r), so Rx = K(T ).
Furthermore, [T − a]x = r so [R×x ]x properly contains |K×|. To see that
k̃x = K̃, it suffices to note that each f ∈ K(T ) can be written as a quotient
f = g/h for polynomials

g(T ) =
m∑
i=0

bi(T − a)i, h(T ) =
n∑
j=0

cj(T − a)j , bi, cj ∈ K,
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and the fact that r /∈ |K×| means that the strict case of the ultrametric
inequality applies to the terms in g, h. Thus there are indices i0, j0 for
which [g]x = |bi0 |ri0 , [h]x = |cj0 |rj0 . If [f ]x = 1, we must have i0 = j0 and it
follows that

f ≡ bi0/ci0 (mod mx) .

Finally, suppose x is of type IV, and corresponds to a nested sequence of
discs {D(ai, ri)} with empty intersection. For each 0 6= g ∈ K[T ], there will
be an N for which the ball D(aN , rN ) does not contain any of the zeros of
g. The ultrametric inequality implies that |g| is constant on D(aN , rN ), and
then the fact that the D(ai, ri) are nested means that [g]x = [g]D(aN ,rN ) ∈
|K×|. It follows that Rx = K(T ) and that [R×x ]x = |K×|. To see that k̃x =
K̃, let f ∈ K(T ) satisfy [f ]x = 1, and write f = g/h with g, h ∈ K[T ]. As
above, there will be an N for which [g]x = [g]D(aN ,rN ) and [h]x = [h]D(aN ,rN );
necessarily [g]x = [h]x. Via the theory of Newton polygons (see Corollary
A.19 in Appendix A.10), the fact that g has no zeros in D(aN , rN ) implies
that |g(z)| is constant on D(aN , rN ), and that |g(z)− g(aN )| < |g(aN )| for
all z ∈ D(aN , rN ). Hence

[g − g(aN )]x ≤ [g − g(aN )]D(aN ,rN ) < |g(aN )| = [g]D(aN ,rN ) = [g]x .

Similarly [h− h(aN )]x < [h]x, and therefore

f ≡ g(aN )/h(aN ) (mod mx) .

�

2.2. The Berkovich “Proj” construction

As a topological space, one can define the Berkovich projective line P1
Berk

to be the one-point compactification (c.f. Appendix A.8) of the locally com-
pact Hausdorff space A1

Berk. The extra point is denoted, as usual, by the
symbol ∞, and is regarded as a point of type I.

However, this definition is not very useful. For example, it does not
make clear why or how a rational function ϕ ∈ K(T ) induces a map from
P1

Berk to itself, though in fact this does occur.
We therefore introduce an alternate construction of P1

Berk, analogous
to the “Proj” construction in algebraic geometry. We then discuss how
P1

Berk, defined via the “Proj” construction, can be thought of either as A1
Berk

together with a point at infinity, or as two copies of the Berkovich unit disc
D(0, 1) glued together along the annulusA(1, 1) = {x ∈ D(0, 1) : [T ]x = 1}.

Let S denote the set of multiplicative seminorms on the two-variable
polynomial ring K[X,Y ] which extend the absolute value on K, and which
are not identically zero on the maximal ideal (X,Y ) of K[X,Y ]. To em-
phasize that these are seminorms on the two-variable ring and not K[T ], we
will write them as [[ ]]. We put an equivalence relation on S by declaring
that [[ ]]1 ∼ [[ ]]2 if and only if there exists a constant C > 0 such that for all
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d ∈ N and all homogeneous polynomials polynomials G ∈ K[X,Y ] of degree
d, [[G]]1 = Cd[[G]]2.

As a set, we define P1
Berk to be the collection of equivalence classes of

elements of S.

Note that each [[ ]] ∈ S is automatically nonarchimedean; this follows
from the argument in Lemma 1.1(3). The condition that [[ ]] is not identically
zero on the maximal ideal (X,Y ) is equivalent to requiring that [[X]] and
[[Y ]] are not both zero. We will call a seminorm [[ ]] in S normalized if
max([[X]], [[Y ]]) = 1. We claim there exist normalized seminorms in each
equivalence class. Indeed, given [[ ]] ∈ S, suppose without loss of generality
that [[Y ]] ≥ [[X]], so in particular [[Y ]] > 0. First extend [[ ]] to a seminorm
on K[X,Y, 1/Y ] by multiplicativity, and then define [[ ]]∗ on K[X,Y ] by

[[G(X,Y )]]∗ = [[G(X/Y, 1)]] .

It is easy to check that [[ ]]∗ is a normalized seminorm on K[X,Y ], that it
belongs to S, and that it is equivalent to [[ ]].

By the definition of the equivalence relation, all the normalized semi-
norms in a class take the same values on homogeneous polynomials. Explic-
itly, if z ∈ P1

Berk and [[ ]]z is any representative of the class z, then

[[G]]∗z = [[G]]z/max ([[X]]z, [[Y ]]z)
d

for all homogeneous G ∈ K[X,Y ] of degree d, and the right side is indepen-
dent of the representative chosen.

The topology on P1
Berk is defined to be the weakest one such that z 7→

[[G]]∗z is continuous for each homogeneous G ∈ K[X,Y ].

We will now make explicit the realization of P1
Berk as A1

Berk together with
a point at infinity. More precisely, we will see that P1

Berk can be obtained
by gluing together two copies of A1

Berk along the open subset A1
Berk\{0} via

a homeomorphism

θ : A1
Berk\{0} → A1

Berk\{0} .

The construction closely parallels the standard decomposition of the usual
projective line P1 into the open charts P1\{∞} and P1\{0}, both of which
are isomorphic to A1, with the transition from one chart to the other given
by t 7→ 1/t. Here ∞ denotes the point of P1 with homogeneous coordinates
(1 : 0). The Berkovich space version of this decomposition can be understood
as follows.

Define the point ∞ in P1
Berk to be the equivalence class of the seminorm

[[ ]]∞ defined by [[G]]∞ = |G(1, 0)|. More generally, if P ∈ P1(K) has homo-
geneous coordinates (a : b), the equivalence class of the evaluation seminorm
[[G]]P = |G(a, b)| is independent of the choice of homogeneous coordinates,
and therefore [[ ]]P is a well-defined point of P1

Berk. This furnishes a natural
embedding of P1(K) into P1

Berk.
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Up to equivalence, [[ ]]∞ is the unique element of S for which [[Y ]] = 0.
Indeed, if [[Y ]] = 0 then by multiplicativity and the ultrametric inequality, if

G(X,Y ) = a0X
d + a1X

d−1Y + · · ·+ ad−1XY
d−1 + adY

d

is homogeneous of degree d, we must have [[G(X,Y )]] = |a0|·[[X]]d. Similarly,
[[ ]]0 = [[ ]](0:1) is the unique element of S, up to equivalence, for which
[[X]] = 0.

Gluing two copies of A1
Berk. We will now show that P1

Berk\{∞} and
P1

Berk\{0} are both homeomorphic to A1
Berk. By symmetry, it suffices to

consider the case of P1
Berk\{∞}. We define maps in each direction between

P1
Berk\{∞} and A1

Berk as follows.
Given z ∈ A1

Berk, define a seminorm on K[X,Y ] by

[[G]]χ∞(z) = [G(T, 1)]z

for all G ∈ K[X,Y ]. It is easy to see that [[ ]]χ∞(z) is an element of S, with
[[Y ]]χ∞(z) 6= 0. By abuse of notation, let χ∞ : A1

Berk → P1
Berk\{∞} be the

map which takes z to the equivalence class of [[ ]]χ∞(z).
Define ψ∞ : P1

Berk\{∞} → A1
Berk by the formula

[g]ψ∞(z) = [[G]]z/[[Y ]]dz

for each g ∈ K[T ], where G ∈ K[X,Y ] is homogeneous of degree d and
satisfies G(T, 1) = g(T ), and [[ ]]z is any representative of the class z. It is
immediate from the definition of equivalence and the fact that [[Y ]]z 6= 0 for
z ∈ P1

Berk\{∞} that ψ∞ is well-defined. It is straightforward to show that
χ∞ and ψ∞ are inverses of one another. We will shortly see that they are
both continuous, so ψ∞ defines a homeomorphism

P1
Berk\{∞} → A1

Berk .

Similarly, there is a homeomorphism

ψ0 : P1
Berk\{0} → A1

Berk

defined for h ∈ K[T ] by

[h]ψ0(z) = [[H]]z/[[X]]dz

for any homogeneous polynomial H ∈ K[X,Y ] satisfying H(1, T ) = h(T ).
The continuity of χ∞ and ψ∞ can be verified as follows. If 〈zα〉 is a net in

A1
Berk converging to z ∈ A1

Berk, then for each g ∈ K[T ] we have [g]zα → [g]z,
so it follows that for each homogeneous G ∈ K[X,Y ],

[G(T, 1)]zα
max{1, [T ]zα}

→ [G(T, 1)]z
max{1, [T ]z}

.

This is equivalent to the assertion that [[G]]∗χ∞(zα) → [[G]]∗χ∞(z), and thus χ∞
is continuous.
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Similarly, if z′α → z′ in P1
Berk\{∞}, then [[Y ]]z′α → [[Y ]]z′ 6= 0 and for each

homogeneous H ∈ K[X,Y ], [[H]]z′α → [[H]]z′ , and therefore

[[H]]z′α
[[Y ]]dz′α

→ [[H]]z′
[[Y ]]dz′

.

This implies that ψ∞ is continuous.

Unravelling the definitions, we see that there is a commutative diagram

P1
Berk\{0,∞} P1

Berk\{0,∞}

ψ∞

y yψ0

A1
Berk\{0}

θ−−−−→ A1
Berk\{0}

in which the involution θ of A1
Berk\{0} is defined for g ∈ K[T ] by

(2.5) [g]θ(z) = [g̃]z/[T ]dz ,

where d = deg(g) and g̃ = T dg(1/T ) is the reciprocal polynomial of g.
In conclusion, one obtains P1

Berk as a topological space by gluing two
copies V0, V∞ of A1

Berk together via the identification

z ∈ V0\{0} ∼ θ(z) ∈ V∞\{0} .

Identifying P1
Berk with A1

Berk∪{∞}, we view the open and closed Berkovich
discs

D(a, r)− = {x ∈ A1
Berk : [T − a]x < r} ,

D(a, r) = {x ∈ A1
Berk : [T − a]x ≤ r} ,

as subsets of P1
Berk. It is also useful to consider the sets P1

Berk\D(a, r) and
P1

Berk\D(a, r)− to be open (resp. closed) Berkovich discs.
When restricted to P1(K)\{0,∞} ∼= K×, θ is just the map t 7→ 1/t. Let

a ∈ K and r > 0. It is well known that if D(a, r) ⊂ A1(K) is a disc not
containing 0, then its image under t 7→ 1/t is D(1/a, r/|a|2). The same is
true for the “Berkovich discs”:

Lemma 2.4. Identify P1
Berk with A1

Berk ∪{∞}, and extend θ to an inver-
sion θ : P1

Berk → P1
Berk which interchanges 0 and ∞. Then

(A) For Berkovich discs D(a, r)−, D(a, r) not containing 0,

θ(D(a, r)−) = D(1/a, r/|a|2)−), θ(D(a, r)) = D(1/a, r/|a|2) ;

(B) For the Berkovich discs D(0, r)−, D(0, r),

θ(D(0, r)−) = P1
Berk\D(0, 1/r), θ(D(0, r)) = P1

Berk\D(0, 1/r)− .

Proof. We give the proof only for a disc D(a, r)− not containing 0; the
other cases are similar. Suppose x ∈ D(a, r)−. By assumption, |a| ≥ r > 0.
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By the strict form of the ultrametric inequality, [T ]x = max([a]x, [T −a]x) =
|a|. By formula (2.5),

[T − 1
a

]θ(x) =
[T · ( 1

T −
1
a)]x

[T ]x
=

[T − a]x
[a]x[T ]x

<
r

|a|2
.

It follows that θ(D(a, r)−) ⊆ D(1/a, r/|a|2)−. Similarly θ(D(1/a, r/|a|2)−) ⊆
D(a, r)−. Since θ is an inversion, θ(D(a, r)−) = D(1/a, r/|a|2)−. �

Seminorms on local rings in K(T ). Each z ∈ P1
Berk corresponds to

an equivalence class of seminorms on K[X,Y ], but by Proposition 2.3 and
the isomorphism we have just shown, it also corresponds to a local ring
Rz ⊂ K(T ) and a unique seminorm [ ]z on Rz.

Given z ∈ P1
Berk, its local ring in K(T ) and seminorm [ ]z can be

recovered from any of the associated seminorms [[ ]]z on K[X,Y ] as fol-
lows. Identifying T with X/Y , each quotient of homogeneous polynomials
G(X,Y ), H(X,Y ) ∈ K[X,Y ] of common degree d can be viewed as an ele-
ment of K(T ). Then

Rz = {G/H ∈ K(T ) : G,H ∈ K[X,Y ] are homogeneous, [[H]]z 6= 0} ,
and for each f = G/H ∈ Rz,
(2.6) [f ]z = [[G]]z/[[H]]z .

In particular, the point ∞ ∈ P1
Berk corresponds to the seminorm whose

local ring is

R∞ = {g/h ∈ K(T ) : g, h ∈ K[T ], h 6= 0, deg(h) ≥ deg(g)} ,
and [f ]∞ = |f(∞)| for f ∈ R∞. Clearly [ ]∞ is of type I in terms of the
characterization in Proposition 2.3.

Gluing two copies of D(0, 1). One can also construct P1
Berk as a topo-

logical space by gluing together two copies of D(0, 1) along the common
annulus

A(1, 1) = {x ∈ D(0, 1) : [T ]x = 1} .

Remark 2.5. In the terminology of Appendix C, we have

A(1, 1) = M(K〈T, T−1〉) ,
where

K〈T, T−1〉 = {
∞∑

i=−∞
ciT

i : lim
|i|→∞

|ci| = 0} .

In order to understand this description of P1
Berk, first note that P1

Berk =
W0 ∪W∞, where

W0 = {z ∈ P1
Berk : [X]z ≤ [Y ]z} ,

W∞ = {z ∈ P1
Berk : [Y ]z ≤ [X]z} .
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There is a homeomorphism ψ∞ : W∞ ∼= D(0, 1) defined by the property
that for each g =

∑∞
i=0 ciT

i ∈ K〈T 〉,

[g]ψ∞(z) = lim
N→∞

[
N∑
i=0

ciX
N−iY i]z/[X]Nz .

Here the limit on the right side exists, by a telescoping series argument
similar to the one in (2.3). Similarly, one defines a homeomorphism ψ0 :
W0
∼= D(0, 1), and the intersection W0 ∩W∞ = {z ∈ P1

Berk : [X]z = [Y ]z}
is mapped by both ψ∞ and ψ0 to A(1, 1). It follows that P1

Berk can be
obtained by gluing two copies W0 and W∞ of D(0, 1) together along their
common annulus A(1, 1) via the gluing map θ : A(1, 1) → A(1, 1) defined
for g ∈ K〈T, T−1〉 by

[g(T )]θ(z) = [g(1/T )]z .

Note that θ is the restriction to A(1, 1) of the inversion θ : P1
Berk → P1

Berk in
Lemma 2.4.

We leave detailed verifications of all of these assertions to the reader.

The topology on P1
Berk. The isomorphisms above enable us to give a

more concrete description of the topology on P1
Berk. Observe that a subset

of P1
Berk is open if and only if its intersections with both W0 and W∞ are

open.

Proposition 2.6. P1
Berk is a compact Hausdorff topological space.

Proof. By Theorem C.3, W0 and W∞ are compact and Hausdorff. �

We can also give a basis for the topology on P1
Berk:

Proposition 2.7. Identifying P1
Berk with A1

Berk ∪ {∞}, a basis for the
open sets of P1

Berk is given by sets of the form

(2.7) D(a, r)−, D(a, r)−\
N⋃
i=1

D(ai, ri), and P1
Berk\

N⋃
i=1

D(ai, ri),

where the a, ai ∈ K and the r, ri > 0. If desired, one can require that the r,
ri belong to |K×|.

Proof. Let B be the collection of sets of the form (2.7). By Lemma
2.4, B is stable under the inversion θ. This remains true if we consider the
subcollection B0 ⊂ B where r and the ri are required to belong to |K×|.

Proposition 1.6 gives a basis for open sets of W0
∼= D(0, 1). It is easy to

check that for each set in B, its intersection with W0 is empty or is one of
the sets in Proposition 1.6, and conversely that each set in Proposition 1.6
arises as such an intersection. As B is stable under θ, the same is true for
W∞. Since P1

Berk = W0
⋃
W∞, and B is closed under finite intersections,

the result follows. �
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Remark 2.8. When the r, ri above belong to |K×|, the sets (2.7) (and
finite unions of them) are called strict open affinoids (see Appendix C).

Decomposition into D(0, 1) and D(0, 1)−. There is one more descrip-
tion of P1

Berk which will be useful to us. It follows from what we have already
said that the open set

P1
Berk\D(0, 1)

is homeomorphic to the open Berkovich unit disc

D(0, 1)− = {z ∈ D(0, 1) : [T ]z < 1} .

As a set, we may therefore identify P1
Berk with the disjoint union of a

closed set X homeomorphic to D(0, 1) and an open subset Y homeomorphic
to D(0, 1)−. Moreover, the closure of Y in P1

Berk is Y = Y ∪ {ζGauss}. The
topology on P1

Berk is then determined by saying that a subset is open if and
only if its intersections with X and Y are both open.

This provides a useful way to visualize P1
Berk: one takes the previous

description of D(0, 1) and adds an “extra branch at infinity” corresponding
to P1

Berk\D(0, 1).
The following lemma is clear from this description of P1

Berk, since we
know the corresponding facts for D(0, 1) (c.f. Lemmas 1.7 and 1.8):

Lemma 2.9. Both P1(K) and P1
Berk\P1(K) are dense in P1

Berk.

In addition, it follows readily from this description and the corresponding
fact for D(0, 1) (c.f. Corollary 1.14) that:

Lemma 2.10. The space P1
Berk is uniquely path-connected. More pre-

cisely, given any two distinct points x, y ∈ P1
Berk, there is a unique arc [x, y]

in P1
Berk from x to y, and if x ∈ X and y ∈ Y then [x, y] contains the Gauss

point ζGauss.

2.3. The action of a rational map ϕ on P1
Berk

Let ϕ ∈ K(T ) be a rational function of degree d ≥ 1. In this section, we
explain how the usual action of ϕ on P1(K) extends to a continuous action
ϕ : P1

Berk → P1
Berk.

Choose a homogeneous lifting F = (F1, F2) of ϕ, where F1, F2 ∈ K[X,Y ]
are homogeneous of degree d and have no common zeros in K, with ϕ =
F1/F2. (Recall that K is algebraically closed.) The condition that F1 and F2

have no common zeros is equivalent to requiring that the resultant Res(F ) =
Res(F1, F2) be nonzero. (See Chapter IX §4 of [55] for a definition of the
resultant of two homogeneous polynomials.)

We define the action of ϕ on P1
Berk by showing that F induces a map on

the seminorms on K[X,Y ] which respects S, and which, upon passage to
equivalence, is independent of the choice of the lifting.
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Figure 1. The Berkovich projective line (illustration cour-
tesy of Joe Silverman)

For any seminorm [[ ]]z on K[X,Y ], define [[ ]]F (z) by

(2.8) [[G]]F (z) := [[G(F1(X,Y ), F2(X,Y ))]]z

for G ∈ K[X,Y ]. It is easy to check that [[ ]]F (z) is a multiplicative seminorm
on K[X,Y ] which extends the absolute value on K. We claim that if z ∈
S, then F (z) ∈ S. It suffices to show that [[X]]F (z) = [[F1(X,Y )]]z and
[[Y ]]F (z) = [[F2(X,Y )]]z cannot both be zero. This follows from the following
well-known property of the homogeneous resultant (see [80, §5.8]):

Lemma 2.11. There are homogenous polynomials G1, G2, H1, H2 ∈ K[X,Y ]
of degree d− 1 such that

G1(X,Y )F1(X,Y ) +G2(X,Y )F2(X,Y ) = Res(F )X2d−1 ,

H1(X,Y )F1(X,Y ) +H2(X,Y )F2(X,Y ) = Res(F )Y 2d−1 .

By Lemma 2.11, the ultrametric inequality for [[ ]]z, and the fact that
|Res(F )| 6= 0, if [[F1(X,Y )]]z = [[F2(X,Y )]]z = 0 then [[X]]z = [[Y ]]z = 0,
a contradiction. Thus at least one of [[X]]F (z) and [[Y ]]F (z) is nonzero, so
F (z) ∈ S. It is easy to see that if z, z′ ∈ S and z ∼ z′, then F (z) ∼ F (z′).
Likewise, if F ′ is another homogeneous lifting of ϕ, then F (z) ∼ F ′(z).
Thus, upon passage to equivalence, ϕ induces an action ϕ : P1

Berk → P1
Berk.

The action we have just defined can be described in terms of the local
rings Rz ⊂ K(T ) and seminorms [ ]z, as follows. Given z ∈ P1

Berk, let [[ ]]z̃
be a seminorm on K[X,Y ] which induces [ ]z. We claim that

(2.9) Rϕ(z) = {f ∈ K(T ) : f ◦ ϕ ∈ Rz}
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and that [f ]ϕ(z) = [f ◦ ϕ]z for each f ∈ Rϕ(z). Given such an f , write
f = G/H where G,H ∈ K[X,Y ] are homogeneous of common degree and
[[H]]F (z̃) = [[H ◦ F ]]z̃ 6= 0. Then f ◦ ϕ = (G ◦ F )/(H ◦ F ) and

(2.10) [f ◦ ϕ]z = [[G ◦ F ]]z̃/[[H ◦ F ]]z̃ = [[G]]F (z̃)/[[H]]F (z̃) = [f ]ϕ(z) .

Clearly (2.9) and (2.10) uniquely determine the action of ϕ on P1
Berk. They

also show this action extends the usual action of ϕ on P1(K): if z ∈ P1
Berk

corresponds to a ∈ P1(K), then [ ]ϕ(z) = [ ]ϕ(a).
The continuity of ϕ : P1

Berk → P1
Berk can be verified as follows: If 〈zα〉 is

a net in P1
Berk converging to z, then for all homogeneous G ∈ K[X,Y ], we

have [[G ◦ F ]]∗zα → [[G ◦ F ]]∗z and [[Fi]]∗zα → [[Fi]]∗z, and thus

[[G]]∗ϕ(zα) = [[G ◦ F ]]∗zα/max([[F1]]∗zα , [[F2]]∗zα
converges to

[[G]]∗ϕ(z) = [[G ◦ F ]]∗z/max([[F1]]∗z, [[F2]]∗z)

as required.
In summary, we make

Definition 2.12. Let ϕ ∈ K(T ) be a nonconstant rational function.
The action of ϕ on P1

Berk is the one induced by the action of a homogeneous
lifting F = (F1, F2) on seminorms of K[X,Y ], with [[G]]F (z) = [[G ◦ F ]]z. It
is continuous and is characterized by the property that for each z ∈ P1

Berk,
we have Rϕ(z) = {f ∈ K(T ) : f ◦ ϕ ∈ Rz}, and for each f ∈ Rϕ(z)

(2.11) [f ]ϕ(z) = [f ◦ ϕ]z .

We will see later (in Corollaries 9.9 and 9.10) that ϕ : P1
Berk → P1

Berk is
an open surjective mapping, and that every point z ∈ P1

Berk has at most d
preimages under ϕ.

If d = 1, it is clear that ϕ has an algebraic inverse, and thus induces
an automorphism of P1

Berk. Define Aut(P1
Berk) to be the group of algebraic

automorphisms of P1
Berk.

Corollary 2.13. Aut(P1
Berk) ∼= PGL2(K), the group of Möbius trans-

formations (or linear fractional transformations) acting on P1(K). In par-
ticular:

(A) Given triples of distinct points (a0, a1, a∞), (ζ0, ζ1, ζ∞) in P1(K),
there is a unique ϕ ∈ Aut(P1

Berk) for which ϕ(a0) = ζ0, ϕ(a1) = ζ1, and
ϕ(a∞) = ζ∞.

(B) Given a triple (a0, A, a∞) where a0, a∞ ∈ P1(K) are distinct points
and A is a type II point on the arc [a0, a∞], and another triple (ζ0, Z, ζ∞) of
the same kind, there is a ϕ ∈ Aut(P1

Berk) for which ϕ(a0) = ζ0, ϕ(A) = Z,
and ϕ(a∞) = ζ∞.

Proof. By the discussion above, each linear fractional transformation
ϕ(T ) = (aT + b)/(cT + d) ∈ K(T ) induces an automorphism of P1

Berk.
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Conversely, suppose that ϕ(T ) ∈ K(T ) induces an automorphism of
P1

Berk. In Proposition 2.15 below, we will see that ϕ : P1
Berk → P1

Berk takes
P1(K) to P1(K) and P1

Berk\P1(K) to P1
Berk\P1(K) . Hence ϕ(T ) induces

an automorphism of P1(K). It is well known that the group of algebraic
automorphisms of P1(K) is precisely the group of linear fractional transfor-
mations, which is isomorphic to PGL2(K).

Assertion (A) is a well-known fact about linear fractional transforma-
tions.

For assertion (B), note that since each ϕ ∈ Aut(P1
Berk) is bijective and

bicontinuous, it takes arcs to arcs. Thus, if distinct points b0, b1, b∞ ∈
P1(K) are given, and if B is the uniquely determined type II point at
the intersection of the three arcs [b0, b1], [b0, b∞] and [b1, b∞], then ϕ(B)
is the uniquely determined type II point at the intersection of the arcs
[ϕ(b0), ϕ(b1)], [ϕ(b0), ϕ(b∞)] and [ϕ(b1), ϕ(b∞]. Given triples (a0, A, a∞),
(ζ0, Z, ζ∞) as in the Proposition, choose a1, ζ1 ∈ P1(K) in such a way that
the arcs between the points ai determine A and the arcs between the points
ζi determine Z. If we choose ϕ ∈ Aut(P1

Berk) with ϕ(a0) = ζ0, ϕ(a1) = ζ1,
and ϕ(a∞) = ζ∞, then we also have ϕ(A) = Z. �

Remark 2.14. We will often view elements ϕ ∈ Aut(P1
Berk) as ‘changes

of coordinates’. Thus, Corollary 2.13 can be viewed as saying that there
always exist changes of coordinates with the properties in (A) and (B).

However, coordinate changes of other types need not exist. For example,
suppose (a0, A, a∞) and (ζ0, Z, ζ∞) are triples as in (B), except that A and
Z are of type III. There may not be a ϕ ∈ Aut(P1

Berk) with the properties
in (B). For instance, suppose K = Cp and a0 = ζ0 = 0, a∞ = ζ∞ = ∞.
If ϕ ∈ Aut(P1

Berk) takes 0 to 0 and ∞ to ∞, then ϕ(T ) = cT for some
c ∈ C×p . If |c| = 1, then ϕ(T ) fixes each point of the arc [0,∞]. Since |C×p |
is countable, there are only countably many possible images ϕ(A).

We now show that action of ϕ on P1
Berk preserves the “types” of points:

Proposition 2.15. If ϕ ∈ K(T ) is nonconstant, then ϕ : P1
Berk → P1

Berk
takes points of each type (I, II, III, IV) to points of the same type. Thus
ϕ(z) has a given type if and only if z does.

Proof. We will use the characterization of points in Proposition 2.3.
We first show that z ∈ P1

Berk is of type I iff ϕ(z) is of type I. This is
to be expected, since the action of ϕ on P1

Berk extends its usual action on
P1(K). Suppose z has type I, and corresponds to the point a ∈ P1(K).
Take 0 6= f ∈ K(T ) which vanishes at ϕ(a). Then [f ]ϕ(z) = [f ◦ ϕ]z =
|f(ϕ(a))| = 0, so [ ]ϕ(z) is a seminorm but not a norm, and ϕ(z) has type I.
Conversely, suppose ϕ(z) has type I, and corresponds to b ∈ P1(K). Choose
0 6= f ∈ K(T ) with f(b) = 0. Then [f ◦ ϕ]z = [f ]ϕ(z) = |f(b)| = 0, so [ ]z is
a seminorm but not a norm, and z has type I.
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If z has type II, III, or IV, then Rz = K(T ) by Proposition 2.3. By what
we have just shown, ϕ(z) ∈ P1

Berk\P1(K), and it follows that Rϕ(z) = K(T )
as well.

Suppose z is of type II. Since [R×z ]z = |K×| by Proposition 2.3, and
[f ]ϕ(z) = [f ◦ ϕ]z for each f ∈ K(T ), it follows that [R×z ]ϕ(z) = |K×|. We
claim that the residue field k̃ϕ(z) properly contains K̃. Under the classi-
fication in Theorem 2.2, z corresponds to a disc D(a, r) with r ∈ |K×|.
After replacing T by (T − a)/b for an appropriate b ∈ K×, we can assume
that D(a, r) = D(0, 1) and that [ ]z is the Gauss norm. Given f ∈ Oz,
write f̃ for its image in the residue field k̃z = Oz/mz. Then k̃z = K̃(t)
where t = T̃ is transcendental over K̃. By Lemma 2.16 below, there are
constants c1, c2 ∈ K for which the function f = c1ϕ(T ) − c2 belongs to Oz
and has nonconstant reduction, that is f̃ ∈ k̃z\K̃. Since f is the pullback of
f0 := c1T − c2 by ϕ(T ), the image of f0 in the residue field k̃ϕ(z) must also
be nonconstant. (Note f̃ is nonconstant iff [f − a]z = 1 for all a ∈ K with
|a| ≤ 1, which holds iff [f0 − a]ϕ(z) = 1 for all a ∈ K with |a| ≤ 1.) Thus
k̃ϕ(z) ) K̃, and ϕ(z) is of type II by Proposition 2.3.

Next suppose z is of type III, and corresponds to a disc D(a, r) with
r /∈ |K×| under Theorem 2.2. By Proposition 2.3, [R×z ]z ) |K×| and k̃z = K̃.
We first show that k̃ϕ(z) = K̃. If f ∈ K(T ) and [f ]ϕ(z) ≤ 1, then [f ◦ϕ]z ≤ 1.
Since k̃z = K̃, there is a b ∈ K with |b| ≤ 1 for which [(f ◦ϕ)− b]z < 1. But
then [f−b]ϕ(z) < 1, so f̃ = b̃ ∈ K̃ ⊆ k̃ϕ(z). Since f was arbitrary, k̃ϕ(z) = K̃.

We next show that [R×ϕ(z)]ϕ(z) ) |K×|. If [ϕ(T )]z /∈ |K×|, then since
[T ]ϕ(z) = [ϕ(T )]z, we are done. If [ϕ(T )]z ∈ |K×|, write ϕ(T ) = P (T )/Q(T )
where P,Q ∈ K[T ] have no common factor, and expand

P (T ) = a0 + a1(T − a) + · · ·+ ad(T − a)d,

Q(T ) = b0 + b1(T − a) + · · ·+ bd(T − a)d .

Since z is of type III, [T−a]z = r /∈ |K×| and the terms in P (T ) have distinct
values under [ ]z. A similar assertion holds for Q(T ). Since [P ]z/[Q]z =
[P/Q]z ∈ |K×|, the strict form of the ultrametric inequality shows there
must be an index k for which [P ]z = |ak| · rk, [Q]z = |bk| · rk. Now consider
the function

f = bkϕ(T )− ak =
bkP (T )− akQ(T )

Q(T )
.

Since the numerator of f contains no (T−a)k term, it must be that [bkP (T )−
akQ(T )]z = |c| · rj for some j 6= k and some c ∈ K×. Hence [f ]z /∈ |K×|.
Since f is the pullback of f0 := bkT − ak by ϕ(T ), we have [f0]ϕ(z) = [f ]z.
Thus [R×ϕ(z)]ϕ(z) ) |K×|, and by Proposition 2.3, ϕ(z) is of type III.
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If z is of type IV, then [R×z ]z = |K×| and k̃z = K̃. The arguments
above, concerning [R×z ]z for points of type II and k̃z for points of type III,
show that [R×ϕ(z)]ϕ(z) = |K×| and k̃ϕ(z) = K̃. Thus ϕ(z) is of type IV.

�

Lemma 2.16. Let ϕ(T ) ∈ K(T ) be nonconstant, and let z = ζGauss ∈
P1

Berk be the Gauss point. Then there are constants c1, c2 ∈ K for which
f = c1ϕ(T )−c2 belongs to Oz, and has nonconstant reduction in k̃z = K̃(T̃ ).

Proof. After scaling ϕ(T ), we can assume that [ϕ]z = 1. Write ϕ(T ) =
P (T )/Q(T ), where P,Q ∈ K[T ] are polynomials with no common factor,
satisfying [P ]z = [Q]z = 1. Thus

P (T ) = a0 + a1T + · · ·+ adT
d, Q(T ) = b0 + b1T + · · ·+ bdT

d

where maxi(|ai|) = maxi(|bi|) = 1. If P̃ (T ) 6= Q̃(T ), then ϕ̃(T ) ∈ k̃z is
nonconstant, and we are done.

On the other hand, suppose P̃ (T ) = Q̃(T ). We claim there is a number
c = c0 ∈ K for which

inf
|c|≤1

[P − cQ]z = inf
|c|≤1

( max
0≤i≤d

|ai − cbi|)

is achieved. Assuming this, let d0 ∈ K× be such that |d0| = [P − c0Q]z, and
put P0(T ) = (P (T )− c0Q(T ))/d0. Consider

f(T ) =
1
d0

(ϕ(T )− c0) =
P0(T )
Q(T )

.

Then [P0(T )]z = [Q(T )]z = 1, and P̃0(T ) 6= Q̃(T ) by the minimality in the
choice of c0. Hence f̃(T ) is nonconstant in k̃z.

To establish our claim, let I ⊂ {0, 1, . . . , d} be the set of indices for
which bi 6= 0 and |ai| ≤ |bi|. Since P̃ (T ) = Q̃(T ), I is nonempty. If j /∈ I,
then |aj − cbj | = |aj | for all |c| ≤ 1. Hence it suffices to show that

(2.12) inf
|c|≤1

(max
i∈I
|ai − cbi|)

is achieved for some c0. For each k ∈ I, put

Uk = D(
ak
bk
, 1)\

⋃
i∈I, i 6=k

D(
ak
bk
,

∣∣∣∣aibi − ak
bk

∣∣∣∣)− .
Then

⋃
k∈I Uk = D(0, 1) = {c ∈ K : |c| ≤ 1}, and since there are only

finitely many Uk, the infimum in (2.12) is the infimum over c ∈ Uk, for some
k.

Fix k ∈ I. Then for each i ∈ I and each c ∈ Uk,

|ai − cbi| = |bi| · |(
ai
bi
− ak
bk

) + (c− ak
bk

)|

= |bi| ·max
(
|ai
bi
− ak
bk
|, |c− ak

bk
|
)
,(2.13)
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and the right side of (2.13) is nondecreasing in |c− ak/bk|. Thus

inf
c∈Uk

(max
i∈I
|ai − cbi|)

is achieved when c = ak/bk.
This shows we can take c0 = ak/bk, for some k ∈ I. �

2.4. Points of P1
Berk revisited

In order to understand the action of a rational map on P1
Berk in a more

concrete way, let us begin by reinterpreting the points of A1
Berk. By Theorem

2.2, each x ∈ A1
Berk corresponds to an equivalence class of nested discs

{D(ai, ri)} in K, and for each f ∈ K[T ] the corresponding seminorm [f ]x is
a limit of the sup norms [f ]D(ai,ri). However, this association of [f ]x with sup
norms is misleading. A more accurate assertion is that [f ]x is the generic
value of |f(z)| at x.

To understand this, suppose x is a point of type II, so that x corresponds
to a disc D(a, r) with r in the value group of K×. Theorem 2.2 asserts that
for f ∈ K[T ],

[f ]x = max
z∈D(a,r)

|f(z)| .

If the zeros of f(T ) in D(a, r) are a1, . . . , am, then by the Weierstrass Prepa-
ration Theorem |f(z)| takes on its maximum value on D(a, r) at each point
of D(a, r)\ ∪mi=1 D(ai, r)−. In other words, [f ]x is the constant value which
|f(z)| assumes ‘almost everywhere’ on D(a, r). As observed in Proposition
2.3, the multiplicative seminorm [ ]x extends in a unique way to the field of
rational functions K(T ), with

[f/g]x =
[f ]x
[g]x

.

However, this extended seminorm is definitely not the supremum norm: if
(f/g)(z) has poles in D(a, r) then supz∈D(a,r) |(f/g)(z)| = ∞. Rather, if
f(z) has zeros a1, . . . , am and g(z) has zeros b1, . . . , bn, then [f/g]x is the
constant value which |f(z)/g(z)| assumes everywhere on the closed affinoid
D(a, r)\(∪mi=1D(ai, r)−) ∪ (∪nj=1D(bj , r)−). This is best understood as the
‘generic value’ of |(f/g)(z)| on D(a, r).

For points x of type I, III or IV, the notion of a generic value of |f(z)| at
x has to be understood in a slightly broader way. Let x ∈ A1

Berk be arbitrary.
Fix f ∈ Rx ⊂ K(T ). By continuity, for each ε > 0 there is a neighborhood
U of x such that for each t ∈ U , |[f ]t − [f ]x| < ε. In particular, for each
type I point z ∈ U ,

| |f(z)| − [f ]x | < ε .

By the description of the topology of P1
Berk in Proposition 2.7, sets of the

form D(a, r)\ ∪mi=1 D(ai, ri)− are cofinal in the set of closed neighborhoods
of x. Thus, [f ]x is the unique number such that for each ε > 0, there is a
closed affinoid neighborhood D(a, r)\∪mi=1D(ai, ri)− of x such that |f(z)| is
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within ε of [f ]x on that neighborhood. In this sense [f ]x is the generic value
of |f(z)| at x.

The discussion above applies to the point x = ∞, if one replaces the
affinoids D(a, r)\ ∪mi=1 D(ai, ri)− with the affinoids P1

Berk\D(0, r)−, as r →
∞.

In rigid analysis, each closed affinoid V = D(a, r)\(∪mi=1D(ai, ri)−) with
r, r1, . . . , rm in the value group of K× corresponds to an affinoid subdomain
of A1. More precisely, if b, b1, . . . bm ∈ K are such that |b| = r and |bi| = ri
for each i, then V is a Laurent domain, isomorphic to the set of maximal
ideals Max(AV ) of the Tate algebra

(2.14) AV = K〈T, T1, . . . , Tm〉[X]/IV .

Here

K〈T, T1, . . . , Tm〉 = {
∑
~i≥0

c~iT
i0T i11 · · ·T

im
m ∈ K[[~T ]] : lim

|~i|→∞
|c~i| = 0}

is the ring of power series converging on the unit polydisc {(z0, z1, . . . , zm) ∈
Km+1 : max(|zi|) ≤ 1}, and

IV = (bT − (X − a), (X − a1)T1 − b1, . . . , (X − am)Tm − bm) .

The relations generating IV mean that Max(AV ) is isomorphic to the set
of x ∈ K for which (x−ab , b1

x−a1
, . . . , bm

x−am ) belongs to the unit polydisc, or
equivalently, that |x − a| ≤ r and |x − ai| ≥ ri for i = 1, . . . ,m. This is
precisely the closed affinoid V .

The localization of K[T ] at (T −a1)/b1, . . . , (T −am)/bm is dense in AV .
Hence, writing X for the element bT+a ∈ K[T ], each bounded multiplicative
seminorm [ ]x on K[T ] for which

(2.15) [X]x ≤ 1 and [b1/(X − a1)]x ≤ 1, . . . , [bm/(X − am)]x ≤ 1

extends to a bounded multiplicative seminorm on AV . Conversely, each
bounded multiplicative seminorm on AV restricts to a bounded multiplica-
tive seminorm on K[T ] for which (2.15) holds. Thus, the functional analytic
spectrum M(AV ) can be identified with the subset D(a, r)\ ∪mi=1 D(ai, ri)−

of A1
Berk.

We have emphasized the interpretation of seminorms [ ]x as ‘generic
values’ partly to explain why such an inclusion is reasonable. For affinoids
V more complicated than a disc, one should not expect to identify seminorms
[ ]x on AV with sup norms on nested sequences of discs; however, one might
hope to identify them with sup norms on nested sequences of closed affinoids
contained in D(a, r)\ ∪mi=1 D(ai, ri)−. Such an identification can in fact
be made, though we will not give the details. However, we do note that
each closed affinoid Y = D(b, R)\ ∪ni=1 D(bi, R)− in which the deleted discs
have the same radius as the outer disc determines a bounded multiplicative
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seminorm
[f ]Y = sup

z∈D(b,R)\∪ni=1D(bi,R)−
|f(z)|

on any ring AV for which V = D(a, r)\
⋃m
i=1D(ai, ri)− contains Y .

Another reason for emphasizing the interpretation of seminorms [ ]x as
generic values is to be able to formulate a concrete description of the action
of a rational function ϕ on P1

Berk in terms of is action on P1(K). One can
deduce from the above discussion:

Proposition 2.17. Let ϕ ∈ K(T ) be a non-constant rational function,
and suppose x ∈ A1

Berk is a point of type II, corresponding to a disc D(a, r)
in K under Berkovich’s classification. Then ϕ(x) (which is also of type II)
corresponds to the disc D(b, R) iff there exist a1, . . . , am, b1, . . . , bn ∈ K for
which the closed affinoid D(b, R)\

⋃n
i=1D(bi, R)− is the image under ϕ of

the closed affinoid D(a, r)\
⋃m
i=1D(ai, r)−.

In Rivera-Letelier’s approach to P1
Berk, a fundamental result proved early

in the theory is that for each s < r sufficiently near r, the image under
ϕ of the open annulus D(a, r)−\D(a, s) ⊂ P1(K) is another annulus ([65],
Proposition 3.1). Rivera-Letelier’s description of the action of ϕ(T ) on P1

Berk
is based on this.

We will not prove Rivera-Letelier’s annulus theorem until much later
(Lemma 9.32). However, if x ∈ P1

Berk corresponds to D(a, r), it is easy to
see that knowing the action of ϕ on a collection of annuli D(a, r)−\D(a, s)
as above determines its action on x:

Proposition 2.18. Let ϕ ∈ K(T ) be a non-constant rational function,
and suppose x ∈ A1

Berk is a point of type II or III which corresponds to
a disc D(a, r) under Berkovich’s classification. Suppose also that for each
s < r sufficiently close to r, the image of the annulus D(a, r)−\D(a, s) is
an annulus D(b, R)−\D(b, S) (resp. an annulus D(b, S)−\D(b, R)). Then
ϕ(x) corresponds to D(b, R) under Berkovich’s classification.

Similarly, if x ∈ P1
Berk is of type IV and corresponds to a sequence of

nested discs {D(ai, ri)} under Berkovich’s classification, and for sufficiently
large i the image of D(ai, ri) under ϕ is a disc D(bi, Ri), then ϕ(x) corre-
sponds to {D(bi, Ri)} under Berkovich’s classification.

Proof. First suppose x is of type II or III. Let y = ϕ(x), and let y1 be
the point corresponding to D(b, R). We will show that each neighborhood
of y contains y1, and hence that y = y1.

Let U be a neighborhood of y. Since ϕ : P1
Berk → P1

Berk is continu-
ous, ϕ−1(U) contains a neighborhood of x, and hence contains an annulus
D(a, r)−\D(a, s) for some s < r. We can assume s is near enough to r that
the hypotheses of the Proposition hold. Hence U contains D(b, R)−\D(b, S)
(resp. D(b, S)−\D(b, R)). Since y1 belongs to the closure of each of these
annuli in P1

Berk, it follows that y1 ∈ U .
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Next suppose x is of type IV, and that ϕ(D(ai, ri)) = D(bi, Ri) for each
i ≥ N . Since the D(ai, ri) are nested, so are the D(bi, Ri) for i ≥ N . Since⋂∞
i=N D(ai, ri) = ∅, we have

⋂∞
i=N D(bi, Ri) = ∅. Thus {D(bi, Ri)}i≥N

corresponds to a point y2 ∈ A1
Berk of type IV. An argument like the one

above shows that ϕ(x) = y2. �

2.5. The tree structure on HBerk and P1
Berk

Recall that there is a natural embedding of P1(K) in P1
Berk with dense

image.

Definition 2.19. The Berkovich hyperbolic space HBerk is defined by

(2.16) HBerk = P1
Berk\P1(K) .

Thus HBerk consists of the points of P1
Berk of types II, III, and IV. We

will write HQ
Berk for the set of all points of type II, and HR

Berk for the set of
all points of type II or III.

Note that since ∞ is a type I point of P1
Berk, we can also define HBerk as

HBerk = A1
Berk\A1(K) .

Our next goal is to define the space of finite subgraphs of P1
Berk, and to

prove that P1
Berk can be identified with the inverse limit of all such subgraphs.

For this, recall first that

P1
Berk = W0 ∪W∞ ,

where W0,W∞ are each homeomorphic to the closed Berkovich unit disc
D(0, 1), with W0 ∩W∞ is homeomorphic to an annulus A(1, 1) in each of
the two pieces. Also, recall from Lemma 2.10 that P1

Berk is uniquely path-
connected, so that we may define the convex hull of a finite set of points
ζ1, . . . , ζn ∈ P1

Berk by either of the following equivalent definitions:
(A) The smallest connected subset of P1

Berk containing ζ1, . . . , ζn.
(B) The union of all arcs [ζi, ζj ] connecting ζi to ζj , for 1 ≤ i < j ≤ n.

By a finite subgraph of P1
Berk, we mean the convex hull of a finite set of

points ζ1, . . . , ζn in HBerk. As we will see in §2.7 below, there is a canonical
metric on every finite subgraph Γ of P1

Berk which makes Γ into a finite R-
tree in a natural way. However, for the moment, we can just think of Γ as
a compact Hausdorff topological space.

Write F for the collection of all finite subgraphs of P1
Berk. Similarly,

write FQ (resp. FR) for the subset of F consisting of graphs which are the
convex hull of a finite set of points ζ1, . . . , ζn ∈ HQ

Berk (resp. HR
Berk).

In §1.4, when we considered the structure of the space D(0, 1) as an
inverse limit of finite R-trees, we only looked at finite subgraphs of D(0, 1)
which were rooted at the Gauss point. It is therefore convenient to define

FGauss = {Γ ∈ F : ζGauss ∈ Γ} ,
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and to define FQ
Gauss and FR

Gauss accordingly. There is a natural bijection
between FGauss ∩W0 (resp. FGauss ∩W∞) and the set F0 defined in §1.4.

The set F is naturally a directed set under inclusion, i.e., Γ ≤ Γ′ if and
only if Γ ⊆ Γ′. Similarly, all of the other sets FQ,FR,FGauss,FQ

Gauss,FR
Gauss

are directed under inclusion. Thus whenever Γ ≤ Γ′, there is an inclusion

iΓ,Γ′ : Γ → Γ′ .

Just as in §1.4, there is also a retraction map rΓ′,Γ : Γ′ → Γ defined
whenever Γ ≤ Γ′. These retraction maps are again compatible with the
partial order on F , in the sense that if Γ ≤ Γ′ ≤ Γ′′, then

(2.17) rΓ′′,Γ = rΓ′,Γ ◦ rΓ′′,Γ′ .

By (2.17), the inverse limit lim←−Γ∈F Γ is well-defined, and by Tychonoff’s
theorem, this inverse limit is a compact Hausdorff topological space.

The main structural result concerning finite subgraphs of P1
Berk is

Theorem 2.20. There is a canonical homeomorphism

P1
Berk

∼= lim←−
Γ∈F

Γ ,

i.e., P1
Berk can be identified with the inverse limit of all of its finite subgraphs.

Moreover, the same result holds if the directed set F is replaced by any of
FQ,FR,FGauss,FQ

Gauss,FR
Gauss.

Proof. The last statement follows from the easily verified fact that
each of the directed sets FQ,FR,FGauss,FQ

Gauss,FR
Gauss is cofinal in F . It

therefore suffices to prove the theorem with F replaced by FGauss. But
this is a straightforward consequence of Proposition 1.19, together with the
identification P1

Berk = W0 ∪W∞. �

Theorem 2.20 is conceptually quite important, since it allows us to vi-
sualize the complicated, infinitely-branched tree P1

Berk as a limit of finite R-
trees. This is the main way we will think of and work with P1

Berk throughout
this book. For example, the existence of a Laplacian operator on P1

Berk with
nice properties will be deduced in a straightforward way from the existence
of a natural Laplacian operator on a finite metrized graph, together with
the fact that if Γ1 ≤ Γ2 then the Laplacians on Γ1 and Γ2 are “compatible”
in an appropriate sense.

As a complement to Theorem 2.20, we can also consider the direct limit
lim−→Γ∈F Γ with respect to the inclusion maps iΓ,Γ′ . In this case, the limit is
isomorphic (as a set) to HBerk. We omit the straightforward proof of

Theorem 2.21. There are canonical bijections

HBerk
∼= lim−→

Γ∈F
Γ ∼= lim−→

Γ∈FGauss

Γ,

HR
Berk
∼= lim−→

Γ∈FR

Γ ∼= lim−→
Γ∈FR

Gauss

Γ, HQ
Berk
∼= lim−→

Γ∈FQ

Γ ∼= lim−→
Γ∈FQ

Gauss

Γ.
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Remark 2.22. Recall that a set U ⊂ HBerk is open for the direct limit
topology on HBerk

∼= lim−→Γ∈F Γ if and only if U∩Γ is open in Γ for each Γ ∈ F .
The direct limit topology is stronger than the subspace topology induced by
the inclusion HBerk ⊆ P1

Berk (c.f. Remark 1.18). It is also stronger than the
topology on HBerk induced by the metric ρ introduced in §2.7. We will not
use the direct limit topology in this book.

2.6. Discs, annuli, and simple domains

Definition 2.23. A domain is a nonempty connected open set in P1
Berk.

A subdomain of a domain U is a domain V with V ⊂ U .

In this section we will introduce some important types of domains.

Definition 2.24. An open Berkovich disc is a domain U ⊂ P1
Berk with

exactly one boundary point, which is of type II or III; that is, U is a con-
nected component of P1

Berk\{x}, for some x ∈ HR
Berk. If x is of type II, U will

be called a strict open Berkovich disc. A generalized open Berkovich disc is
a connected component U of P1

Berk\{x}, where x ∈ P1
Berk is arbitrary.

It is easy to see that open Berkovich discs are sets of the form D(a, r)−

and P1
Berk\D(a, r), and strict open Berkovich discs are those with r ∈ |K×|.

In Appendix B, we associate to each point x ∈ P1
Berk a set Tx of tangent

vectors or tangent directions (we use the terms interchangeably). By defini-
tion, a tangent vector ~v ∈ Tx is an equivalence class of paths originating at
x, where two paths [x, a] and [x, b] are considered equivalent if they have a
nontrivial common initial segment. The connected components of P1

Berk\{x}
are in one-to-one correspondence with the tangent vectors ~v ∈ Tx, and we
write Bx(~v)− for the connected component of P1

Berk\{x} corresponding to ~v:

(2.18) Bx(~v)− = {a ∈ P1
Berk\{x} : [x, a] ∈ ~v} .

If x is of type II or III, then Bx(~v)− is an open Berkovich disc. If x is of
type I or IV, there is only one tangent direction ~v ∈ Tx, and in that case
Bx(~v)− = P1

Berk\{x} is a generalized open Berkovich disc.

Let Γ be a finite subgraph of P1
Berk, and let rΓ : P1

Berk → Γ be the natural
retraction map. If V ⊂ Γ is an open set, then U = r−1

Γ (V ) is an open subset
of P1

Berk. Of particular interest is the case where V = Γ0 = Γ\∂Γ is the
interior of Γ in its metric topology. In that case, r−1

Γ (Γ0) is a domain.
When Γ is a segment, U = r−1

Γ (Γ0) is an annulus:

Definition 2.25. An open Berkovich annulus is a domain U ⊂ P1
Berk

with exactly two boundary points x, y, which are of type II or III; that is,
U = r−1

Γ ((x, y)), where Γ = [x, y] is a segment in HR
Berk. If x and y are both

of type II, U will be called a strict open Berkovich annulus. A generalized
open Berkovich annulus is a domain with two arbitrary distinct boundary
points in P1

Berk.
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Thus, a generalized open Berkovich annulus is a set of the form U =
r−1

Γ ((x, y)) where x 6= y ∈ P1
Berk are arbitrary and Γ = [x, y].

For arbitrary finite subgraphs Γ, we identify three types of domains,
depending on the nature of the endpoints of Γ:

Definition 2.26. A simple domain is a domain U ⊂ P1
Berk which is an

open Berkovich disc, or has the form U = r−1
Γ (Γ0) where Γ is a nontrivial

finite subgraph of HR
Berk; that is, the endpoints of Γ are of type II or III.

A strict simple domain is a domain U which is either a strict open
Berkovich disc, or has the the form U = r−1

Γ (Γ0) where Γ is a nontrivial
finite subgraph of HBerk whose endpoints are all of type II.

A finite-dendrite domain is a domain U which is either a generalized open
Berkovich disc with boundary point x ∈ HBerk, or has the form U = r−1

Γ (Γ0)
for an arbitrary nontrivial finite subgraph Γ of HBerk.

Clearly each strict simple domain is a simple domain, and each simple
domain is a finite-dendrite domain. The reason for the terminology “finite-
dendrite domain” will become clear in §7.1. It is easy to see that the simple
domains (resp. strict simple domains, resp. finite-dendrite domains) form a
basis for Berkovich topology on P1

Berk.
Simple domains will be the open sets used most often in this book. The

proof of the following lemma is straightforward, and we leave it to the reader
as an exercise in unraveling the definitions.

Lemma 2.27. For a subset U ⊆ P1
Berk, the following are equivalent:

(A) U is a simple domain.
(B) U = r−1

Γ (V ), where V is a proper connected open subset of a finite
subgraph Γ ⊂ HR

Berk.
(C) U is a finite intersection of open Berkovich disks.
(D) U is a connected open set whose boundary consists of a finite (but

non-zero) number of points of type II or type III.
(E) U is a connected open affinoid domain.

Furthermore, U is a strict simple domain if and only if it is a connected
strict open affinoid.

If x ∈ P1(K) (i.e., x is of type I), then the open Berkovich discs contain-
ing x form a neighborhood base for x. If x is of type IV, corresponding to a
nested sequence of discs {D(ai, ri)}, then the open Berkovich discs D(ai, ri)−

form a neighborhood base for x. However, if x ∈ HR
Berk is of type II or III,

then open Berkovich discs do not suffice to form a neighborhood base: one
must use more general simple domains. More precisely, if x is of type III
(corresponding to the irrational disc D(a, s)) then the open Berkovich annuli
of the form D(a,R)−\D(a, r) with r < s < R form a neighborhood base for
x, while if x is of type II (corresponding to the rational disc D(a, s)) then
the simple domains of the form D(a,R)−\(D(a1, r1) ∪ · · · ∪ D(ak, rk)) with
ri < s < R for i = 1, . . . , k form a neighborhood base for x.
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2.7. The path distance metric and the strong topology

In this section we will introduce another topology on P1
Berk and HBerk,

called the strong topology or path distance topology, which is strictly finer
than the Berkovich topology.

Recall that P1
Berk can be identified with a disjoint union D(0, 1) and

the subset P1
Berk\D(0, 1), which is homeomorphic to D(0, 1)− via the map

ψ = ψ∞ (which on the level of type I points takes z to 1/z). Using this iden-
tification, we can extend the “small” and “big” metrics d(x, y) and ρ(x, y)
from the previous chapter to P1

Berk and HBerk respectively.
Following Favre and Rivera-Letelier, we will often call the Berkovich

topology on P1
Berk (and corresponding subspace topology on HBerk) the weak

topology. We call the topology on P1
Berk defined by the metric d(x, y) (and

the associated subspace topology on HBerk) the strong topology. It turns
out that the metric ρ(x, y) induces the strong topology on HBerk as well:
indeed, in the strong topology, each point of HBerk has a neighborhood on
which d(x, y) and ρ(x, y) are mutually bounded in terms of each other.

In the strong topology, P1
Berk is a complete metric space but is not com-

pact or locally compact. By contrast, in the weak topology, it is compact
and locally compact but not in general metrizable.

We first define the “small metric” d(x, y). Identify P1
Berk with the disjoint

union of D(0, 1) and P1
Berk\D(0, 1) ∼= D(0, 1)− using the map ψ, as above.

Recall that for x, y ∈ D(0, 1), we have

d(x, y) = (diam(x ∨ y)− diam(x)) + (diam(x ∨ y)− diam(x))
= 2 diam(x ∨ y)− diam(x)− diam(y) ,

which is the distance gotten by going from x to y along the geodesic path
through their join x ∨ y. In general, for x, y ∈ P1

Berk, put

(2.19) diam(x) =
{

diam(x) if x ∈ D(0, 1) ,
diam(ψ(x)) if x ∈ P1

Berk\D(0, 1) .

and let x ∨ y be point where the paths [x, ζGauss] and [y, ζGauss] first meet
(which will be ζGauss if x and y are in different components of P1

Berk\{ζGauss}).
For x, y ∈ P1

Berk, define

(2.20) d(x, y) = 2 diam(x ∨ y)− diam(x)− diam(y) .

Under the metric d(x, y), each point of P1
Berk has distance at most 1 from

ζGauss, and the maximal distance between two points is 2.
Alternately, d(x, y) can be defined by viewing P1

Berk as a parametrized
rooted tree, with the root ζGauss and the parametrization map α : P1

Berk →
R≥0 given by

α(z) =
{

1− diam(z) if z ∈ D(0, 1) ,
1− diam(ψ(z)) z 6∈ D(0, 1) .
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It is easy to verify that P1
Berk, equipped with this root and parametrization,

satisfies axioms (P1)-(P5) in Appendix B for a parametrized rooted tree,
and that the metric d(x, y) we have just described is the associated distance
function. In particular, (P1

Berk, d) is itself an R-tree.
The metric d(x, y) is an extension of (twice) the classical spherical dis-

tance on P1(K). If we identify P1(K) with K
⋃
{∞} and put 0 = 1/∞, then

for x, y ∈ P1(K) the spherical distance is defined by

‖x, y‖ =

 |x− y| if |x|, |y| ≤ 1,
|1/x− 1/y| if |x|, |y| > 1,
1 otherwise.

Given x, y ∈ D(0, 1), the smallest disc containing x and y is D(x, |x−y|), so
diam(x∨ y) = |x− y| = ‖x, y‖. Furthermore, viewing x and y as degenerate
discs of radius 0, we have diam(x) = diam(y) = 0. Thus d(x, y) = 2‖x, y‖.
Analogous computations show this holds for all x, y ∈ P1(K).

The metric d(x, y) plays an important role in the work of Favre and
Rivera-Letelier ([37],[38],[39]), because the action of a nonconstant rational
function ϕ(T ) ∈ K(T ) is Lipschitz continuous with respect to d(x, y) (see
Proposition 9.36). However, for us it will be much more useful to consider
the extension of the big metric to HBerk. The big metric is completely
canonical (see Proposition 2.29 below), whereas the extension of the small
metric to P1

Berk depends on a choice of coordinates for P1. In addition, we
will see later that functions of the form log |f |, where f ∈ K(T ) is a nonzero
rational function, are piecewise linear with respect to the big metric on
HBerk.

For these reasons and others, we will from this point onward consider
only the big metric, and rather than using the awkward terms “small metric”
and “big metric”, we will refer to the big metric ρ(x, y) on HBerk as the path
distance metric. We now give a concrete description of this metric, which
we have found to be the most profitable way to think about it.

Recall from Theorem 2.21 that HBerk can be identified with the union
of all finite subgraphs Γ ∈ F , and HR

Berk can be identified with the union of
all finite subgraphs Γ ∈ FR. For simplicity, we first describe the metric ρ
on HR

Berk, and then we will extend it to HBerk by continuity.
Recall also that D(0, 1)∩HBerk was described in §1.4 as the union of all

graphs of discs ΓS , where S = {D(a1, t1), . . . , D(an, tn)} runs over all finite
sets of discs contained in D(0, 1). A similar construction applies for any
D(0, r), taking

ΓS =
n⋃
i=1

[ti, r]D(ai,ri) ,

where [ti, r]D(ai,ti) = {D(ai, t) : ti ≤ t ≤ r} is a ‘line of discs’. Under
this parametrization, the segment between D(a, r1) and D(a, r2) has length
|r1 − r2|. However, as we have discussed, it is better to logarithmically
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reparametrize each line of discs [r1, r2]D(a,r1), putting

〈log(r1), log(r2)〉D(a,r1) = {D(a, qtv) : logv(r1) ≤ t ≤ logv(r2)}

and giving it length | logv(r2)− logv(r1)|. Carrying out this reparametriza-
tion for each D(0, r), and viewing HR

Berk as the union of HR
Berk ∩D(0, r) over

all r > 0, we obtain the path distance metric ρ(x, y) on HR
Berk. It follows

easily from the definitions that ρ extends by continuity to all of HBerk, and
that ρ is indeed a metric on HBerk. In particular, all points of HBerk are at
finite distance from each other.

Concretely, if x, y ∈ HR
Berk correspond to the discs D(a, r) and D(b, s),

respectively, and if D(a,R) is the smallest disc containing both D(a, r) and
D(b, s), then R = max(r, s, |a− b|) and

ρ(x, y) = (logv R− logv r) + (logv R− logv s)
= 2 logv R− logv r − logv s .(2.21)

This formula is easily extended to arbitrary points x, y ∈ HBerk: consider
the paths from x to ∞ and y to ∞, and let x∨∞ y be the point where they
first meet. If x corresponds to a nested sequence of discs {D(ai, ri)}, put
diam(x)∞ = inf ri. Then
(2.22)
ρ(x, y) = 2 logv(diam∞(x ∨∞ y))− logv(diam∞(x))− logv(diam∞(y)) .

We can also extend ρ(x, y) to a singular function on all of P1
Berk by setting

ρ(x, ζ) = ρ(ζ, x) =∞ each x ∈ HBerk and each ζ ∈ P1(K), and ρ(ζ, ξ) =∞
for all ζ, ξ ∈ P1(K). We will sometimes use this extension, although for the
most part we think of ρ as defined only on HBerk.

As noted above, we call the topology on HBerk defined by the path metric
ρ(x, y) (and the topology defined on P1

Berk by d(x, y)) the strong topology.
Using the definitions (2.20) and (2.22), and the fact that logv(t) is uniformly
continuous on each bounded interval [1/C,C], it is easy to check that both
d(x, y) and ρ(x, y) induce the strong topology on HBerk.

It is an important fact that HBerk and P1
Berk are complete in the strong

topology:

Proposition 2.28. HBerk is a complete metric space under ρ(x, y).
Likewise, P1

Berk is a complete metric space under d(x, y).

Proof. We first show that HBerk is complete under ρ(x, y). Let 〈xα〉α∈A
be a Cauchy net for ρ(x, y). Thus, for each ε > 0, there is an Nε such that
ρ(xα, xβ) < ε for all α, β > Nε. Since P1

Berk is compact in the weak topology
(Proposition 2.6), the net {xα}α∈A has a limit point ξ ∈ P1

Berk in the weak
topology. We will show that ξ is unique and belongs to HBerk, and that
{xα}α∈A converges to ξ in the strong topology.

We first show that ξ ∈ HBerk. Suppose to the contrary that ξ ∈ P1(K),
and let N1 be such that ρ(xα, xβ) < 1 for all α, β > N1. Fix η > N1. Noting
that the path from xη to ξ has infinite length, let ζ be the point on that
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path with ρ(ζ, xη) = 2. We claim that the xα for α > N1 all belong to the
same component of P1

Berk as xη. If this were not so, some xα would belong
to a different component, and hence the path from xα to xη would contain
ζ. Thus ρ(xα, xη) > 2, which is impossible. Hence the component of P1

Berk
containing ξ is an open set which contains no xα with α > N1, contradicting
that ξ is a limit point of {xα}α∈A in the weak topology.

We now show that {xα}α∈A converges to ξ in the strong topology. Put
δ = lim supα ρ(xα, ξ). Here δ is finite, since ξ ∈ HBerk. If δ > 0, put
ε = δ/3 and let Nε be such that ρ(xα, xβ) < ε for α, β > Nε. Since δ > 0,
there is an η > Nε such that ρ(xη, ξ) > 2δ/3 = 2ε. Let ζ in the path
from ξ to xη be such that ρ(ξ, ζ) = ε. By an argument similar to the one
above, the component of P1

Berk\{ζ} containing ξ cannot contain any xα with
α > Nε. This again contradicts that ξ is a limit point of {xα}α∈A in the
weak topology. Hence, δ = 0.

Finally, suppose ξ′ were another limit point of {xα}α∈A. Since

lim sup
α

ρ(xα, ξ) = lim sup
α

ρ(xα, ξ′) = 0 ,

the triangle inequality shows that ρ(ξ, ξ′) = 0. Thus ξ = ξ′.
The proof that P1

Berk is complete under d(x, y) is similar. �

The path distance metric ρ is canonical, in the following sense.

Proposition 2.29. The path distance metric ρ(x, y) on HBerk is inde-
pendent of the choice of homogeneous coordinates on P1, in the sense that
if h(z) ∈ K(z) is a linear fractional transformation, then ρ(h(x), h(y)) =
ρ(x, y) for all x, y ∈ HBerk.

Proof. Let h(z) = (az + b)/(cz + d) ∈ K(z) be a linear fractional
transformation. It induces a continuous automorphism h of P1

Berk. Since
points of type II are dense in each finite subgraph of P1

Berk, it suffices to
show that ρ(h(x), h(y)) = ρ(x, y) for all x, y ∈ HBerk of type II. By formula
(2.22), we may assume without loss of generality that x, y correspond to
discs D(p, r1), D(p, r2) with D(p, r1) ⊆ D(p, r2). Finally, since an arbitrary
linear fractional transformation can be written as a composition of affine
maps and inversions, it suffices to show that the path distance is preserved
by these two types of maps.

First suppose h(z) = az+ b is affine. The image of D(p, r) under h(z) is
D(ap + b, |a|r). If x, y ∈ P1

Berk correspond to D(p, r1) ⊆ D(p, r2), it follows
that

ρ(h(x), h(y)) = | logv(|a|r1)− logv(|a|r2)|
= | logv(r1)− logv(r2)| = ρ(x, y) .

Next suppose h(z) = 1/z, and let x, y ∈ P1
Berk correspond to discs

D(q, r1) ⊆ D(q, r2). Composing with an affine transformation, we may
assume without loss of generality that 0 6∈ D(q, r2). Recall from Proposi-
tion 2.17 that if x corresponds to a disc D(a, r) and ϕ ∈ K(T ), then ϕ(x)
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corresponds to a disc D(b, R) if and only if there is a closed affinoid of the
form D(b, R)\∪mi=1D(bi, R)− which is the image under ϕ of a closed affinoid
of the form D(a, r)\ ∪ni=1 D(ai, r)− for an appropriate choice of a1, . . . , an.
If D(a, r) does not contain 0, then h(D(a, r)) = D(1/a, r/|a|2). Since we
are assuming that neither of the discs corresponding to x and y contains 0,
and since D(1/q, r1/|q|2) ⊆ D(1/q, r2/|q|2), it follows that

ρ(h(x), h(y)) = | logv(r1/|q|2)− logv(r2/|q|2)|
= | logv(r1)− logv(r2)| = ρ(x, y) . �

A useful point of view, adopted by Rivera-Letelier in his papers, is that
ρ(x, y) can be interpreted in terms of the modulus of an annulus. Indeed, if
x, y ∈ HR

Berk correspond to closed discs D(a, r1) ⊆ D(a, r2) in K, then one
naturally associates to x and y the open annulus A−xy = D(a, r1)−\D(a, r2),
and ρ(x, y) = log |r2/r1| is nothing other than the modulus of this annulus.
More generally, if A− = D−1 \D2 with D−1 an open disc in P1(K) and D2

a closed disc in P1(K) contained in D−1 (i.e., if A− is an open annulus in
P1(K)), then one can define the modulus of A− to be the modulus of h(A−)
for any linear fractional transformation h which takes A− to an open annulus
of the form D(a, r1)−\D(a, r2) ⊂ K. Proposition 2.29 is then equivalent to
the assertion that the modulus of an open annulus in P1(K) is well-defined (a
known fact from nonarchimedean analysis which we have essentially reproved
above). Proposition 2.29 is thus the nonarchimedean analogue of the well-
known fact from complex analysis that the modulus of an open annulus in C
(or, more generally, in the Riemann sphere P1(C)) is invariant under Möbius
transformations.

2.8. Notes and further references

The idea for defining P1
Berk via a “Proj” construction is due to Berkovich,

and can be found in his paper ([15]).
The notation HBerk for the “Berkovich hyperbolic space” P1

Berk\P1(K)
is an adaptation of Rivera-Letelier’s notation in ([66, 65]). Also, the idea
that one can profitably think of HBerk as an analogue of the Poincaré disc, or
of hyperbolic 3-space, is something which we learned during conversations
with Rivera-Letelier. One should not confuse HBerk with the “Drinfeld upper
half-plane” (see, e.g., [15] or [44]), which is a rather different object despite
superficial similarities.

The concrete description of the action of a rational map in terms of
Berkovich’s classification theorem given in Proposition 2.17 forms the foun-
dation for Rivera-Letelier’s study of dynamics on P1

Berk.
We learned of the connection between the path distance metric ρ and

moduli of annuli from Rivera-Letelier.



CHAPTER 3

Metrized graphs

Our approach to potential theory on P1
Berk is based on the existence of a

Laplacian on its finite subgraphs, regarded as metrized graphs for the metric
induced by the path distance ρ(x, y).

In this chapter, we recall some basic facts about metrized graphs from
([7]). For the reader’s convenience, we have extracted (with minor modifi-
cations) certain portions of ([4]), ([7]), and ([28]) to make our presentation
of the theory as self-contained as possible.

3.1. Definitions

Intuitively, a metrized graph is a finite graph whose edges are thought
of as line segments having a well-defined length. In particular, Γ is a one-
dimensional manifold except at finitely many “branch points”, where it looks
locally like an n-pointed star for some positive integer n. The path-length
function along each edge extends to a metric ρ(x, y) on all of Γ, making it a
compact metric space.

A rigorous definition of a metrized graph (following [81]) is as follows.

Definition 3.1. A metrized graph Γ is a compact, connected metric
space such that for each p ∈ Γ, there exist a radius rp > 0 and an integer
np ≥ 1 such that p has a neighborhood Vp(rp) isometric to the star-shaped
set

S(np, rp) = {z ∈ C : z = tek·2πi/np for some 0 ≤ t < rp and some k ∈ Z} ,
equipped with the path metric.

A finite R-tree, as defined in §1.4, is the same thing as a metrized graph
possessing no nontrivial cycles. Although R-trees suffice for the purpose of
studying P1

Berk, the more general concept of a metrized graph is needed to
study Berkovich curves of higher genus. Since the theory of Laplacians is
not much more difficult to set up on an arbitrary metrized graph than on a
finite R-tree, we describe the theory in this more general context.

By a vertex set for Γ, we mean a finite set of points S such that Γ\S is
a union of open intervals whose closures have distinct endpoints. A vertex
set necessarily contains all endpoints and branch points of Γ. If Γ has loops,
it also contains at least one interior point from each loop.

There is a close connection between metrized graphs and finite weighted
graphs. Given a metrized graph Γ, any choice of a vertex set S for Γ gives

47
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rise to a weighted graph G which one may call a model for Γ; the weight of
each edge in G is the reciprocal of its length in Γ. A different choice of vertex
set leads to an equivalent weighted graph. Conversely, every weighted graph
G determines a metrized graph in the obvious way, so there is a one-to-one
correspondence between metrized graphs and equivalence classes of finite
weighted graphs (see [7] and [4] for further details).

Often, when given a metrized graph Γ, one chooses without explicit
comment a vertex set S, together with distinguished parametrizations of
the edges of the corresponding model G. The definition of the Laplacian
given below is independent of these implicit choices.

By an isometric path (or simply a path) in Γ, we will mean an injective
length-preserving continuous map from the real interval [0, L] into Γ. We will
say that an isometric path γ : [0, L] → Γ emanates from p, and terminates
at q, if γ(0) = p and γ(L) = q. We call two isometric paths emanating from
p equivalent if they share a common initial segment. For each p ∈ Γ, we let
Tp(Γ) (the projectivized “tangent space” at p) denote the set of equivalence
classes of isometric paths emanating from p. It is easy to see that |Tp(Γ)| =
np, i.e., there is a bijection between elements of Tp and the “edges” of Γ
emanating from p.

It is useful to associate to each element of Tp(Γ) a formal “unit tangent
vector” ~v, and to write p + t~v instead of γ(t), where γ : [0, L] → Γ is a
representative path. If f : Γ → R is a function, and ~v is a formal unit
tangent vector at p, then we will define the “(one-sided) derivative of f in
the direction ~v” to be

d~vf(p) = lim
t→0+

f(p+ t~v)− f(p)
t

= lim
t→0+

f(γ(t))− f(p)
t

,

provided the limit exists as a finite number.

3.2. The space CPA(Γ)

Let CPA(Γ) be the space of continuous, piecewise-affine, real-valued
functions on Γ. (By a piecewise affine function f , we mean that there is
a vertex set Sf for Γ such that f is affine on each edge in Γ\Sf with respect
to an arclength parametrization of that edge.) If f ∈ CPA(Γ), then clearly
the directional derivatives d~vf(p) are defined for all p ∈ Γ and all ~v ∈ Tp(Γ).

Chinburg and Rumely ([28]) introduced a Laplacian operator on CPA(Γ).
Their Laplacian is a map from CPA(Γ) to the space of discrete signed mea-
sures on Γ. We will take our Laplacian to be the negative of theirs, and
put

(3.1) ∆(f) =
∑
p∈Γ

− ∑
~v∈Tp(Γ)

d~vf(p)

 δp(x) ,

where δp is the Dirac unit measure at p. The operator ∆ coincides, in a
precise sense, with the usual combinatorial Laplacian on a finite weighted
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graph – see ([4]) for details. By abuse of notation, we will write ∆(f)(p) for
∆(f)({p}) = −

∑
~v∈Tp(Γ) d~vf(p). Here are some elementary properties of ∆:

Proposition 3.2. Let f, g ∈ CPA(Γ). Then
(A) ∆(f) ≡ 0 if and only if f ≡ C for some constant C.
(B) ∆(f) = ∆(g) if and only if f = g + C for some constant C.
(C) If f is nonconstant, then f achieves its maximum at a point p where

∆(f)(p) > 0, and its minimum at a point q where ∆(f)(q) < 0.
(D)

∫
Γ f ∆(g) =

∫
Γ g∆(f).

(E) The total mass ∆(f)(Γ) = 0.

Proof. For (A), if f ≡ C, clearly ∆(f) ≡ 0. Conversely, suppose
∆(f) ≡ 0. Put M = maxx∈Γ f(x), and let G = {x ∈ Γ : f(x) = M}.
Since f is continuous, G is closed. To see that G is also open, note that if
p ∈ G, then d~vf(p) ≤ 0 for each ~v ∈ Tp(Γ), since M is the maximum value
of f . Since f is piecewise affine, if f were not locally constant at p then
we would have d~v(f)(p) < 0 for some ~v, but then ∆(f)(p) > 0, contrary to
our assumption. Thus, G is both open and closed, and since Γ is connected,
G = Γ.

Trivially (A) implies (B).
For (C), suppose f is nonconstant, and let M and G be as in (A). If

p ∈ ∂G, then the argument above shows that ∆(f)(p) > 0. Similarly, f
achieves its minimum at a point where ∆(f)(q) < 0.

For (D), let S be a vertex set for Γ such that f and g are both affine
on each edge of Γ\S. Given an edge ei of Γ\S, fix an orientation of it, and
let γi : [0, Li] → ei be an arclength parametrization. By abuse of notation,
write f(x) = f(γi(x)) and g(x) = g(γi(x)) on ei. Integration by parts shows
that ∫

Γ
f(x)∆(g)(x) =

∑
i

∫
ei

f ′(x)g′(x) dx =
∫

Γ
g(x)∆(f)(x) .

Part (E) follows from (D), taking g(x) ≡ 1. �

3.3. The potential kernel jz(x, y)

There is a potential kernel jz(x, y) on Γ which (for fixed y, z) belongs
to CPA(Γ) and “inverts the Laplacian”. It is defined by requiring that for
each fixed y, z ∈ Γ,{

∆x(jz(x, y)) = δy(x)− δz(x) ,
jz(z, y) = 0 .(3.2)

The uniqueness of jz(x, y) follows from Proposition 3.2(B). Its existence can
be shown in general using electrical network theory (see [28]), or by linear
algebra (see [4] or [81]).

However, when Γ is a finite R-tree (the only case needed in this book),
the existence of a function satisfying (3.2) is trivial: given x, y, z ∈ Γ, let
w be the point where the path from x to z and the path from y to z first
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meet, and put jz(x, y) = ρ(z, w), the path length from z to w. Then along
the path from z to y, jz(x, y) = ρ(z, x); on branches off that path, jz(x, y)
is constant. One easily checks that the function thus defined satisfies the
equations (3.2).

Alternately, the potential kernel jz(x, y) on a finite R-tree Γ coincides
with the Gromov product (x|y)z (see Appendix B):

(3.3) jz(x, y) = (x|y)z .

The potential kernel has the following physical interpretation. View Γ
as an electrical network with terminals at y and z, and with the resistance
of each edge given by its length. Then jz(x, y) is the voltage at x when
current 1 enters at y and exits at z, with reference voltage 0 at z. By its
construction, jz(x, y) belongs to CPA(Γ), and its slope along any edge of Γ
has absolute value at most 1.

Proposition 3.3.
(A) jz(x, y) is non-negative, bounded, symmetric in x and y, and jointly

continuous in x, y, z.
(B) If f ∈ CPA(Γ) satisfies ∆(f) =

∑n
i=1 ciδpi, then there is a constant

C such that

f(x) =
n∑
i=1

ci jz(x, pi) + C .

(C) For each z, ζ ∈ Γ,

(3.4) jζ(x, y) = jz(x, y)− jz(x, ζ)− jz(y, ζ) + jz(ζ, ζ) .

(D) Fix x, z ∈ Γ, let h(y) = jz(x, y), and let ~v ∈ Tx(Γ). Then the
directional derivative of h in the direction ~v satisfies

|d~vh(x)| ≤ 1.

Proof. (A) The non-negativity of jz(x, y) follows from its defining
properties (3.2) and Proposition 3.2 (C).

To establish the symmetry of jz(z, y), fix a, b, z and apply Proposition
3.2 (D) to f(x) = jz(x, b) and g(x) = jz(x, a). Then ∆(f) = δb − δz and
∆(g) = δa − δz. Since f(z) = g(z) = 0,

jz(a, b) =
∫

Γ
f∆(g) =

∫
Γ
g∆(f) = jz(b, a) .

Clearly jz(x, y) is continuous in x for each fixed y, z, with |jz(x, y) −
jz(p, y)| ≤ ρ(x, p), since the absolute value of the slope of jz(x, y) along each
edge is at most 1. From this, one deduces that it is jointly continuous in
x, y for each fixed z, and indeed that for given p, q

|jz(x, y)− jz(p, q)| ≤ |jz(x, y)− jz(x, q)|+ |jz(x, q)− jz(p, q)|
≤ ρ(y, q) + ρ(x, p)(3.5)

using the symmetry shown above. Finally, for any fixed z0, we claim that

(3.6) jz(x, y) = jz0(x, y)− jz0(x, z)− jz0(z, y) + jz0(z, z) .
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The joint continuity of jz(x, y) in x, y, and z follows from this and (3.5). Its
boundedness follows from continuity and the compactness of Γ.

To prove (3.6), note that for fixed y, z

∆x(jz(x, y)) = δy(x)− δz(x) = ∆x(jz0(x, y)− jz0(x, z)) ,

so by Proposition 3.2 (B) there is a constant Cy,z such that jz(x, y) =
jz0(x, y) − jz0(x, z) + Cy,z. Taking x = z0 shows Cy,z = jz(z0, y). In other
words, we have

(3.7) jz(x, y) = jz0(x, y)− jz0(x, z) + jz(z0, y) .

Similarly, applying ∆y to jz(z0, y) and −jz0(z, y) (and using symmetry), one
finds there is a constant Cz such that jz(z0, y) = −jz0(z, y) + Cz. Taking
y = z shows Cz = jz0(z, z). Combining these gives (3.6). This also proves
(C).

For part (B), first note that if ∆(f) =
∑n

i=1 ciδpi then
∑n

i=1 ci = 0 by
Proposition 3.2 (E). Using this, one sees that

∆(
n∑
i=1

cijz0(x, pi)) =
n∑
i=1

ciδpi(x) ,

and the result follows from Proposition 3.2(B).
Finally, part (D) follows easily from the estimate (3.5). �

3.4. The Zhang space Zh(Γ)

Recall that if f ∈ CPA(Γ) then

(3.8) ∆(f) =
∑
p∈Γ

∆(f)(p) δp ,

where
∆(f)(p) = −

∑
~v ∈ Tp(Γ)

d~vf(p) .

It is possible to define a Laplacian on larger classes of functions. For
example, Zhang ([81]) defined a Laplacian on the space of continuous, piece-
wise C2 functions whose one-sided directional derivatives d~vf(p) exist for all
p ∈ Γ. We will write Zh(Γ) for this space. Zhang’s definition is

(3.9) ∆Zh(f) = −f ′′(x) dx+
∑
p∈Γ

(−
∑
~v at p

d~vf(p)) δp(x) ,

where f ′′(x) is taken relative to the arclength parametrization on each seg-
ment in the complement of an appropriate vertex set Xf for Γ. In other
words, f ′′(x) = d2

dt2
f(p+ t~v) for x = p+ t~v ∈ Γ\Xf .

Again, ∆Zh(f) is a measure on Γ. The condition that the directional
derivatives exist for all p is easily seen to be equivalent to requiring that
f ′′ ∈ L1(Γ). For a function f ∈ CPA(Γ), f ′′ = 0 in the complement of a
vertex set, so Zhang’s Laplacian is compatible with the one defined by (3.8).
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Zhang’s Laplacian is a hybrid of the usual (positive definite) Laplacian
−f ′′ on R and the combinatorial Laplacian on a weighted graph. It satis-
fies appropriate analogues of the properties given in Proposition 3.2. (See
Proposition 3.13 for a more general statement.) The particular form of def-
inition (3.9) is justified by the observation that

∫
f∆(g) =

∫
g∆(f) for all

f, g ∈ Zh(Γ), a fact which one easily verifies using integration by parts.
It turns out that one can extend the Laplacian to a still broader class of

functions. This observation is fundamental for the applications given in this
book. To motivate the definition of the more general Laplacian operator,
note that Zhang’s Laplacian has the following property.

Lemma 3.4. (Mass Formula) Let E ⊂ Γ be a set which is a finite union
of points and closed intervals. Then for each f ∈ Zh(Γ),

(3.10) ∆Zh(f)(E) = −
∑
p∈∂E

∑
~v∈Tp(Γ)
outward

d~vf(p)

where ∂E is the boundary of E, and a direction ~v at p is called “outward”
if the edge it corresponds to leads away from E.

Proof. Choose a vertex set S for Γ which includes the endpoints of all
segments in E, all isolated points of E, and all points where f ′′(x) is not
defined. Put SE = S ∩ E; then E\SE is a finite union of open intervals
(ai, bi). By definition

(3.11) ∆Zh(f)(E) = −
∑
i

∫ bi

ai

f ′′(x) dx+
∑
p∈SE

(−
∑

~v∈Tp(Γ)

d~vf(p)) δp(x) .

On the other hand, for each interval (ai, bi)∫ bi

ai

f ′′(x)dx = f ′(bi)− f ′(ai)

where f ′(ai) and f ′(bi) are one-sided derivatives at the endpoints. If ai, bi
correspond to p, q ∈ SE , then for the direction vectors ~v, ~w at p, q leading
into (ai, bi) we have d~v(f)(p) = f ′(ai), d~wf(q) = −f ′(bi). It follows that

−
∫ bi

ai

f ′′(x)dx = d~wf(q) + d~vf(p) .

Thus, in (3.11) the sum over the integrals cancels all the directional deriva-
tives for directions leading into E. What remains is the sum over directional
derivatives in directions leading outward from E. �

The Mass Formula says that for a closed set E which is a finite union of
segments and isolated points, ∆Zh(f)(E) is determined simply by knowing
the directional derivatives of f at the points of ∂E. In particular, taking
E = Γ, we see that ∆Zh(f)(Γ) = 0, since ∂Γ is empty. As the complement
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of an open interval U is a closed set E of the type we have been discussing,
it follows that

(3.12) ∆Zh(f)(U) = −∆Zh(f)(E) =
∑
p∈∂U

∑
~v∈Tp(Γ)
inward

d~vf(p) .

Taking unions of open and closed sets, we see that for any T ⊂ Γ which is
a finite union of points and intervals (open, closed, or half-open) there is a
formula for ∆Zh(f)(T ) in terms of the directional derivatives d~v(f) at points
of ∂T . (This formula is easy to write out, but messy; see (3.13) below.) The
collection of such sets forms a Boolean algebra A(Γ).

Conversely, suppose f : Γ→ R is any function whose directional deriva-
tives d~vf(p) exist for all p and ~v. Taking Lemma 3.4 as the starting point,
one could hope to define the Laplacian of f by (3.10) and (3.12). This
does indeed give a finitely additive set function ∆(f) on the Boolean alge-
bra A(Γ). However, ∆(f) does not necessarily extend to a measure; there
are pathological examples (similar to Weierstrass’s continuous but nowhere
differentiable functions) which oscillate so much that ∆(f) is not countably
additive.

An additional condition is necessary: we need to assume that f is of
bounded differential variation – see (3.15) below for a precise definition. We
will write BDV(Γ) for the space of functions of bounded differential varia-
tion. It follows from Lemma 3.7 below that CPA(Γ) ⊂ Zh(Γ) ⊂ BDV(Γ).

In Theorem 3.6 of the next section, we will show that if f ∈ BDV(Γ),
then the finitely additive function ∆(f), defined initially on A(Γ), extends
to a finite signed Borel measure of total mass 0 on Γ. Conversely, we will
see in Corollary 3.11 that if µ is a finite signed Borel measure on Γ with
total mass 0, then there is an f ∈ BDV(Γ), unique up to addition of an
arbitrary real constant, for which ∆(f) = µ. In other words, there is a
natural bijection between finite signed Borel measures of total mass zero on
Γ and functions in BDV(Γ) modulo constant functions. This gives a precise
meaning to the catchphrase “BDV(Γ) is the largest space of (continuous)
functions on which ∆(f) can be defined as a measure”.

We will see in Proposition 3.13 that all the properties of the Laplacian
proved in Proposition 3.2 for functions in CPA(Γ) remain valid for functions
in BDV(Γ).

3.5. The space BDV(Γ)

For the convenience of the reader, we have reproduced portions of ([7])
in this section.

Let D(Γ) be the class of all functions on Γ whose one-sided derivatives
exist everywhere, i.e.,

D(Γ) = {f : Γ→ R : d~vf(p) exists for each p ∈ Γ and ~v ∈ Tp(Γ)} .

It is easy to see that each f ∈ D(Γ) is continuous.
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As in the previous section, let A = A(Γ) be the Boolean algebra of
subsets of Γ generated by the connected open sets. Each S ∈ A is a finite
disjoint union of sets isometric to open, half-open, or closed intervals (we
consider isolated points to be degenerate closed intervals); conversely, all
such sets belong to A. Define the set b(S) of boundary points of S to be the
collection of points belonging to the closures of both S and Γ\S. It is easy
to see that each S ∈ A has only finitely many boundary points. Note that
under this definition, if Γ = [0, 1] and S = [0, 1

2 ], for example, then the left
endpoint 0 is not a boundary point of S.

For each p ∈ b(S), let In(p, S) be the set of ‘inward-directed unit vectors
at p’: the set of all ~v ∈ Tp(Γ) for which p+ t~v belongs to S for all sufficiently
small t > 0. Similarly, let Out(p, S) = Tp(Γ)\In(p, S) be the collection of
‘outward-directed unit vectors at p’. If p is an isolated point of S, then
In(p, S) = ∅ and Out(p, S) = Tp(Γ).

If f ∈ D(Γ), then we can define a finitely additive set function mf on A
by requiring that for each S ∈ A

(3.13) mf (S) =
∑
p∈b(S)
p/∈S

∑
~v∈In(p,S)

d~vf(p)−
∑
p∈b(S)
p∈S

∑
~v∈Out(p,S)

d~vf(p) .

Thus, for an open set S ∈ A,

(3.14) mf (S) =
∑
p∈b(S)

∑
~v∈In(p,S)

d~vf(p) ,

for a closed set S ∈ A,

mf (S) = −
∑
p∈b(S)

∑
~v∈Out(p,S)

d~vf(p) ,

and for a set S = {p} consisting of a single point,

mf ({p}) = −
∑

~v∈Tp(Γ)

d~vf(p) .

The finite additivity is clear if one notes that each S ∈ A can be written as a
finite disjoint union of open intervals and points, and that for each boundary
point p of S, the set In(p, S) coincides with Out(p,Γ\S).

Note that
mf (∅) = mf (Γ) = 0 ,

since by our definition, both the empty set and the entire graph Γ have no
boundary points. It follows for any S ∈ A

mf (Γ\S) = −mf (S) .

If f1, f2 ∈ D and c1, c2 ∈ R, then it is easy to see that the set function
corresponding to c1f1 + c2f2 is

mc1f1+c2f2 = c1mf1 + c2mf2 .
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We will say that a function f ∈ D(Γ) is of bounded differential variation,
and write f ∈ BDV(Γ), if there is a constant B > 0 such that for any
countable collection F of pairwise disjoint sets in A,

(3.15)
∑
Si∈F

|mf (Si)| ≤ B .

In particular, BDV(Γ) is a linear subspace of D(Γ).

Proposition 3.5. Let Γ be a metrized graph.
(A) If f ∈ BDV(Γ), then there are only countably many points pi ∈ Γ

for which mf (pi) 6= 0, and
∑

i |mf (pi)| converges.
(B) In the definition of BDV(Γ) one can restrict to families of pairwise

disjoint connected open sets, or connected closed sets. More precisely, a
function f ∈ D(Γ) belongs to BDV(Γ) if and only if

(1) there is a constant B1 such that for any countable family F of
pairwise disjoint connected open sets Vi ∈ A,∑

Vi∈F
Vi connected, open

|mf (Vi)| ≤ B1 ; or

(2) there is a constant B2 such that for any countable family F of
pairwise disjoint connected closed sets Ei ∈ A,∑

Ei∈F
Ei connected, closed

|mf (Ei)| ≤ B2 .

Proof. For (A), note that for each positive integer n, there are at most
nB = B/(1/n) points p ∈ Γ with |mf ({p})| ≥ 1/n, so there are at most
countably many points with mv({p}) 6= 0. Moreover,∑

p∈Γ
mf ({p})6=0

|mf ({p})| < B .

For (B), note that if f ∈ BDV(Γ) then (1) and (2) hold trivially. Con-
versely, suppose first that (1) holds. We begin by showing that there are
only countably many points p ∈ Γ for which mf (p) 6= 0, and that

(3.16)
∑

mf ({p})6=0

|mf ({p})| < 2B1 .

To see this, suppose that for some 0 < n ∈ Z, there were more than 2nB1

points p with |mv({p})| ≥ 1/n. Then either there would be more than nB1

points with mv({p}) ≥ 1/n, or more than nB1 points with mv({p}) ≤ −1/n.
Suppose for example that p1, . . . , pr satisfy mv({pi}) ≤ −1/n, where r >
nB1. Put K = {p1, . . . , pr}, and let V1, . . . , Vs be the connected components
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of Γ\K. Then

B1 < −(mf ({p1}) + · · ·+mf ({pr})) = −mf (K)
= mf (V1 ∪ · · · ∪ Vs) = mv(V1) + · · ·+mv(Vs)
≤ |mf (V1)|+ · · ·+ |mf (Vr)| ≤ B1 .

Hence there can be only countably many points pi with mf ({pi}) 6= 0, and
(3.16) holds.

Now let F be any countable collection of pairwise disjoint sets Si ∈ A.
Each Si can be decomposed as a finite disjoint union of connected open sets
and sets consisting of isolated points, and if

Si = Vi1 ∪ · · · ∪ Vi,ri ∪ {pi1} ∪ · · · ∪ {pi,si}

is such a decomposition, then∑
Si∈F

|mf (Si)| ≤
∑
i,j

|mf (Vij)|+
∑
i,k

|mf ({pik})| ≤ 3B1 .

It follows that f ∈ BDV(Γ).
Next suppose that (2) holds; we will show that (1) holds as well. Con-

sider a countable collection F of pairwise disjoint connected open sets Vi.
Decompose F = F+ ∪ F−, where Vi ∈ F+ iff mf (Vi) ≥ 0, and Vi ∈ F− iff
mf (Vi) < 0. Relabel the sets so that F+ = {V1, V3, V5, . . .}. For each n, put
Kn = Γ\(V1 ∪V3 ∪ · · · ∪V2n+1), and decompose Kn as a finite disjoint union
of connected closed sets E1, · · · , Er. Then

n∑
i=0

mf (V2i+1) = mf (Γ\Kn) = |mf (Kn)|

≤
r∑
j=1

|mf (Ej)| ≤ B2 .

Letting n→∞ we see that
∑

Vi∈F+
mf (Vi) ≤ B2.

Similarly
∑

Vi∈F− |mf (Vi)| ≤ B2, so
∑

Vi∈F |mf (Vi)| ≤ 2B2, and we are
done. �

We now come to the main result of this section.

Theorem 3.6. If f ∈ BDV(Γ), then the finitely additive set function
mf extends to a finite, signed Borel measure m∗f of total mass 0 on Γ.

Proof. We begin with a reduction. It suffices to show that the restric-
tion of mf to each edge e extends to a (finite, signed Borel) measure on e.
Identifying e with its parametrizing interval, we can assume without loss of
generality that Γ = [a, b] is a closed interval and that f : [a, b] → R is in
BDV([a, b]).

We next decompose mf into an atomic and an atomless part.
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Let {p1, p2, . . .} be the points in [a, b] for which mf ({pi}) 6= 0. For
brevity, write ci = mf ({pi}); by hypothesis,

∑
i |ci| converges. Define g :

R→ R by

g(t) = −1
2

∑
i

ci |t− pi| ,

and let m∗g =
∑

i ciδpi be the Borel measure giving the point mass ci to each
pi.

By a direct computation, one checks that for each x ∈ R, both one-sided
derivatives g′±(x) exist, with

g′−(x) =
1
2

(
∑
x≤pi

ci −
∑
x>pi

ci), g′+(x) =
1
2

(
∑
x<pi

ci −
∑
x≥pi

ci) .

For any closed subinterval [c, d] ⊂ [a, b],

mg([c, d]) = g′−(c)− g′+(d)

=
∑

c≤pi≤d
ci = m∗g([c, d]).

In particular the set function mg has precisely the same point masses as
mf . Similar computations apply to open and half-open intervals. Thus the
measure m∗g extends mg.

Replacing f(t) by h(t) = f(t) − g(t), we are reduced to the situation
where h ∈ BDV([a, b]) has no point masses. This means that for each
p ∈ (a, b),

0 = mh({p}) = h′−(p)− h′+(p),
or in other words that h′(p) exists. By hypothesis, both h′+(a) and h′−(b)
exist, so h(t) is differentiable on [a, b]. The fact that h ∈ BDV([a, b]) means
that h′(t) is of bounded total variation.

We claim that h′(t) is continuous on [a, b]. Suppose it were discontinuous
at some point p. By ([71], p.109), the existence of h′(t) for all t means that
h′(t) cannot have a jump discontinuity, so the discontinuity must be due
to oscillation. Hence there would be an ε > 0, and a sequence of points
t1, t2, . . ., either monotonically increasing or monotonically decreasing to p,
such that |h′(ti)− h′(ti+1)| > ε for each i. Assume for convenience that the
ti are monotonically increasing. Considering the intervals [t1, t2], [t3, t4], . . .
we see that

∞∑
i=1

|mh([t2i−1, t2i])| = ∞ ,

contradicting the fact that h ∈ BDV([a, b]) and proving our claim.
For a ≤ t ≤ b, let T (t) be the cumulative total variation function of

h′(t): letting Q vary over all finite partitions a = q0 < q1 < · · · < qm = t of
[a, t],

T (t) = sup
Q

m∑
j=1

|h′(qj)− h′(qj−1)| .
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Then T : [a, b]→ R is monotone increasing, and is continuous since h′(t) is
continuous. By Proposition 12 on p.301 of ([70]), there is a unique finite
signed Borel measure ν on [a, b] such that ν((c, d]) = T (d) − T (c) for each
half-open interval (c, d] ⊂ [a, b]. Since T (t) is continuous, ν has no point
masses.

Next put
T1(t) = T (t)− h′(t) .

Then T1(t) is also monotone increasing and continuous, so by the same
Proposition there is a bounded Borel measure ν1 on [a, b] such that for each
half-open interval (c, d] ⊂ [a, b],

ν1((c, d]) = T1(d)− T1(c) .

As before, ν1 has no point masses.
Now define the Borel measure m∗h = ν1 − ν. By construction, m∗h has

finite total mass. For any half-open interval (c, d] ⊂ [a, b],

m∗h((c, d]) = h′(c)− h′(d) = mh((c, d]) .

Since the measures ν and ν1 have no point masses,

m∗h([c, d]) = m∗h((c, d)) = m∗h([c, d)) = m∗h((c, d]) .

Thus m∗h extends the finitely additive set function mh.
Finally, adding the measures m∗g extending mg and m∗h extending mh, we

obtain the desired measure m∗f = m∗g +m∗h extending mf . Since mf (Γ) = 0,
we have m∗f (Γ) = 0 as well. �

3.6. The Laplacian on a metrized graph

If f ∈ BDV(Γ), we define the Laplacian ∆(f) to be the measure given
by Theorem 3.6:

∆(f) = m∗f .

In (3.9) we defined a Laplacian ∆Zh(f) on the Zhang space Zh(Γ):

Lemma 3.7. Zh(Γ) is a subset of BDV(Γ), and for each f ∈ Zh(Γ),

∆(f) = ∆Zh(f).

Proof. Fix f ∈ Zh(Γ), and let Xf be a vertex set for Γ such that
f ∈ C2(Γ\Xf ). We will first show that the directional derivatives d~vf(p)
exist for each p ∈ Xf and each ~v ∈ Tp(Γ). Fix such a p and ~v, and let
t0 be small enough that p + t~v ∈ Γ\Xf for all t ∈ (0, t0). By abuse of
notation, we will write f(t) for f(p+ t~v). By hypothesis, f ∈ C2((0, t0)). By
the Mean Value Theorem, d~vf(p) exists if and only if limt→0+ f ′(t) exists
(in which case the two are equal). Given ε > 0, let 0 < δ < t0 be small
enough that

∫
(0,δ) |f

′′(t)|dt < ε; this is possible since f ′′ ∈ L1(Γ). Then for
all t1, t2 ∈ (0, δ),

(3.17) |f ′(t2)− f ′(t1)| ≤
∫ t2

t1

|f ′′(t)|dt < ε,
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which proves that limt→0+ f ′(t) = d~vf(p) exists.
Equation (3.17) also implies (in the notation of §3.5) that for every

countable family F of pairwise disjoint connected closed sets Ei ∈ A, we
have ∑

Ei∈F
|mf (Ei)| ≤

∑
p∈Xf

|mf ({p})|+
∫

Γ
|f ′′(t)|dt <∞,

so that f ∈ BDV(Γ) as desired.
We next show that ∆(f) = ∆Zh(f). For each p ∈ Xf , we have ∆(f)({p}) =

∆Zh(f)({p}). To show that ∆(f) = ∆Zh(f) it suffices to show that for
each open interval (c, d) contained in an edge of Γ\Xf , ∆(f)((c, d)) =
∆Zh(f)((c, d)). For this, note that

∆(f)((c, d)) = mf ((c, d)) = f ′(c)− f ′(d)

= −
∫ d

c
f ′′(x) dx = ∆Zh((c, d)) .

�

Conversely, we have

Proposition 3.8. If f ∈ BDV(Γ), and ∆(f) has the form ∆(f) =
g(x)dx+

∑
p∈X cpδpi(x) for a piecewise continuous function g ∈ L1(Γ) and

a finite set X, then f ∈ Zh(Γ). Furthermore, let Xg be a vertex set for
Γ containing X and the finitely many points where g(x) is not continu-
ous; put cp = 0 for each p ∈ Xg\{p1, . . . , pm}. Then f ′′(x) = −g(x) for
each x ∈ Γ\Xg, f ′(x) is continuous on the closure of each segment of
Γ\Xg (interpreting f ′(x) as a one-sided derivative at each endpoint), and
∆(f)(p) = cp for each p ∈ Xg.

Proof. Suppose f ∈ BDV(Γ), and ∆(f) has the given form. Consider
an edge in Γ\Xg, and identify it with an interval (a, b) by means of the
distinguished parametrization. For each x ∈ (a, b), we have ∆(f)(x) = 0, so
f ′(x) exists. If h > 0 is sufficiently small, then

f ′(x+ h)− f ′(x) = −∆(f)([x, x+ h]) = −
∫ x+h

x
g(t) dt ,

while if h < 0 then

f ′(x+ h)− f ′(x) = ∆(f)([x+ h, x]) =
∫ x

x+h
g(t)dt = −

∫ x+h

x
g(t) dt .

Hence

f ′′(x) = lim
h→0

f ′(x+ h)− f ′(x)
h

= lim
h→0

(
−1
h

∫ x+h

x
g(t) dt

)
= −g(x) .

The assertion that ∆(f)(p) = cp for each p ∈ Xg is clear. �

Corollary 3.9. If f ∈ BDV(Γ) and ∆(f) =
∑k

i=1 ciδpi is a discrete
measure, then f ∈ CPA(Γ).
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Proof. Since ∆(f) is discrete, it follows by Proposition 3.8 that f(x) ∈
Zh(Γ) and ∆(f) = ∆Zh(f). Fixing a vertex set X for Γ, we see that f ′′(x) =
0 on Γ\X, so f(x) is affine on each segment of Γ\X, which means that
f ∈ CPA(Γ). �

The following proposition is the key technical result needed to see that
every measure of total mass zero is the Laplacian of some function in BDV(Γ).

Proposition 3.10. If ν is a finite signed Borel measure on Γ, z ∈ Γ,
and h(x) =

∫
Γ jz(x, y) dν(y), then h ∈ BDV(Γ) and ∆(h) = ν − ν(Γ)δz.

Proof. Fix z ∈ Γ, and let h(x) =
∫
jz(x, y) ν(y).

We first show that h ∈ D(Γ), i.e., that all directional derivatives of h
exist. More precisely, if ~v ∈ Tx(Γ), we claim that the partial derivative
∂x,~vh = d~vh(x) exists and satisfies

(3.18) ∂x,~v

(∫
jz(x, y) ν(y)

)
=
∫ (

∂x,~vjz(x, y)
)
ν(y) ,

i.e., we may “differentiate under the integral sign”. Note that the right-
hand side of (3.18) is well-defined, because for fixed x, z, and ~v, the function
∂x,~vjz(x, y) is piecewise continuous in y. (In fact, by [4, Exercise 10], it is
even piecewise affine in y.)

To verify (3.18), note that for each fixed y, and for ε > 0 sufficiently
small, we have

jz(x+ ε~v, y)− jz(x, y) = ε · ∂x,~vjz(x, y)

by the fact that jz(x, y) is piecewise affine in x. From this one readily obtains
(3.18).

Next, we claim that if νn is any sequence of measures with |νn−ν|(Γ)→
0, and if hn(x) =

∫
jz(x, y) νn(y). then

(3.19) ∂x,~vhn → ∂x,~vh .

This follows from the estimate

|∂x,~vhn − ∂x,~vh| ≤ sup
y∈Γ

(
|∂x,~vjz(x, y)|

)
· |νn − ν|(Γ) ,

since |∂x,~vjz(x, y)| ≤ 1 for all y by Part (D) of Proposition 3.3.
Let ν+

n (resp. ν−n ) be a sequence of discrete measures which converge
weakly to ν+ (resp. ν−), and set νn = ν+

n − ν−n . Then (νn − ν)(Γ) → 0. If
νn =

∑
aiδqi and D is a closed segment in Γ, then

(∆hn)(D) =
∑

ai∆x (jz(x, qi)) =
∑

ai (δqi − δz) = νn(D)−νn(Γ)δz(D) .

Passing to the limit as n tends to infinity, (3.19) implies that mh(D) =
ν(D)− ν(Γ)δz(D).
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For any countable collection F of pairwise disjoint sets Di of the type
above, it follows that

∞∑
i=1

|mh(Di)| ≤ 2|ν|(Γ) ,

so by Proposition 3.5, h ∈ BDV(Γ). The measure ∆(h) = m∗h attached to
h is determined by its values on closed intervals, so it must coincide with
ν − ν(Γ)δz. �

As an immediate consequence of Proposition 3.10, we obtain:

Corollary 3.11. If ν is a finite signed Borel measure of total mass
zero on Γ, then there exists a function h ∈ BDV(Γ) such that ∆h = ν.

By part (B) of Proposition 3.13 below, h is unique up to addition of an
arbitrary real constant.

We can deduce another useful result from Proposition 3.10. For any
finite signed Borel measure ν on Γ, put

jν(x, y) =
∫

Γ
jζ(x, y) dν(ζ) .

Clearly jν(x, y) is symmetric, and is jointly continuous in x and y. It also
has the following useful property:

Proposition 3.12. For each y ∈ Γ, the function Fy(x) = jν(x, y) be-
longs to the space BDV(Γ), and satisfies

∆x(Fy) = ν(Γ) · δy − ν .
Proof. From (3.4), we see that for any fixed z ∈ Γ, we have

Fy(x) =
∫
jζ(x, y) ν(ζ) = ν(Γ)jz(x, y)−

∫
jz(x, ζ) ν(ζ)− C ,

where C is independent of x. Using Proposition 3.10, we find that

∆xFy(x) = ν(Γ) (δy − δz)− (ν − ν(Γ)δz) = ν(Γ)δy − ν . �

It is clear from the definitions that the Laplacian on BDV(Γ) is linear:

∆(αf + βg) = α∆(f) + β∆(g)

for all f, g ∈ BDV(Γ) and α, β ∈ R.
We also note the following properties of the Laplacian on BDV(Γ), which

extend those proved in Proposition 3.2 for functions in CPA(Γ).

Proposition 3.13. If f, g ∈ BDV(Γ), then
(A) ∆(f) ≡ 0 if and only if f ≡ C for some constant C.
(B) ∆(f) = ∆(g) if and only if f = g + C for some constant C.
(C) If f is nonconstant, then f achieves its maximum at a point p in the

support of ∆(f)+, and its minimum at a point q in the support of ∆(f)−.
(D)

∫
Γ f ∆(g) =

∫
Γ g∆(f).

(E) ∆(f)(Γ) = 0.
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Proof. (A) Trivially f = C implies ∆(f) = 0. Conversely, if ∆(f) = 0,
then by Corollary 3.9, we have f ∈ CPA(Γ). The result now follows from
part (A) of Proposition 3.2.

(B) This follows from (A) by the linearity of ∆.
(C) Let x1 ∈ Γ be a point where the continuous function f achieves its

maximum, and let Γ1 be the connected component of {x ∈ Γ : f(x) = f(x1)}
containing x1. Since f is non-constant, we have Γ1 6= Γ.

If x0 is a boundary point of Γ1, we claim that x0 ∈ supp(∆Γ(f)+).
Suppose not. Letting ρ(x, y) denote the metric on Γ, there is a neighborhood
Γx0(ε) = {x ∈ Γ : ρ(x, x0) < ε} with ∆Γ(f)|Γx0 (ε) ≤ 0. After shrinking ε if
necessary, we can assume that Γx0(ε) is a star, a union of half-open segments
[x0, x0 + ε~vi) where the ~vi are the unit tangent vectors at x0. Since f(x0)
is the maximum value of f(x) on Γ, necessarily d~vif(x0) ≤ 0 for each i. If
d~vif(x0) < 0 for some i, then

∆Γ(f)(x0) = −
∑
i

d~vif(x0) > 0 ,

contradicting x0 /∈ supp(∆Γ(f)+). Hence d~vif(x0) = 0 for each i.
Since x0 is a boundary point of Γ1, there is a point y0 ∈ Γx0(ε) with

f(y0) < f(x0). Let i be such that y0 ∈ ei = (x0, x0 +ε~vi). As ∆Γ(f)|Γx0 (ε) ≤
0, it follows that ∆Γ(f)|ei ≤ 0. For each y = x0 + t~vi ∈ ei, there are two
unit tangent vectors at y: write ~v+ for the one that leads away from x0, and
~v− for the one that leads towards x0.

By the definition of ∆Γ(f), for each y ∈ ei,
(3.20) 0 ≥ ∆Γ(f)(y) = −d~v−f(y)− d~v+

f(y) ,

so d~v+
f(y) ≥ −d~v−f(y). Similarly, for each open subsegment (y1, y2) ⊂ ei,

(3.21) 0 ≥ ∆Γ(f)((y1, y2)) = d~v+
f(y1) + d~v−f(y2) ,

so −d~v−f(y2) ≥ d~v+
f(y1). By (3.20) and (3.21), together with Lemma A.1

of Appendix A, f is convex upward on ei. Since d~vi(f)(x0) = 0, f(x0 + t~vi)
is nondecreasing in t. Hence f(y0) ≥ f(x0), a contradiction. Thus x0 ∈
supp(∆Γ(f)+), as desired. The case of a minimum is similar.

(D) Set ν = ∆(f), so that ν(Γ) = 0 by part (E). For fixed y, z, we know
from Proposition 3.10 that h(y) =

∫
jz(x, y) dν(x) belongs to BDV(Γ) and

∆h = ν. It follows from (B) that f = h + C for some constant C. By
Fubini’s theorem, and the fact that ∆(g)(Γ) = 0, we have∫

Γ
f ∆(g) =

∫
Γ
h∆(g) =

∫∫
Γ×Γ

jz(x, y) ∆(f)(x) ∆(g)(y) .

(E) This has already been noted, and follows immediately from the def-
inition of the Laplacian on BDV(Γ).

�



CHAPTER 4

The Hsia kernel

In this chapter, we introduce the Hsia kernel, the fundamental kernel
for potential theory on P1

Berk. It is denoted δ(x, y)∞, and is the natural
extension to A1

Berk of the distance function |x − y| on A1(K). We learned
of it from an unpublished manuscript of Liang-Chung Hsia ([48]), where it
was introduced as a function on a space of discs.

After discussing its properties, we relate it to other objects in poten-
tial theory: the potential kernel jz(x, y) on graphs, the spherical distance
‖x, y‖ on P1(K), the canonical distance [x, y]∞ from ([72]), and the Gromov
product on an R-tree (c.f. Appendix B.4)

We then introduce an extension of ‖x, y‖ to P1
Berk which we call the

spherical kernel. Using it, for each ζ ∈ P1
Berk, we define a generalized Hsia

kernel δ(x, y)ζ , which plays an analogous role for potential theory relative
to ζ.

4.1. Definition of the Hsia kernel

It is an elementary fact about ultrametric spaces that the radius and
diameter of a disc coincide.

If x ∈ A1
Berk corresponds to a sequence of nested discs {D(ai, ri)}, we

call r = limi→∞ ri the diameter (or radius) of x, and write r = diam∞(x).
(Note that the diameter depends on the choice of coordinates on A1.)

The Hsia kernel δ(x, y)∞ is defined for x, y ∈ A1
Berk as follows. Consider

the paths [x,∞] and [y,∞], and as in §2.7, let x ∨∞ y be the point where
they first meet. Then

(4.1) δ(x, y)∞ = diam∞(x ∨∞ y) .

More concretely, if x corresponds to a sequence of nested discs {D(ai, ri)}
and y to {D(bi, si)}, then

(4.2) δ(x, y)∞ = lim
i→∞

max(ri, si, |ai − bi|) .

Indeed, if Ri = max(ri, si, |ai−bi|), then D(ai, Ri) = D(bi, Ri) is the smallest
disc containing both D(ai, ri) and D(bi, si), so diam∞(x∨∞ y) = limi→∞Ri.

Clearly the Hsia kernel is symmetric, and δ(x, x)∞ = diam∞(x) for
each x. If x, y ∈ A1(K) are points of type I, then δ(x, y)∞ = |x − y|. If
x, y ∈ A1

Berk are points of types I, II or III, with x corresponding to D(a, r)

63
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and y corresponding to D(b, s), then

δ(x, y)∞ = max(r, s, |a− b|) = sup
z∈D(a,r),w∈D(b,s)

|z − w| .

Recall that the Berkovich open and closed discs in A1
Berk, with center

a ∈ K and radius r > 0, are defined by

D(a, r)− = {x ∈ A1
Berk : [T − a]x < r} ,(4.3)

D(a, r) = {x ∈ A1
Berk : [T − a]x ≤ r} .(4.4)

The following result summarizes the main properties of δ(x, y)∞:

Proposition 4.1.
(A) The Hsia kernel is nonnegative, symmetric, and continuous in each

variable separately. As a function of two variables, it is upper semicontin-
uous. It is continuous off the diagonal, and continuous at (x0, x0) for each
point x0 of type I, but is discontinuous at (x0, x0) for each point of type II,
III, or IV.

(B) The Hsia kernel is the unique extension of |x−y| to A1
Berk such that

(4.5) δ(x, y)∞ = lim sup
(a,b)→(x,y)
a,b∈A1(K)

|a− b|

for each x, y ∈ A1
Berk.

(C) For all x, y, z ∈ A1
Berk

δ(x, y)∞ ≤ max(δ(x, z)∞, δ(y, z)∞) ,

with equality if δ(x, z)∞ 6= δ(y, z)∞.
(D) For each a ∈ A1

Berk and 0 ≤ r ∈ R, the ‘open ball’ B(a, r)−∞ := {x ∈
A1

Berk : δ(x, a)∞ < r} is connected and open in the Berkovich space topology.
It is empty if r ≤ diam∞(a), and coincides with an open disc D(b, r)− for
some b ∈ A1(K) if r > diam∞(a).

For each a ∈ A1
Berk and 0 ≤ r ∈ R, the ‘closed ball’ B(a, r)∞ := {x ∈

A1
Berk : δ(x, a)∞ ≤ r} is connected and closed in the Berkovich space topol-

ogy. It is empty if r < diam∞(a), and coincides with a closed disc D(b, r)
for some b ∈ A1(K) if r > diam∞(a) or if r = diam∞(a) and a is of type II
or III. If r = diam∞(a) and a is of type I or IV, then B(a, r)∞ = {a}.

Proof.
(A) Consider δ(x, y)∞ as a function of two variables. We first show it is

continuous off the diagonal.
Take x0, y0 ∈ A1

Berk with x0 6= y0. If there are disjoint open discs with
x0 ∈ D(a, r)− and y0 ∈ D(b, s)−, then |a − b| > max(r, s), so for each
x ∈ D(a, r)−, y ∈ D(b, s)−,

δ(x, y)∞ = |a− b| = δ(x0, y0)∞ ,

and δ(x, y)∞ is continuous at (x0, y0).
Otherwise, either each open disc D(a, r)− containing x0 contains y0, or

each open disc D(b, s)− containing y0 contains x0. By symmetry, assume



4.1. DEFINITION OF THE HSIA KERNEL 65

the former holds. Then x0 must be a point of type II or III corresponding to
a disc D(a, r) with y0 ∈ D(a, r) (it cannot be of type IV, because every open
disc containing x0 also contains y0 6= x0). After relabeling the center, we can
assume that y0 ∈ D(a, s)− for some s < r. Take 0 < ε < r − s. Then U :=
D(a, r+ ε)−\D(a, r− ε) and V := D(a, s)− are disjoint open neighborhoods
of x0, y0 respectively. Given x ∈ U , put r1 = inf{t : x ∈ D(a, t)}. Then
r − ε < r1 < r + ε, and formula (4.1) shows that δ(x, y)∞ = r1 for each
y ∈ V , so

|δ(x, y)∞ − δ(x0, y0)∞| = |r1 − r| < ε .

Thus, δ(x, y)∞ is continuous at (x0, y0) in this case as well.
Now consider points (x0, x0) on the diagonal. Suppose diam∞(x0) = r.

For each ε > 0, there is an open disc D(a, r + ε)− containing x0, and (4.1)
shows that δ(x, y)∞ < r + ε for each x, y ∈ D(a, r + ε)−. If r = 0, this
implies that δ(x, y)∞ is continuous at (x0, x0).

If r > 0, then δ(x, y)∞ is not continuous at (x0, x0), since every neigh-
borhood of (x0, x0) contains points (a, a) with a of type I, and for such points
δ(a, a)∞ = 0, while δ(x0, x0)∞ = r. On the other hand, the discussion in
the previous paragraph shows that

(4.6) lim sup
(x,y)→(x0,x0)

δ(x, y)∞ = r = δ(x0, x0)∞ .

Thus δ(x, y)∞ is upper semicontinuous as a function of two variables.
Now fix x, and consider δ(x, y)∞ as a function of y. By what has been

shown above, δ(x, y)∞ is continuous for y 6= x. For continuity at x, put
r = diam∞(x) and consider a neighborhood D(a, r + ε)− of x. For each
y ∈ D(a, r+ε)−, the paths from x and y to∞ meet at a point w = x∨∞ y ∈
D(a, r + ε)−, so

r = diam∞(x) = δ(x, x)∞ ≤ δ(x, y)∞ = diam∞(w) ≤ r + ε .

Thus |δ(x, y)∞ − δ(x, x)∞| < ε.
(B) Note that each neighborhood D(a, r+ε)− of x0 contains points a 6= b

of type I with r < |a − b| < r + ε, so (4.6) remains true even if the lim sup
is restricted to x, y ∈ A1(K). The characterization of δ(x, y)∞ follows from
this, together with continuity off the diagonal.

(C) For discs D(a, r), D(b, s) it is easy to see that

max(r, s, |a− b|) = sup
p∈D(a,r)
q∈D(b,s)

(|p− q|) .

The ultrametric inequality for δ(x, y) follows from this, formula (4.2), and
the classical ultrametric inequality.

(D) Given a ∈ A1
Berk and r ∈ R, consider the ‘open ball’ B(a, r)−∞ :=

{x ∈ A1
Berk : δ(x, a)∞ < r}. If r ≤ diam∞(a), then B(a, r)−∞ is clearly

empty. If r > diam∞(a), then B(a, r)−∞ contains a, and is open by the upper
semicontinuity of δ(x, a)∞. Each nonempty open set contains points of type
I. If b ∈ D(a, r)− ∩ A1(K), the ultrametric inequality for δ(x, y)∞ shows
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that B(a, r)−∞ = D(b, r)−. To see that B(a, r)−∞ is connected, recall that
δ(a, x)∞ = diam∞(a ∨∞ x). If diam∞(a ∨∞ x) < r, then diam∞(a ∨∞ y) =
diam∞(a ∨∞ x) < r for each y in the path [a, x], so [a, x] ⊂ B(a, r)−∞.

Similarly, consider the ‘closed ball’ B(a, r)∞ := {x ∈ A1
Berk : δ(x, a)∞ ≤

r}. If r < diam∞(a), then B(a, r)∞ is empty. If r = diam∞(a) and a is
of type I or IV it is easy to see that B(a, r)∞ = {a}. If r > diam∞(a)
then B(a, r)∞ contains B(a, r)−∞, and hence contains points b of type I; this
also holds if r = diam∞(a) and a is of type II or III. In either case the
ultrametric inequality for δ(x, y)∞ shows that B(a, r)∞ = D(b, r), and in
particular that B(a, r)∞ is closed. An argument similar to the one above
shows that B(a, r)∞ is connected. �

The function-theoretic meaning of the Hsia Kernel is as follows:

Corollary 4.2. For each x ∈ A1
Berk and each a ∈ K, then for the

function T − a ∈ K[T ],

δ(x, a)∞ = [T − a]x .

Proof. By Proposition 4.1 (B), if x ∈ A1
Berk corresponds to the nested

sequence of discs {D(ai, ri)} then

[T − a]x = lim
i→∞
‖T − a‖D(ai,ri) = lim sup

b→x
b∈K

|b− a| = δ(x, a)∞ .

�

4.2. The extension of jz(x, y) to P1
Berk

The Hsia kernel δ(x, y)∞ has a pole at ζ =∞. We now set out to define
an analogous kernel δ(x, y)ζ for an arbitrary ζ ∈ P1

Berk.

To do this we will use the theory of metrized graphs from Chapter 3.
Recall from §2.5 and §2.7 that a finite subgraph Γ of P1

Berk is a finite R-tree
contained in HBerk which is equipped with the (logarithmic) path distance
metric ρ(x, y). Since there is a unique path between any two points of
P1

Berk, for every finite subgraph Γ of P1
Berk there is a natural retraction map

rΓ : P1
Berk → Γ (Theorem 2.20).

For each Γ, the relation between the Hsia kernel and the potential kernel
jz(x, y) on Γ is as follows. Fix a coordinate system on P1, so that P1

Berk =
A1

Berk ∪ {∞}. Recall that ζGauss denotes the “Gauss point”, the point of
A1

Berk corresponding to the sup norm over the closed unit disc D(0, 1).

Proposition 4.3. Let z ∈ HBerk, and let Γ be any finite subgraph of
P1

Berk containing z. Put ∞Γ = rΓ(∞). Then for all x, y ∈ Γ,
(4.7)
− logv(δ(x, y)∞) = jz(x, y)− jz(x,∞Γ)− jz(y,∞Γ)− logv(diam∞(z)) .

In particular, if z = ζGauss, then diam∞(z) = 1, so

(4.8) − logv(δ(x, y)∞) = jζGauss
(x, y)− jζGauss

(x,∞Γ)− jζGauss
(y,∞Γ) .
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Proof. Fix y ∈ Γ, and set s = diam∞(y), S = diam∞(∞Γ). The
intersection of the path from y to ∞ with Γ is the finite subgraph Γy =
[y,∞Γ] of Γ, isometric to the real interval [logv(s), logv(S)].

Consider the function fy(x) = − logv(δ(x, y)∞) on Γ. The geometric
description (4.1) of δ(x, y)∞ shows that for each x ∈ Γ,

δ(x, y)∞ = δ(rΓy(x), y)∞ .

Thus, fy(x) is constant on branches of Γ off Γy. For x ∈ Γy,

− logv(δ(x, y)∞) = − logv(t) , where t = diam∞(x) .

The arclength parameter along Γy is logv(t) for s ≤ t ≤ S, so the restriction
of fy(x) to Γy has constant slope −1. Hence fy(x) ∈ CPA(Γ), and

∆x(fy(x)) = δy(x)− δ∞Γ(x) .

Also, by (3.2), we have

∆x(jz(x, y)− jz(x,∞Γ)) = δy(x)− δ∞Γ(x) .

It follows from Proposition 3.2 (B) that there is a constant Cz(y) such that
for all x ∈ Γ,

(4.9) − logv(δ(x, y)∞) = fy(x) = jz(x, y)− jz(x,∞Γ) + Cz(y) .

Fixing x, and letting y vary, we see from (4.9) and the symmetry of
δ(x, y)∞ that the function h(y) = Cz(y) belongs to CPA(Γ). Let ∆y be the
Laplacian with respect to the variable y. Applying ∆y to both sides of (4.9)
gives

δx(y)− δ∞Γ(y) = (δx(y)− δz(y))− 0 + ∆y(h(y)) ,

so ∆y(h(y)) = −(δ∞Γ(y)−δz(y)). By Proposition 3.2(B), h(y) = −jz(y,∞Γ)+
Cz for some constant Cz. Hence

− logv(δ(x, y)∞) = fy(x) = jz(x, y)− jz(x,∞Γ)− jz(y,∞Γ) + Cz .

Taking x = y = z, we see that Cz = − logv(δ(z, z)∞) = − logv(diam∞(z)).
�

Now fix z ∈ HBerk, and let Γ vary over finite subgraphs of P1
Berk con-

taining z. Temporarily write jz(x, y)Γ for the potential kernel on Γ. We
will show that the functions jz(x, y)Γ are compatible, allowing us to define
a function jz(x, y) on H1

Berk ×H1
Berk. This in turn extends to a function on

P1
Berk × P1

Berk, valued in R ∪ {+∞}, which is singular on (and only on) the
diagonal Diag(K) in P1(K)× P1(K).

Suppose Γ1 ⊂ Γ2. Since Γ1 and Γ2 are both trees, the potential kernel
on Γ2 extends the one on Γ1. Indeed, given x, y ∈ Γ1, the point w = wz(x, y)
where the paths from x and y to z meet belongs to both Γ1 and Γ2, so

jz(x, y)Γ2 = ρ(z, w) = jz(x, y)Γ1 ,
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Thus the functions jz(x, y)Γ cohere to give a well-defined function jz(x, y)
on HBerk ×HBerk. In terms of the Gromov product on the R-tree (HBerk, ρ)
(see Appendix B.4), we have

jz(x, y) = (x|y)z .

We can extend jz(x, y) to all x, y ∈ P1
Berk as follows. Given x, y, let Γ

be any finite subgraph containing z and wz(x, y). Then

(4.10) jz(x, y) =
{
jz(rΓ(x), rΓ(y))Γ if (x, y) 6∈ Diag(K) ,
∞ if (x, y) ∈ Diag(K) .

Explicitly, for x, y ∈ P1(K),

jz(x, y) =
{
ρ(z, wz(x, y)) if x 6= y ,
∞ if x = y .

By Proposition 4.3 and the continuity of δ(x, y)∞ off the diagonal, for
x, y ∈ A1

Berk we can write

(4.11) − logv(δ(x, y)∞) = jz(x, y)−jz(x,∞)−jz(y,∞)−logv(diam∞(z)) .

In particular, if z = ζGauss is the Gauss point, then

(4.12) − logv(δ(x, y)∞) = jζGauss
(x, y)− jζGauss

(x,∞)− jζGauss
(y,∞) .

Similarly, by Proposition 3.3(C), for each z, ζ ∈ HBerk we have

(4.13) jζ(x, y) = jz(x, y)− jz(x, ζ)− jz(ζ, y) + jz(ζ, ζ) .

If ϕ ∈ K(T ) is a rational function, we can view − logv([ϕ]x) as a singular
function on P1

Berk, taking − logv([ϕ]x) =∞ if [ϕ]x = 0 (that is, if x is a type I
point corresponding to a zero of ϕ), and − logv([ϕ]x) = −∞ if ϕ /∈ Rx (that
is, if x is a type I point corresponding to a pole of ϕ). As a consequence of
Proposition 4.3, we obtain:

Corollary 4.4. Let 0 6= ϕ ∈ K(T ) be a rational function with divisor
div(ϕ) =

∑m
i=1 ni(ai), and fix z ∈ HBerk. Then:

(A) For all x ∈ P1
Berk,

(4.14) − logv([ϕ]x) = − logv([ϕ]z) +
m∑
i=1

ni jz(x, ai) .

(B) Let Γ be a finite subgraph of P1
Berk containing z. Then for all x ∈ Γ,

(4.15) − logv([ϕ]x) = − logv([ϕ]z) +
m∑
i=1

ni jz(x, rΓ(ai))Γ .

Proof. (A) There is a B ∈ K such that ϕ(T ) = B ·
∏
ai 6=∞(T − ai)ni .

By Corollary 4.2, for each x ∈ Γ

− logv([ϕ]x) = − logv(|B|) +
∑
ai 6=∞

−ni logv(δ(x, ai)∞) .
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Inserting formula (4.11) and using
∑m

i=1 ni = 0 gives

− logv([ϕ]x) =
m∑
i=1

nijz(x, ai) + C

for some constant C. Taking x = z gives C = − logv([ϕ]z).
Part (B) follows from (4.14), using (4.10). �

For future reference, we note the following useful variant of (4.10):

Proposition 4.5. (Retraction Formula) Let Γ be a finite subgraph of
P1

Berk, and suppose x, z ∈ Γ. Then for any y ∈ P1
Berk

jz(x, y) = jz(x, rΓ(y))Γ .

Proof. Since x and z belong to Γ, so does the path from x to z. Hence
the point wz(x, y) where the paths from x and y to z first meet, which lies
on the path from x to z, belongs to Γ as well. �

4.3. The spherical distance and the spherical kernel

Recall that O denotes the valuation ring of K. The spherical distance
‖x, y‖ on P1(K) is the unique GL2(O)-invariant metric on P1(K) such that
‖x, y‖ = |x − y| for x, y ∈ D(0, 1). If x = (x0 : x1) and y = (y0 : y1) in
homogeneous coordinates, then

(4.16) ‖x, y‖ =
|x0y1 − x1y0|

max(|x0|, |x1|) max(|y0|, |y1|)
.

In affine coordinates, for x, y ∈ A1(K) this becomes

(4.17) ‖x, y‖ =
|x− y|

max(1, |x|) max(1, |y|)
.

Thus if we identify P1(K) with A1(K) ∪ {∞} and put 1/∞ = 0, then

(4.18) ‖x, y‖ =

 |x− y| if x, y ∈ D(0, 1),
|1/x− 1/y| if x, y ∈ P1(K)\D(0, 1),
1 if exactly one of x, y ∈ D(0, 1) .

It is well known, and easy to check using (4.18), that the spherical distance
satisfies the ultrametric inequality. Clearly its values lie in the interval [0, 1].

We will now extend ‖x, y‖ to a function from P1
Berk × P1

Berk to [0, 1],
which we call the spherical kernel.

For x, y ∈ P1(K), we claim that − logv ‖x, y‖ = jζGauss
(x, y), i.e., that

(4.19) ‖x, y‖ = q
−jζGauss

(x,y)
v .

To see this, consider the various cases in (4.18). If x, y ∈ D(0, 1), then the
point w = wζGauss

(x, y) where the paths from x and y to ζGauss first meet
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corresponds to the ball D(x, r) = D(y, r) with r = |x−y|. The path distance
ρ(ζGauss, w) is logv(1/r), so jζGauss

(x, y) = − logv(r) and

q
−jζGauss

(x,y)
v = |x− y| = ‖x, y‖ .

If x, y ∈ P1(K)\D(0, 1), a similar argument applies, using the local param-
eter 1/T at ∞. Finally, if one of x, y belongs to D(0, 1) and the other to
P1(K)\D(0, 1), then the paths from x and y to ζGauss meet at w = ζGauss,

so jζGauss
(x, y) = 0 and q

−jζGauss
(x,y)

v = 1 = ‖x, y‖.

This motivates our definition of the spherical kernel: for all x, y ∈ P1
Berk,

we put

(4.20) ‖x, y‖ = q
−jζGauss

(x,y)
v .

This extension is different from the function d(x, y) discussed in §2.7. Note
that for x, y ∈ D(0, 1),

‖x, y‖ = δ∞(x, y) .

The spherical kernel has the following geometric interpretation. Con-
sider the paths from x and y to ζGauss, and let w = wζGauss

(x, y) be the
point where they first meet. Then by (4.20),

‖x, y‖ = q−ρ(ζGauss,w)
v .

For each x ∈ P1
Berk, we write diam(x) = ‖x, x‖. Clearly diam(x) = 0 if

x ∈ P1(K), while diam(x) > 0 if x ∈ HBerk.

Remark 4.6. Note that although ‖x, y‖ is a metric on P1(K), the spher-
ical kernel is not a metric on P1

Berk because ‖x, x‖ > 0 if x is not of type I.
Nonetheless, for each a ∈ P1(K), the balls

B(a, r)− = {x ∈ P1
Berk : ‖x, a‖ < r} ,

B(a, r) = {x ∈ P1
Berk : ‖x, a‖ ≤ r} ,

are indeed open (resp. closed) in the Berkovich topology. If r > 1 then
B(a, r)− = P1

Berk. If r ≤ 1 and a ∈ D(0, 1) then B(a, r)− = D(a, r)−, while
if a /∈ D(0, 1) then B(a, r)− = {x ∈ P1

Berk : [1/T − 1/a]x < r}. Similar
formulas hold for the closed balls.

Proposition 4.7.
(A) The spherical kernel ‖x, y‖ is nonnegative, symmetric, continuous in

each variable separately, and valued in [0, 1]. As a function of two variables,
it is upper semicontinuous. It is continuous off the diagonal, and continuous
at (x0, x0) for each point x0 of type I, but is discontinuous at (x0, x0) for
each point of type II, III, or IV.

(B) For all x, y ∈ P1
Berk

(4.21) ‖x, y‖ = lim sup
(a,b)→(x,y)
a,b∈P1(K)

‖a, b‖ .
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(C) For all x, y, z ∈ P1
Berk

‖x, y‖ ≤ max(‖x, z‖, ‖y, z‖) ,

with equality if ‖x, z‖ 6= ‖y, z‖.
(D) For each a ∈ P1

Berk and r ∈ R, the open ball B(a, r)− := {x ∈ P1
Berk :

‖x, a‖ < r} is connected and open in the Berkovich topology. It is empty if
r ≤ diam(a), and coincides with an open ball B(b, r)− for some b ∈ P1(K)
if r > diam(a).

Likewise, the closed ball B(a, r) := {x ∈ P1
Berk : ‖x, a‖ ≤ r} is connected

and closed in the Berkovich topology. It is empty if r < ‖a, a‖, and coincides
with B(b, r) for some b ∈ P1(K) if r > diam(a) or if r = diam(a) and a is
of type II or III. If r = diam(a) and a is of type I or IV, then B(a, r) = {a}.

Proof. Similar to Proposition 4.1. �

The balls B(a, r)−, B(a, r), will play an important role in this book.

The Hsia kernel and the spherical kernel can be obtained from each other
using the following formulas:

Proposition 4.8.
(A) For x, y ∈ A1

Berk, δ(x, y)∞ =
‖x, y‖

‖x,∞‖‖y,∞‖
.

(B) For x, y ∈ P1
Berk,

‖x, y‖ =


δ(x, y)∞

max(1, diam(x)) max(1, diam(y))
if x, y 6=∞,

1/max(1,diam(x)) if y =∞,
1/max(1, diam(y)) if x =∞ .

Proof. Part (A) follows from (4.12). Part (B) follows from (4.17) using
Proposition 4.1 (B) and Proposition 4.7 (B). �

4.4. The generalized Hsia kernel

Proposition 4.8 motivates our definition of a generalized Hsia kernel for
an arbitrary ζ ∈ P1

Berk. Fixing ζ, put

(4.22) δ(x, y)ζ =
‖x, y‖

‖x, ζ‖ ‖y, ζ‖
.

for all x, y ∈ P1
Berk\{ζ}.

If ζ /∈ P1(K), the formula (4.22) makes sense for all x, y ∈ P1
Berk, since

‖x, ζ‖, ‖ζ, y‖ ≥ ‖ζ, ζ‖ > 0, giving δ(x, ζ)ζ = δ(ζ, y)ζ = 1/‖ζ, ζ‖. If ζ ∈
P1(K), we put δ(x, ζ)ζ = δ(ζ, y)ζ = ∞. In this way, we can regard δ(x, y)ζ
as a function from P1

Berk × P1
Berk → R ∪ {∞}.

When ζ = ∞, Proposition 4.8 shows that definition (4.22) is consistent
with our earlier definition of δ(x, y)∞. When ζ = ζGauss is the Gauss point,
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we have ‖x, ζGauss‖ = ‖ζGauss, y‖ = 1, so that

δ(x, y)ζGauss
= ‖x, y‖ = q

jζGauss
(x,y)

v

coincides with the spherical kernel.
For an arbitrary point ζ ∈ HBerk, Proposition 3.3(C) shows that

(4.23) δ(x, y)ζ = Cζ · q
−jζ(x,y)
v , where Cζ = q

jζGauss
(ζ,ζ)

v .

Thus for any ζ ∈ HBerk, δ(x, y)ζ can be thought of as a generalized spherical
distance.

Actually, it is more natural to view the generalized Hsia kernel as only
defined up to scaling. By the definition of the spherical kernel, we have

δ(x, y)ζ = q
−jζGauss

(x,y)+jζGauss
(x,ζ)+jζGauss

(y,ζ)
v .

However, for any z ∈ HBerk, formula (4.13) shows that there is a constant
C = Cζ,z such that

(4.24) C · δ(x, y)ζ = q−jz(x,y)+jz(x,ζ)+jz(y,ζ)
v .

Since the Gauss point is dependent on a choice of coordinates, the normal-
ization of δ(x, y)ζ in (4.22) is non-canonical. Hence, for each C > 0, we
will sometimes regard C · δ(x, y)ζ as a generalized Hsia kernel relative to the
point ζ. However, unless specified otherwise, δ(x, y)ζ will mean the function
defined by (4.22).

For future reference, we rewrite (4.23) in the following form:

(4.25) − logv(δ(x, y)ζ) = jζ(x, y)− jζGauss
(ζ, ζ) ,

valid for all ζ ∈ HBerk and x, y ∈ P1
Berk. In particular, for x, y, ζ ∈ HBerk,

we have the following formula relating the generalized Hsia kernel and the
Gromov product (see Appendix B.4) on the R-tree (HBerk, ρ):

(4.26) − logv(δ(x, y)ζ) = (x|y)ζ − (ζ|ζ)ζGauss
.

It is useful also to note that for any distinct ξ, ζ ∈ P1
Berk, it follows

formally from (4.22) that with C = Cξ,ζ = ‖ξ, ζ‖−2,

(4.27) δ(x, y)ξ = C ·
δ(x, y)ζ

δ(x, ξ)ζ δ(y, ξ)ζ

for all x, y ∈ P1
Berk\{ζ}. If ζ ∈ HBerk, then δ(x, y)ζ is bounded, and (4.27)

holds for all x, y ∈ P1
Berk.

For each x ∈ P1
Berk, put diamζ(x) = δ(x, x)ζ . The generalized Hsia

kernel has the following geometric interpretation which extends (4.1). Given
x, y ∈ P1

Berk, let w = x ∨ζ y be the point where the paths from x and y to ζ
first meet. Then

(4.28) δ(x, y)ζ = diamζ(w) .
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For ζ ∈ HBerk, it follows from (4.23) and the definitions that

(4.29) − logv δ(x, y)ζ = ρ(w, ζ) + logv(‖ζ, ζ‖) ,
and in particular (setting y = x) that

(4.30) diamζ(x) =
1
‖ζ, ζ‖

· q−ρ(x,ζ)
v .

We also note that the path distance ρ(x, y) can be expressed in terms of
the function diamζ(x), by

(4.31) ρ(x, y) = 2 logv(diamζ(x ∨ζ y))− logv(diamζ(x))− logv(diamζ(y)) .

This generalizes formula (2.22). Indeed, since x ∨ζ y lies on the path from
x to y,

ρ(x, y) = ρ(x, x ∨ζ y) + ρ(x ∨ζ y, y) ,

and (4.31) follows from (4.30) when ζ ∈ HBerk. For arbitrary ζ ∈ P1
Berk, it

follows from a calculation using (2.22), (4.27) and (4.28).

Remark 4.9. For ζ ∈ P1(K), the reader familiar with ([72]) will rec-
ognize (4.22) as the ‘canonical distance’ [x, y]ζ for x, y ∈ P1(K). Thus, the
generalized Hsia kernel is a natural extension of the canonical distance to
the Berkovich projective line.

The following result generalizes Propositions 4.1 and 4.7:

Proposition 4.10.
(A) For each ζ ∈ P1

Berk, the generalized Hsia kernel δ(x, y)ζ is nonneg-
ative, symmetric and continuous in each variable separately. If ζ ∈ HBerk,
then δ(x, y)ζ is bounded, and valued in the interval [0, 1/‖ζ, ζ‖]. For ζ ∈
P1(K) it is unbounded, and extends the canonical distance [x, y]ζ from ([72]).
We have δ(x, y)ζ = 0 if and only if x and y are of type I and x = y, and
δ(x, y)ζ = +∞ if and only if ζ is of type I and x = ζ or y = ζ.

As a function of two variables, δ(x, y)ζ is upper semicontinuous. It is
continuous off the diagonal, and at (x0, x0) for each point x0 of type I, but
is discontinuous at (x0, x0) for each point of type II, III, or IV.

(B) For each x, y ∈ P1
Berk

(4.32) δ(x, y)ζ = lim sup
(a,b)→(x,y)
a,b∈P1(K)

δ(a, b)ζ .

(C) For all x, y, z ∈ P1
Berk,

δ(x, y)ζ ≤ max(δ(x, z)ζ , δ(y, z)ζ) ,

with equality if δ(x, z)ζ 6= δ(y, z)ζ .
(D) For each a ∈ P1

Berk and r > 0, the ‘open ball’ B(a, r)−ζ := {x ∈
P1

Berk : δ(x, a)ζ < r} is connected and open in the Berkovich topology. It is
empty if r ≤ diamζ(a), and coincides with an open ball B(b, r)−ζ for some
b ∈ P1(K) if r > diamζ(a).
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Likewise, the ‘closed ball’ B(a, r)ζ := {x ∈ P1
Berk : δ(x, a)ζ ≤ r} is

connected and closed in the Berkovich topology. It is empty if r < diamζ(a),
and coincides with B(b, r)ζ for some b ∈ P1(K) if r > diamζ(a) or if r =
diamζ(a) and a is of type II or III. If r = diamζ(a) and a is of type I or IV,
then B(a, r)ζ = {a}.

Proof. Parts (A), (B), and (D) follow by arguments similar to those in
the proof of Proposition 4.1. Part (C) follows from (4.28), or can be shown
using Proposition 4.7(C) and a case-by-case analysis similar to the proof of
([72], Theorem 2.5.1, p.125). �

Remark 4.11. When ζ = ζGauss, note that

(4.33) B(a, r)−ζGauss
= B(a, r)− , B(a, r)ζGauss

= B(a, r) .

Remark 4.12. Suppose that ζ ∈ HBerk, and that a ∈ HBerk with a 6= ζ.
For r < diamζ(a), the ball B(a, r)ζ is empty by Proposition 4.10(D). For
r = diamζ(a), it is nonempty, and we claim that the complement of B(a, r)ζ
is the unique connected component of P1

Berk\{a} containing ζ. Letting ~vζ
be the tangent direction at a in the direction of ζ, we will write Ba(~vζ) for
this component. Note that it is open, and has a as its only boundary point.

Indeed, by (4.29) we have

− logv(δ(a, x)ζ) = ρ(wζ(a, x), ζ) + logv(‖ζ, ζ‖)

for every x ∈ P1
Berk, from which it follows easily that δ(a, x)ζ > r = δ(a, a)ζ

if and only if ρ(a, ζ) > ρ(wζ(a, x), ζ). The latter condition holds if and only
if x ∈ Ba(~vζ).

Remark 4.13. Now let ζ ∈ P1
Berk be arbitrary, and again let a ∈ HR

Berk.
If r < diamζ(a), then the balls B(a, r)ζ and B(a, r)−ζ are empty. If r >
diamζ(ζ), then B(a, r)ζ = B(a, r)−ζ = P1

Berk. If r = diamζ(ζ), then B(a, r)ζ =
P1

Berk, while B(a, r)−ζ is the connected component of P1
Berk\{ζ} containing a.

Now suppose diamζ(a) ≤ r < diamζ(ζ). Then the balls B(a, r)ζ have
the following geometric interpretation. Consider the function diamζ(x) for
x in the path [a, ζ] from a to ζ. By Proposition 4.10(A), diamζ(x) is con-
tinuous on that path, since diamζ(x) = δ(x, x)ζ = δ(x, a)ζ . And by (4.28),
it is monotone increasing. Hence there is a unique x = xr ∈ [a, ζ] with
diamζ(xr) = r. The closed ball B(a, r)ζ is the set of all z ∈ P1

Berk such
that the path [z, ζ] from z to ζ contains xr, while the open ball B(a, r)−ζ is
the connected component of P1

Berk\{xr} containing a. The complement of
B(a, r)ζ is the connected component of P1

Berk\{xr} containing ζ.

Finally, we note that the generalized Hsia kernel can be used to decom-
pose absolute values of rational functions on P1

Berk, just as the canonical
distance does on P1(K):
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Corollary 4.14. Let 0 6= ϕ ∈ K(T ) have divisor div(ϕ) =
∑m

i=1 ni(ai).
For each ζ ∈ P1

Berk disjoint from the support of div(ϕ), there is a constant
C = C(ϕ, ζ) such that for all x ∈ P1

Berk,

(4.34) [ϕ]x = C ·
m∏
i=1

δ(x, ai)niζ .

Proof. Similar to the proof of Corollary 4.4. �

4.5. Notes and further references

Our definition of the Hsia kernel was inspired by the unpublished man-
uscript ([48]) of Hsia. The fact, discussed in Proposition 4.1, that the Hsia
kernel is not continuous as a function of two variables was pointed out to us
by Robert Varley.

The relation between the Hsia kernel and the Gromov product was shown
to us by Juan Rivera-Letelier, who (along with Charles Favre) independently
discovered its applications to potential theory on P1

Berk.





CHAPTER 5

The Laplacian on the Berkovich projective line

Recall that a domain U in P1
Berk is a nonempty connected open subset of

P1
Berk. Given a domain U , we will construct a Laplacian ∆U (f) for functions

in a suitable space BDV(U). When U = P1
Berk, we will write ∆(f) for ∆U (f).

Our approach to constructing the Laplacian on U is to use the Laplacian
for metrized graphs, taking a limit of the Laplacians over finite subgraphs
of the domain. For a function f : U → R satisfying appropriate hypothe-
ses, the Laplacian of the restriction of f to each finite subgraph Γ ⊂ U is
a measure, so it defines a linear functional on the space C(Γ). The graph
Laplacians satisfy a compatibility condition called coherence, explained in
§5.2 below. Passing to the limit, we obtain a linear functional on the con-
tinuous functions on the closure of the domain. By the Riesz representation
theorem, this corresponds to a measure on U ; we define this measure to be
the complete Laplacian ∆U (f), and we put ∆U (f) = ∆U (f)|U .

5.1. Continuous functions

Given a domain U ⊂ P1
Berk, let U be its closure. In this section, our goal

is to understand the space C(U) of continuous functions f : U → R.
Recall (Definition 2.26) that a domain V ⊂ P1

Berk is called simple if ∂V
is a nonempty finite set {x1, . . . , xm} ⊂ HBerk, where each xi is of type II or
III.

When U is a closed Berkovich disc, there is an easy description of C(U),
based on the Stone-Weierstrass theorem:

Proposition 5.1. Let D(z0, R) be a closed Berkovich disc. Then linear
combinations of functions of the form x→ [F ]x, for polynomials F ∈ K[T ],
are dense in C(D(z0, R)).

Proof. Without loss of generality, we can assume z0 = 0. By the defi-
nition of the Berkovich topology, sets of the form Uf (a, b) = {x ∈ D(0, R) :
[f ]x ∈ (a, b)} for f ∈ K〈R−1T 〉 constitute a basis for the open sets ofD(0, R).
Since D(0, R) is compact, the Stone-Weierstrass theorem tells us that the
algebra of functions generated by the [f ]x is dense in C(D(0, R)). The mul-
tiplicativity of the seminorms [·]x shows that each monomial [f1]k1

x · · · [fn]knx
reduces to a single term [fk1

1 · · · fknn ]x. Finally, the Weierstrass Preparation
theorem shows that for each f ∈ K〈R−1T 〉 there is a polynomial F ∈ K[T ]
with [f ]x = [F ]x for all x ∈ D(0, R). �

77
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We now seek a description of C(U) for an arbitrary domain U . This will
be achieved in Proposition 5.4 below.

Recall from §2.5 the notion of a finite subgraph Γ of P1
Berk, namely, the

convex hull of finitely many points ζ1, . . . , ζn ∈ HBerk. Equivalently, a finite
subgraph is a compact, connected subgraph of HBerk with finitely many
edges and vertices. Each such Γ becomes a metrized graph when equipped
with the path distance metric ρ(x, y) induced from HBerk.

The following lemma is an immediate consequence of Lemma 2.27, but
since that argument was left to the reader, we provide a complete proof here.

Lemma 5.2. Let Γ be a finite subgraph of P1
Berk. Then:

(A) Γ is a closed subset of P1
Berk.

(B) The metric topology on Γ coincides with the relative (i.e., subspace)
topology induced from P1

Berk.

Proof. Part (A) follows from part (B): since Γ is compact in the metric
topology, it is compact in the relative topology, hence closed.

We will now prove part (B). Fix a system of coordinates on P1
Berk, and

regard Γ as a subset of A1
Berk. Using the terminology of §1.4, we can view Γ

as a union of ‘lines of discs’, partially ordered by the function x→ diam∞(x):

Γ =
m⋃
i=1

[ri, R]xi

where the xi are the finitely many points of locally minimal diameter in Γ,
ri = diam∞(xi) for each i, R = diam∞(x) where x is the unique point of
maximal diameter in Γ, and [ri, R]xi is the geodesic path from xi to x in
P1

Berk. (Similarly, write (ri, R)xi , [ri, R)xi , and (ri, R]xi for the corresponding
open or half-open paths.)

Recall from Proposition 4.1.D that for each x ∈ A1
Berk and r > 0, the

balls

B(x, r)−∞ = {z ∈ A1
Berk : δ(z, x)∞ < r} ,

B(x, r)∞ = {z ∈ A1
Berk : δ(z, x)∞ ≤ r} ,

are open (resp. closed) in the Berkovich topology.

We will first show that each x ∈ Γ has a basis of neighborhoods in the
metric topology which are open in the relative topology. There are several
cases to consider.

(1) x = xi is an endpoint of Γ, and is a point of minimal radius in
its branch. In this case, a basis for the open neighborhoods of x in the
metric topology on Γ is given by the half-open segments [ri, ri + ε)xi for
sufficiently small ε > 0. Such a segment is the intersection of the ball
B(xi, ri + ε)−∞ = {z ∈ A1

Berk : δ(z, xi)∞ < ri + ε} with Γ.
(2) x is an interior point of an edge of Γ. Suppose x ∈ [ri, R]xi , and

put r = diam∞(x). Then a basis of the open neighborhoods of x in the
metric topology on Γ is given by the open segments (r − ε, r + ε)xi for
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sufficiently small ε > 0. Such a segment is the intersection of the open
annulus B(xi, r + ε)−∞\B(xi, r − ε)∞ with Γ.

(3) x is a branch point of Γ, but is not the point of maximal radius.
In this case, after relabeling the branches if necessary, we can assume that
[r1, R]x1 , . . . , [rk, R]xk come together at x. Put r = diam∞(x). Then a basis
of the open neighborhoods of x in the metric topology on Γ is given by star-
shaped sets of the form ∪ki=1(r−ε, r+ε)xi for sufficiently small ε > 0. Such a
set is the intersection of the simple domain B(x1, r+ε)−∞\(∪ki=1B(xi, r−ε)∞)
with Γ.

(4) x is the point of maximal radius R in Γ. Some of the branches
of Γ may come together at points below x; after relabeling the branches
if necessary, we can assume that [r1, R]x1 , . . . , [rk, R]x` come together at x.
Then a basis of the open neighborhoods of x in the metric topology on Γ is
given by star-shaped sets of the form ∪`i=1(R − ε,R]xi for sufficiently small
ε > 0. Such a set is the intersection of P1

Berk\
(
∪`i=1B(xi, R− ε)∞

)
with Γ.

Next we will show that each subset of Γ which is open in the relative
topology is also open in the metric topology. It suffices to consider the in-
tersection of Γ with a basic open set of the form B(a, s)−∞\(∪kj=1B(aj , sj)∞).

First assume s ≤ R. Using the same notations as before, let T be the
set of minimal points xi belonging to B(a, s)−∞, and partition T into disjoint
subsets T0, T1, . . . , Tk where T0 is the set of xi ∈ B(a, s)−∞\(∪kj=1B(aj , sj)∞),
and for each j = 1, . . . , k, Tj is the set of xi ∈ B(aj , sj)∞. Then the inter-
section of B(a, s)−∞\(∪kj=1B(aj , sj)∞) with Γ is

(
⋃
xi∈T0

[ri, s)xi) ∪
k⋃
j=1

(
⋃
xi∈Tj

(si, s)xi)

which is open in Γ.
If s > R, a similar argument applies with the [ri, s)xi (resp. (si, s)xi)

replaced by ([ri, R]xi (resp. (si, R]xi). �

Now let E ⊂ P1
Berk be an arbitrary nonempty connected closed set,

equipped with the relative topology. Recall that a set is connected under
the topology of P1

Berk if and only if it is path-connected, and there is unique
path between any two points of P1

Berk.
There is a retraction map rE : P1

Berk → E defined as follows. Fix a point
p0 ∈ E. Given x ∈ P1

Berk, let rE(x) be the first point p in E on the path
from x to p0. Clearly rE(x) = x if x ∈ E. To see that rE(x) is independent
of the choice of p0 when x /∈ E, suppose p′0 ∈ E is another point, and p′

is the first point in E on the path from x to p′0. If p′ 6= p, then since E is
connected there is a path from p′ to p contained in E. There is another path
from p′ to p gotten by concatenating the path from p′ to x with the path
from x to p, and eliminating backtracking. This second path lies outside of
E, apart from its endpoints. This contradicts the fact that there is a unique
path between any two points of P1

Berk, so it must be that p′ = p.
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Lemma 5.3. For each nonempty closed connected subset E ⊂ P1
Berk, the

retraction map rE : P1
Berk → E is continuous.

Proof. The connected open sets form a basis for the topology of P1
Berk.

If U ⊂ P1
Berk is a connected open set, then U ∩ E is also connected, since

if x, y ∈ U ∩ E the unique path P from x to y is contained in U since U
is connected, and it is contained in E since E is connected. Hence it is
contained in U ∩ E. It follows that the relative topology on E has a basis
consisting of connected open sets.

Let V ⊂ E be a connected open set, and let U ⊂ P1
Berk be an open set

with V = U ∩ E. If U0 is the connected component of U containing V ,
then U0 is also open; so we can assume without loss of generality that U is
connected. Let Ũ be the union of all the connected open subsets U ⊂ P1

Berk

with U ∩ E = V . Then Ũ is itself connected and open, and Ũ ∩ E = V , so
it is the maximal set with these properties.

We claim that r−1
E (V ) = Ũ . First, we will show that r−1

E (V ) ⊂ Ũ .
Suppose x ∈ r−1

E (V ) and put p = rE(x) ∈ V . Consider the path P from
x to p. If x /∈ Ũ , let x be the first point of P which lies in the closure of
Ũ . Then x /∈ Ũ , since Ũ is open; also, x /∈ E, since p is the only point of
P in E and p ∈ Ũ . Since E is compact and P1

Berk is Hausdorff, there is a
neighborhood W of x which is disjoint from E. Without loss of generality,
we can assume W is connected. Since x is in the closure of Ũ , W ∩ Ũ is
nonempty. It follows thatW∪Ũ is connected and open, and (W∪Ũ)∩E = V .
By the maximality of Ũ we must have W ⊂ Ũ . This contradicts the fact
that x /∈ Ũ . Hence x ∈ Ũ .

Next, we will show that Ũ ⊂ r−1
E (V ). Fix a point p0 ∈ V , and let x ∈ Ũ

be arbitrary. Since Ũ is connected, the unique path from x to p0 must be
entirely contained in Ũ . Hence, the point p = rE(x), which is the first
point in E along that path, belongs to Ũ . But then p ∈ Ũ ∩ E = V , so
x ∈ r−1

E (V ). �

If E1 ⊂ E2 ⊂ P1
Berk are two nonempty connected closed subsets, the

retraction map rE1 : P1
Berk → E1 induces a retraction map rE2,E1 : E2 → E1.

Clearly
rE1(x) = rE2,E1(rE2(x))

for all x. If E1 and E2 both have the relative topology, it follows from
Lemma 5.3 that rE2,E1 is continuous.

Proposition 5.4. Let U ⊂ P1
Berk be a domain.

(A) As Γ ranges over all finite subgraphs of U , and as f ranges over
C(Γ), the functions of the form f ◦ rU,Γ(x) are dense in C(U).

(B) As Γ ranges over all finite subgraphs of U , and as f ranges over
CPA(Γ), the functions of the form f ◦ rU,Γ(x) are dense in C(U).



5.2. COHERENT SYSTEMS OF MEASURES 81

Proof. For part (A), we will apply the Stone-Weierstrass theorem.
Functions of the form f ◦ rU,Γ(x) separate points in U : given distinct points
x, y ∈ U , take Γ to be a closed segment [p, q] in the path from x to y, and let
f ∈ C([p, q]) be any function with f(p) 6= f(q). Then f◦rU,Γ(x) 6= f◦rU,Γ(y).
Likewise, each constant function on U has the form f ◦rU,Γ(x), where Γ ⊂ U
is arbitrary and f is the corresponding constant function on Γ.

Take F ∈ C(U). By the Stone-Weierstrass theorem (see [50], p. 244),
since U is compact the algebra of functions generated by the f ◦ rΓ(x) is
dense in C(U). Hence, for any ε > 0, there are a finite number of finite
subgraphs Γij ⊂ U , i = 1, . . . ,m, j = 1, . . . , ni, and functions fij ∈ C(Γij),
for which

|F (x)− (
m∑
i=1

ni∏
j=1

fij ◦ rU,Γij (x)) | < ε

for all x ∈ U . Let Γ be the smallest (connected) finite subgraph of P1
Berk

containing all the Γij ; then Γ ⊂ U . For each i, j, put gij = fij ◦ rΓ,Γij (x);
then gij ∈ C(Γ) and gij ◦ rU,Γ(x) = fij ◦ rU,Γij (x) for all x ∈ U . Put

g =
m∑
i=1

(
ni∏
j=1

gij) ∈ C(Γ) .

Then |F (x)− g ◦ rU,Γ(x)| < ε for all x ∈ U .
Part (B) follows from part (A), since CPA(Γ) is dense in C(Γ) under the

sup norm, for each Γ. �

5.2. Coherent systems of measures

Let U ⊂ P1
Berk be a domain, and for each finite subgraph Γ ⊂ U , let µΓ

be a finite signed Borel measure on Γ.

Definition 5.5. A system of measures {µΓ} on the finite subgraphs of
U is called coherent if

(A) For each pair of finite subgraphs Γ1,Γ2 of U with Γ1 ⊂ Γ2, we have
(rΓ2,Γ1)∗(µΓ2) = µΓ1 . Equivalently, for each Borel subset T ⊂ Γ1,

µΓ2(r−1
Γ2,Γ1

(T )) = µΓ1(T ) .

(B) There is a constant B such that for each finite subgraph Γ ⊂ U ,

|µΓ|(Γ) ≤ B .

The collection of finite subgraphs Γ ⊂ U forms a directed set under
containment: for any two graphs Γ1, Γ2, there is a unique minimal finite
subgraph Γ3 containing Γ1 and Γ2.

If µ is a finite signed Borel measure on U , and µΓ = (rU,Γ)∗(µ) for each
Γ ⊂ U , then {µΓ} is clearly a coherent system of measures on the finite
subgraphs of U . In Proposition 5.7 below, we will show that every coherent
system arises in this way: there is a 1-1 correspondence between finite signed
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Borel measures µ on U , and coherent systems of finite signed Borel measures
on finite subgraphs of U .

The proof uses the Riesz Representation theorem. However, in order to
apply that theorem, we need to know a technical fact about measures: each
finite signed Borel measure on P1

Berk, or on a finite subgraph Γ ⊂ P1
Berk, is

actually a Radon measure. Recall the definition:
Let X be a locally compact Hausdorff space, and let µ be a positive

Borel measure on X. If E is a Borel subset of X, then µ is called outer
regular on E if

µ(E) = inf{µ(U) : U ⊇ E, U open}
and inner regular on E if

µ(E) = sup{µ(E′) : E′ ⊆ E, E compact} ;

µ is regular if it is both inner and outer regular on all Borel sets.
A positive Borel measure µ is a Radon measure if it is finite on all

compact sets, outer regular on all Borel sets, and inner regular on all open
sets. More generally, a signed Borel measure is said to be a signed Radon
measure iff its positive and negative parts are both Radon measures.

If X is compact (or more generally if X is a countable union of compact
sets), then µ is Radon iff it is regular and finite on all compact sets.

Lemma 5.6.
(A) If U is a connected open subset of P1

Berk and U is its closure, then
every finite signed Borel measure on U is Radon.

(B) If Γ is a finite subgraph of P1
Berk, then every finite signed Borel

measure on Γ is Radon.

Proof. (A) Recall that the Baire σ-algebra on a locally compact Haus-
dorff space X is the σ-algebra generated by the sets

{x ∈ X : f(x) < α} , {x ∈ X : f(x) > α} ,
for α ∈ R and f ∈ Cc(X). Elements of this σ-algebra are called Baire sets.
According to Proposition A.12 of Appendix A, if X is compact and the Baire
σ-algebra coincides with the Borel σ-algebra, then every finite signed Borel
measure on X is Radon.

Using the fact that P1
Berk can be obtained by gluing together two copies

of D(0, 1), it suffices to prove that every open subset of D(0, 1) is a Baire set.
However, this is trivial since the Berkovich topology on D(0, 1) is generated
by the sets

U(f, α) = {x ∈ D(0, 1) : [f ]x < α} ,
V (f, α) = {x ∈ D(0, 1) : [f ]x > α} ,

for f ∈ K〈T 〉 and α ∈ R, and the corresponding functions [f ]x belong to
C(D(0, 1)). The result now follows from Proposition A.12.

(B) It is easy to see that each connected open subset of Γ is a Baire set.
Hence the result again follows from Proposition A.12. �
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Proposition 5.7. If {µΓ} is a coherent system of measures in U , the
map

Λ(F ) = lim−→
Γ

∫
Γ
F (x) dµΓ(x)

defines a bounded linear functional on C(U), and there is a unique Borel
measure µ on U such that

Λ(F ) =
∫
U
F (x) dµ(x)

for each F ∈ C(U). This measure is characterized by the fact that (rU,Γ)∗(µ) =
µΓ for each finite subgraph Γ ⊂ U .

In particular, if µ0 is a finite signed Borel measure on U , and we put
µΓ = (rU,Γ)∗(µ0) for each finite subgraph Γ ⊂ U , then µ0 is the measure
associated to the coherent system {µΓ} by the construction above.

Proof. Fix Γ0 ⊂ U and f0 ∈ C(Γ0). Put F0 = f0 ◦ rU,Γ0
(x).

Since {µΓ} is a coherent system of measures, for each finite subgraph
Γ ⊂ U containing Γ0,∫

Γ
f0(rΓ,Γ0(x)) dµΓ(x) =

∫
Γ0

f0(x) dµΓ0(x) .

Then, since F0|Γ = f0 ◦ rΓ,Γ0 for each Γ containing Γ0,

Λ(F0) = lim−→
Γ

∫
Γ
F0(x) dµΓ(x) =

∫
Γ0

f0(x) dµΓ0(x)

exists.
By Proposition 5.4, functions of the form F = f ◦ rU,Γ for f ∈ C(Γ) and

Γ ⊂ U are dense in C(U) under the sup norm, so Λ is defined on a dense
subset of C(U).

On the other hand, since |µΓ| has total mass at most B for every Γ ⊂ U ,
for each G ∈ C(U) we have

lim sup
Γ

∣∣∣ ∫
Γ
G(x) dµΓ(x)

∣∣∣ ≤ B · ‖G‖U .

It follows that Λ extends to a bounded linear functional on C(U). The
Riesz representation theorem (Theorem A.8) tells us there is a unique Radon
measure µ on U such that

Λ(F ) =
∫
U
F (x) dµ(x)

for each F ∈ C(U).
We claim that (rU,Γ)∗µ = µΓ for each finite subgraph Γ ⊂ U . Fixing

Γ, this follows from the uniqueness portion of the Riesz Representation
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Theorem on Γ and the fact that each finite signed Borel measure on Γ
is Radon, since for any f ∈ C(Γ), we have∫

Γ
f d(rU,Γ)∗µ =

∫
U

(f ◦ rU,Γ) dµ =
∫

Γ
f dµΓ .

The uniqueness in the Riesz Representation Theorem on U shows that
this property characterizes µ among signed Radon measures. However, by
Lemma 5.6 each finite Borel measure on U is Radon, so it also characterizes
µ among finite signed Borel measures. �

5.3. The Laplacian on a subdomain of P1
Berk

In this section we will construct a measure-valued Laplacian operator
on a suitable class of functions f : U → R ∪ {±∞}, where U is a domain in
P1

Berk. The Laplacian has two variants, ∆U (f) and ∆U (f), as explained in
Definition 5.11 below.

If Γ ⊂ U is a finite subgraph and f |Γ ∈ BDV(Γ), we will write ∆Γ(f)
for ∆(f |Γ). For the definition of BDV(Γ) and ∆(f |Γ), see §3.5.

Definition 5.8. Let U ⊂ P1
Berk be a domain. We will say that a function

f : U → R ∪ {±∞}
(
possibly indeterminate or undefined at some points of

U∩P1(K)
)

is of bounded differential variation on U , and write f ∈ BDV(U),
if

(A) f |Γ ∈ BDV(Γ) for each finite subgraph Γ ⊂ U , and
(B) there is a constant B(f) such that for each finite subgraph Γ ⊂ U ,

|∆Γ(f)|(Γ) ≤ B(f) .

Remark 5.9. The definition of BDV(U) only concerns the restrictions
functions f to finite subgraphs Γ ⊂ U . Such subgraphs are contained in (and
exhaust) U ∩ HBerk, so requiring that f ∈ BDV(U) means (in particular)
that f is finite on U ∩ HBerk and continuous on each finite subgraph Γ ⊂
U . However, it imposes no conditions at all on the behavior of f on U ∩
P1(K). That behavior must be deduced from auxiliary hypotheses, such as
continuity or upper-semicontinuity.

Proposition 5.10. If f ∈ BDV(U), the system of measures {∆Γ(f)}Γ⊂U
is coherent.

Proof. The boundedness condition in the definition of coherence is
built into the definition of BDV(U); it suffices to check the compatibility
under pushforwards.

Let finite subgraphs Γ1 ⊂ Γ2 ⊂ U be given. Since Γ2 can be obtained
by sequentially attaching a finite number of edges to Γ1, it suffices to con-
sider the case where Γ2 = Γ1 ∪ T , and T is a segment attached to Γ1 at a
point p. By the definition of the Laplacian on a graph, for any Borel set
e contained in T\{p} we have ∆Γ2(f)(e) = ∆T (f)(e). For the point p, the
set of tangent vectors at p in Γ2 is the union of the corresponding sets in
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Γ1 and T . It follows that ∆Γ2(f)({p}) = ∆T (f)({p}) + ∆Γ1(f)({p}). Since
(rΓ2,Γ1)−1({p}) = T and ∆T (f)(T ) = 0,

∆Γ2(f)(rΓ2,Γ1)−1({p}) = ∆T (f)(T ) + ∆Γ1(f)({p}) = ∆Γ1(f)({p}) .

Trivially ∆Γ2(f)(e) = ∆Γ1(f)(e) for any Borel set e contained in Γ1\{p}.
Hence (rΓ2,Γ1)∗(∆Γ2(f)) = ∆Γ1(f). �

Definition 5.11. If U ⊂ P1
Berk is a domain and f ∈ BDV(U), the

complete Laplacian
∆U (f)

is the finite signed Borel measure on U associated to the coherent sys-
tem {∆Γ(f)}Γ⊂U by Proposition 5.7, characterized by the property that
(rU,Γ)∗(∆U (f)) = ∆Γ(f) for each finite subgraph Γ ⊂ U .

Note that when U is a proper subdomain of P1
Berk, the complete Lapla-

cian ∆U (f) is supported on U , not just U . It is useful to decompose the
measure ∆U (f) into two parts, ∆U (f) and ∆∂U (f):

Definition 5.12. If U ⊂ P1
Berk is a domain and f ∈ BDV(U), the

Laplacian
∆U (f) = ∆U (f)|U

is the restriction of ∆U (f) to U . The Boundary Derivative

∆∂U (f) = ∆U (f)|∂U
is the restriction of ∆U (f) to ∂U .

Thus, ∆U (f) is the Borel measure on U with ∆U (f)(S) = ∆U (f)(S∩U)
for each Borel set S ⊆ U . The measure ∆∂U (f) is defined similarly; by abuse
of notation, it will also be regarded as a Borel measure on ∂U . Clearly

∆U (f) = ∆U (f) + ∆∂U (f) .

As will be seen, ∆U (f) is analogous to the classical Laplacian on a domain,
while ∆∂U (f) is analogous to the classical outward normal derivative on
the boundary. Throughout the book, the reader should be sensitive to the
notational distinction between ∆U (f) and ∆U (f).

Observe that when U = P1
Berk, the Laplacian and the complete Laplacian

coincide, while the Boundary Derivative vanishes. When U = U = P1
Berk,

we will write ∆(f) for ∆P1
Berk

(f).
Here are some examples of functions in BDV(P1

Berk) and their Laplacians:

Example 5.13. If f(x) = C is constant, then f ∈ BDV(P1
Berk) and

∆(f) ≡ 0. Indeed, ∆Γ(f) = 0 for each finite subgraph Γ, so the associated
functional Λ(F ) is the 0 functional.

Conversely, if U is a domain, f ∈ BDV(U) and ∆U (f) = 0, then f is
constant on U ∩HBerk: see Lemma 5.20 below.
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Example 5.14. If Γ0 ⊂ HBerk is a finite subgraph, and f0 ∈ BDV(Γ0),
then the function f = f0 ◦ rΓ0 belongs to BDV(P1

Berk) and ∆(f) = ∆Γ0(f0).
Indeed, for each subgraph Γ containing Γ0, f |Γ is constant on branches

off Γ0, so ∆Γ(f) = ∆Γ0(f) = ∆Γ0(f0). Taking the limit over all subgraphs
Γ, we obtain the result.

Example 5.15. If f(x) = − logv(δ(x, y)ζ), then f ∈ BDV(P1
Berk) and

∆(f) = δy(x)− δζ(x) .

To see this, let ζGauss ∈ P1
Berk be the Gauss point. Given a finite subgraph

Γ containing ζGauss, put ỹ = rΓ(y) and ζ̃ = rΓ(ζ). For x ∈ Γ, it follows from
the definition of the Hsia kernel and Proposition 4.5 that

− logv(δ(x, y)ζ) = jζGauss
(x, y)− jζGauss

(x, ζ)− jζGauss
(y, ζ)

= jζGauss
(x, ỹ)− jζGauss

(x, ζ̃)− jζGauss
(y, ζ) .(5.1)

Hence ∆Γ(f) = δỹ − δζ̃ = (rΓ)∗(δy − δζ). The only measure on P1
Berk with

this property for all Γ is µ = δy − δζ .

Example 5.16 (“Poincaré-Lelong formula”). Take 0 6= g ∈ K(T ); sup-
pose div(g) =

∑m
i=1 ni(ai). Then f(x) = − logv([g]x) ∈ BDV(P1

Berk) and

∆(− logv([g]x)) =
m∑
i=1

niδai(x) .

This follows from Example 5.15. Let ζ ∈ P1
Berk be arbitrary. By the decom-

position formula (4.14) for the generalized Hsia kernel, there is a constant
Cζ such that

[g]x = Cζ ·
∏
ai 6=ζ

δ(x, ai)ζ .

Taking logarithms, applying Example 5.15, and using
∑m

i=1 ni = 0 gives the
result.

Example 5.17. If ν is any signed Borel measure on P1
Berk and either

ζ ∈ HBerk or ζ /∈ supp(ν), consider the potential function

uν(x, ζ) =
∫
− logv(δ(x, y)ζ) dν(y) .

Then uν(x, ζ) ∈ BDV(P1
Berk) and

(5.2) ∆(uν(x, ζ)) = ν − ν(P1
Berk)δζ(x) .

To see this, let ζGauss be the Gauss point, and let Γ be any finite sub-
graph containing ζGauss. For x ∈ Γ, using the definition of δ(x, y)ζ and the
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restriction formula jζGauss
(x, y) = jζGauss

(x, rΓ(y)), we have

uν(x, ζ) =
∫

(jζGauss
(x, y)− jζGauss

(x, ζ)− jζGauss
(y, ζ)) dν(y)

=
∫
jζGauss

(x, rΓ(y)) dν(y)−
∫
jζGauss

(x, rΓ(ζ))dν(y)− Cζ

=
∫

Γ
jζGauss

(x, t) d((rΓ)∗(ν))(t)− ν(P1
Berk)jζGauss

(x, rΓ(ζ))− Cζ

where Cζ is a finite constant. (It is finite because we are assuming that
either ζ ∈ HBerk or ζ 6∈ supp(ν), which implies that jζGauss

(y, ζ) is bounded
and continuous as a function of y on the compact set supp(ν).) By Propo-
sition 3.10, uν(x, ζ)|Γ ∈ BDV(Γ) and

∆Γ(uν(z, ζ)) = (rΓ)∗(ν)− ν(P1
Berk)δrΓ(ζ) = (rΓ)∗(ν − ν(P1

Berk)δζ) .

It follows that ∆(uν(x, ζ)) = ν − ν(P1
Berk)δζ(x).

In Proposition 5.24 below, it will be shown that essentially “all” func-
tions in BDV(P1

Berk), up to constants, are potential functions.

Example 5.18. In particular, if ν is probability measure on P1
Berk and

either ζ ∈ HBerk or ζ /∈ supp(ν), consider the potential function

uν(x, ζ) =
∫
− logv(δ(x, y)ζ) dν(y) .

Then uν(x, ζ) ∈ BDV(P1
Berk) and

(5.3) ∆(uν(x, ζ)) = ν − δζ(x) .

Such functions play an important role in potential theory, and will be studied
extensively in subsequent chapters.

Remark 5.19. If ν is positive, then uν(x, ζ) is well-defined for all x ∈
P1

Berk; however if ν is signed and ν = ν1−ν2 is its Jordan decomposition, then
uν(x, ζ) will be well-defined for all x ∈ HBerk but it may be indeterminate
at points of P1(K) where both uν1(x, ζ) and uν2(x, ζ) are ∞.

5.4. Properties of the Laplacian

The Laplacian has a number of important properties. First, the complete
Laplacian vanishes only for “constant functions”:

Lemma 5.20. Let U ⊆ P1
Berk be a domain, and let f ∈ BDV(U). Then

∆U (f) = 0 if and only if f is constant on U ∩HBerk.

Proof. If f is constant on U ∩ HBerk, then f |Γ is constant for every
finite subgraph Γ ⊂ U , so ∆Γ(f) = 0 for every Γ and hence ∆U (f) = 0.

Conversely, if U is a domain, f ∈ BDV(U) and ∆U (f) = 0, then for
each finite subgraph Γ ⊂ U we have ∆Γ(f) = (rU,Γ)∗∆U (f) = 0, so that
f is constant on Γ by Proposition 3.13.A. Since there is a finite subgraph
Γ ⊂ U containing any two given points x, y ∈ U ∩ HBerk, f is constant on
U ∩HBerk. �
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The complete Laplacian ∆U (f) has total mass 0:

Proposition 5.21. For each f ∈ BDV(U), ∆U (f)(U) = 0. Hence the
boundary derivative and the Laplacian have opposite total masses:

∆∂U (∂U) = −∆U (U).

Proof. Applying Proposition 3.13.E, for any finite subgraph Γ ⊂ U

∆U (f)(U) = (rU,Γ)∗(∆U (f))(Γ) = ∆Γ(f)(Γ) = 0 .

�

The Laplacian and the complete Laplacian are both compatible with
restriction to subdomains:

Proposition 5.22. Suppose U1 ⊂ U2 ⊂ P1
Berk are domains, and f ∈

BDV(U2). Then f |U1 ∈ BDV(U1) and

∆U1(f) = ∆U2(f)|U1 , ∆U1
(f) = (rU2,U1

)∗(∆U2
(f)) .

Proof. If f ∈ BDV(U2), then trivially f ∈ BDV(U1). By the compati-
bility of the retraction maps, for each Γ ⊂ U1

(rU1,Γ
)∗((rU2,U1

)∗(∆U2
(f))) = (rU2,Γ

)∗(∆U2
(f)) = ∆Γ(f) .

Hence ∆U1
(f) = (rU2,U1

)∗(∆U2
(f)), by the characterization of ∆U1

(f).
Since rU2,U1

acts as the identity on U1, and maps U2\U1 onto ∂U1, we
have ∆U1(f) = ∆U2(f)|U1 . �

Similarly, the Laplacian and the complete Laplacian are compatible with
finite covers:

Proposition 5.23. Let U ⊂ P1
Berk be a domain, and let V1, · · · , Vr ⊂ U

be subdomains such that U =
⋃r
i=1 Vi. Then for any function f , we have

f ∈ BDV(U) iff f |Vi ∈ BDV(Vi) for i = 1, . . . , r. Moreover, in the latter
case, for each i = 1, . . . , r

∆U (f)|Vi = ∆Vi(f) and (rU,V i)∗(∆U (f)) = ∆V i
(f) .

Proof. If f ∈ BDV(U), then for each i we have f |Vi ∈ BDV(Vi) by
Proposition 5.22.

Conversely, suppose f ∈ BDV(Vi) for each i. Let Γ ⊂ U be a finite
subgraph. There exist finite subgraphs Γi ⊂ Vi, i = 1, . . . , r such that
Γ =

⋃r
i=1 Γi (the Γi may have overlaps). Since the Vi are open, we can

choose the Γi in such a way that each branch point p of Γ belongs to the
interior of each Γi which contains p. Since f |Γi ∈ BDV(Γi) for each i, we
have that f |Γ ∈ BDV(Γ).

The Γi will in general have overlaps. However, we can find a finite
partition of Γ into pairwise disjoint sets W1, . . . ,Wm, where each Wi is a
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point or an open segment, such that for each Wj one has Wj ⊂ Γi for some
i. From this one sees easily that

|∆Γ(f)|(Γ) ≤
r∑
i=1

|∆Γi(f)|(Γi) .

For each i there is a constant Ci, depending only on Vi and f , such that
|∆Γi(f)|(Γi) ≤ Ci. It follows that the |∆Γ(f)|(Γ) are uniformly bounded, so
f ∈ BDV(U).

The assertions about restrictions of Laplacians follow from Proposition
5.22. �

In a certain sense, BDV(U) is the largest class of functions on U on
which one can define a measure-valued Laplacian with finite mass (compare
with Corollary 3.11):

Proposition 5.24. Let U ⊆ P1
Berk be a domain. Then there is a one-

to-one correspondence between finite signed Borel measures ν of total mass
zero on U and functions f ∈ BDV(U) ∩HBerk modulo constant functions.

Proof. Choose a base point ζ ∈ HBerk. If ν is a measure of total mass
zero on U , let fν(x) = uν(x, ζ). By Example 5.17 and Proposition 5.22,
fν ∈ BDV(U). Similarly, if f ∈ BDV(U), let νf = ∆U (f). By Proposi-
tion 5.21, νf has total mass zero on U . Finally, using Example 5.17 and
Proposition 5.22 again, we see that ∆U (fν) = ν, and also that the potential
function of ∆U (f) has the same Laplacian as f , so their restrictions to HBerk

agree up to a constant by Lemma 5.20. �

We note the following consequence of the bijection given by Proposi-
tion 5.24:

Corollary 5.25. Let U ⊆ P1
Berk be a domain, and let f ∈ BDV(U).

Then f can be extended to a function f̃ ∈ BDV(P1
Berk).

Proof. By Example 5.17 and the proof of Proposition 5.24, if we fix
a base point ζ ∈ HBerk and put ν = ∆U (f), then the potential function
u = uν(x, ζ) belongs to BDV(P1

Berk) and u = f + C on U ∩HBerk, for some
constant C. Put f̃ = f on U , and put f̃ = u− C on P1

Berk\U . �

There is a “Mass Formula” which computes the mass the Laplacian
assigns to a simple domain V ⊂ U in terms of directional derivatives of
f along inward-pointing tangent directions at points of ∂V . (Recall from
Appendix B that we associate to each point x ∈ P1

Berk a set Tx of tangent
vectors, and if x ∈ ∂V there is a unique ~v ∈ Tx which “points inward”.)

Proposition 5.26. Let U be a domain in P1
Berk, and let V ⊂ U be a

simple domain with V ⊂ U . Let x1, . . . , xm be the boundary points of V , and
let the corresponding inward-pointing tangent vectors be ~v1, . . . , ~vm. Finally,
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let f ∈ BDV(U). Then

∆U (f)(V ) = ∆U (f)(V ) =
m∑
i=1

d~vif(xi) .

Proof. Let Γ ⊂ HR
Berk be the convex hull of {x1, . . . , xm}, and let

Γ0 := Γ\{x1, . . . , xm}. Then it is easy to see that V = r−1
U,Γ

(Γ0). Using
Definition 5.11, we compute that

∆U (f)(V ) = ∆U (f)(r−1
U,Γ

(Γ0))

= (rU,Γ)∗(∆U (f))(Γ0) = ∆Γ(f)(Γ0) .

The result now follows from the Mass Formula (3.12) for the Laplacian
on a metrized graph. �

Remark 5.27. The result in Proposition 5.26 applies to simple sub-
domains V ⊂ U even without the hypothesis that V ⊂ U , provided one
interprets the terms d~vif(xi) properly. By Corollary 5.25 there is a function
f̃ ∈ BDV(P1

Berk) extending f . If one puts d~vif(xi) = d~vi f̃(xi), then the
formula in Proposition 5.26 holds. Alternately, if one knows a function f̂ on
U ∪ ∂V which extends f and is continuous at each xi ∈ ∂V , then one can
take d~vif(xi) = d~vi f̂(xi) in Proposition 5.26.

The complete Laplacian enjoys the same self-adjointness property as the
Laplacian on BDV(Γ) for a metrized graph Γ (c.f. Proposition 3.13):

Proposition 5.28. Let U ⊆ P1
Berk be a domain, and let f, g ∈ C(U) be

functions whose restrictions to U belong to BDV(U). Then∫
U
f ∆U (g) =

∫
U
g∆U (f) .

For the proof, we will need the following lemma:

Lemma 5.29. Let U ⊆ P1
Berk be a domain, and let f : U → R be a

continuous function. Then the net of functions f ◦ rU,Γ, as Γ ranges over
all finite subgraphs of U , converges uniformly to f on U .

Proof. It suffice to show that given ε > 0, there exists a finite subgraph
Γ0 ⊂ U such that if Γ is any finite subgraph of U containing Γ0, then

|f(rΓ(x))− f(x)| < ε

for all x ∈ U .
Fix a reference point ζ ∈ U ∩HBerk. By continuity, for each x ∈ U , there

exists a simple domain Vx ⊂ P1
Berk containing x in its interior such that

|f(x) − f(y)| < ε/2 for all y ∈ Vx ∩ U . If x ∈ ∂U , we may assume without
loss of generality that ζ 6∈ Vx. Then Vx∩U is non-empty and connected, and
the unique path in U from x to ζ must pass through a boundary point of Vx
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belonging to U . By compactness, a finite number of the simple domains Vx
cover U , say Vx1 , . . . , Vxm , and each of these has a finite number of boundary
points. Let Γ0 be the convex hull of all points belonging to ∂Vxi ∩ U for
some i = 1, . . . ,m, so that Γ0 is a finite subgraph of U . Let Γ be any finite
subgraph of U containing Γ0. Let x ∈ U , let x̃ = rΓ(x), and choose an i
so that x ∈ Vxi . Then x̃ ∈ Vxi , since x̃ is contained in the path Λ from
x to some point of ∂Vxi ∩ U , and Λ is contained inside Vxi by the unique
path-connectedness of P1

Berk. Since x, x̃ ∈ Vxi , the triangle inequality implies
that

|f(x)− f(x̃)| ≤ |f(x)− f(xi)|+ |f(xi)− f(x̃)| < ε

2
+
ε

2
= ε ,

as desired. �

Proof of Proposition 5.28. For each finite subgraph Γ ⊂ U , we
have ∫

U
(f ◦ rU,Γ) ∆U (g) =

∫
Γ
f (rU,Γ)∗(∆U (g)) =

∫
Γ
f ∆Γ(g) ,

and similarly ∫
U

(g ◦ rU,Γ) ∆U (f) =
∫

Γ
g∆Γ(f) .

By Proposition 3.13, we know that
∫

Γ f ∆Γ(g) =
∫

Γ g∆Γ(f). Thus

(5.4)
∫
U

(f ◦ rU,Γ) ∆U (g) =
∫
U

(g ◦ rU,Γ) ∆U (f)

for all finite subgraphs Γ ⊂ U . If we take the limit over all such subgraphs,
Lemma 5.29 shows that the left-hand side of (5.4) converges to

∫
U f ∆U (g)

while the right-hand side converges to
∫
U g∆U (f). �

Using a related argument, we establish the following criterion for con-
vergence of Laplacians, which will be used in §8.7 and §9.1.

Proposition 5.30. Let U be a domain in P1
Berk, and let hα, h ∈ BDV(U)

for α in some directed set I. Suppose that hα|Γ → h|Γ uniformly for every
finite subgraph Γ ⊂ U , and that the measures ∆Uhα have uniformly bounded
total mass. Then ∆Uhα converges weakly to ∆Uh on U .

Proof. Write rΓ = rU,Γ, µα = ∆Uhα, and µ = ∆Uh. Let M be a
bound such that |µα| ≤M for all α.

By Proposition 5.4(B), as Γ ranges over all finite subgraphs of U and
G ranges over all functions in CPA(Γ), the “smooth” functions of the form
g(x) = G ◦ rΓ(x) are dense in C(U).
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Let f ∈ C(U) be arbitrary. Writing ‖ ‖ for the sup-norm on C(U), for
any smooth g ∈ C(U) we have∣∣ ∫ f µα −

∫
f µ
∣∣ ≤ ∣∣ ∫ f µα −

∫
g µα

∣∣
+
∣∣ ∫ g µα −

∫
g µ
∣∣ +

∣∣ ∫ g µ−
∫
f µ
∣∣

≤
(
M + |µ|(U)

)
‖f − g‖ +

∣∣ ∫ g µα −
∫
g µ
∣∣ .

Choosing g so that ‖f − g‖ is sufficiently small, we see that it suffices to
prove that ∫

g µα →
∫
g µ

when g = G◦rΓ is a smooth function. Since
∫
U (G◦rΓ)µα =

∫
ΓG (rΓ)∗µα =∫

ΓG∆Γhα, and similarly
∫
U (G◦rΓ)µ =

∫
ΓG∆Γh, we are reduced to proving

that ∫
Γ
G (∆Γhα) →

∫
Γ
G (∆Γh) .

But
∫

ΓG (∆Γhα) =
∫

Γ hα∆ΓG and
∫

ΓG (∆Γh) =
∫

Γ h∆ΓG. The proposition
now follows from the hypothesis that hα → h uniformly on Γ. �

5.5. The Laplacians of Favre–Rivera-Letelier and Thuillier

In this section we will compare our Laplacian with those constructed by
Favre–Rivera-Letelier and Thuillier.

Favre and Rivera-Letelier ([38], pp.335-336), invoking work of Favre and
Jonsson ([36]), construct a Laplacian on P1

Berk in the following way:
Let M be the vector space of all finite signed Borel measures on P1

Berk.
Fixing ζ ∈ HBerk, for each ρ ∈ M they define the potential ĝρ : HBerk → R
by

(5.5) ĝρ(x) = −ρ(P1
Berk)−

∫
P1

Berk

(x|y)ζ dρ(y) ,

where (x|y)ζ is the Gromov product ([38], p.356). Let the space of potentials
P be the set of all functions ĝρ, as ρ varies overM. It is a real vector space,
since the map ρ 7→ ĝρ is linear. Note that the constant functions belong to
P; indeed, if δζ(x) is the Dirac measure, then ρ = −C · δζ(x) maps to C.
Since each ρ ∈ M can be decomposed as ρ = ρ(P1

Berk)δζ(x) + ρ0 where ρ0

has total mass 0, the space P is spanned by the constant functions and the
potentials ĝρ0 for measures ρ0 of mass 0.

By ([36], Theorem 7.50), the map ρ 7→ ĝρ is a bijection from M to P.
Inverting this map, Favre and Rivera-Letelier define their Laplacian (which
we denote ∆FJRL) for functions f ∈ P, with

∆FJRL(f) = ρ− ρ(P1
Berk)δζ(x)
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if f = ĝρ ∈ P. The discussion above shows that ∆FJRL(C) = 0 for each
constant function; indeed, by the bijectivity, ∆FJRL(ĝ) = 0 if and only if ĝ
is constant. Furthermore, ∆FJRL(ĝρ0) = ρ0 for each ρ0 ∈ M of total mass
0. In ([38], Proposition 4.1) it is shown that the space P and the Laplacian
∆FJRL are independent of the choice of ζ.

We claim that when U = P1
Berk, the Laplacian ∆FJRL is the negative of

our Laplacian ∆ = ∆P1
Berk

. Indeed, by (4.26), there is a constant B such
that − log(δ(x, y)ζ) = (x|y)ζ + B. Hence for each ρ0 ∈ M of total mass 0,
and each x ∈ HBerk,

uρ0(x, ζ) =
∫

P1
Berk

− log(δ(x, y)ζ) dρ0(y)

=
∫

P1
Berk

(x|y)ζ dρ0(y) = −ĝρ0(x) .(5.6)

In particular, by Proposition 5.24 the space P coincides with the restriction
of our space BDV(P1

Berk) to HBerk.
For each f ∈ BDV(P1

Berk), Lemma 5.20 shows that ∆(f) = 0 if and only
if the restriction of f to HBerk is constant; while by (5.5), (5.6) and (5.2) in
Example 5.17, for each ρ0 of mass 0,

∆FJRL(−ĝρ0(x)) = ∆(uρ0(x, ζ)) = ρ0 .

This shows that ∆ and ∆FJRL are negatives of each other, except for an
inessential difference in their domains.

We next consider the distribution-valued Laplacian defined by Thuillier
([77]). Our presentation is somewhat oversimplified, since Thuillier works
in the context of Berkovich curves over an arbitrary (not necessarily alge-
braically closed) complete nonarchimedean field k, and part of his definition
involves functoriality under base change.

Given a domain U , let A0(U) be the space of all continuous functions
g : U → R with the following property: for each simple subdomain V of U ,
there are a finite subgraph ΓV ⊂ V

⋂
HR

Berk and a function GV ∈ CPA(ΓV )
such that for each z ∈ V ,

g(z) = GV (rV ,ΓV (z)) .

Let A0
c(U) ⊂ A0(U) be the subspace of functions g ∈ A0(U) which are

compactly supported: there is a simple subdomain V of U such that g(z) =
GV (rV ,ΓV (z)) for each z ∈ V and g(z) = 0 for all z ∈ U\V .

Let A1(U) be the space of locally finite discrete measures µ supported
on U ∩HR

Berk:

µ =
∞∑
i=1

ai δxi ,
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where each xi ∈ U ∩ HR
Berk, and for each simple subdomain V of U , only

finitely many xi belong to V . Likewise, let A1
c(U) ⊂ A1(U) be the space of

finitely supported discrete measures.
Thuillier considers A0(U) (resp. A1(U)) to be the space of smooth func-

tions (resp. 1-forms), and A0
c(U) (resp. A1

c(U)) to be the space of smooth,
compactly supported functions (resp. 1-forms). For each g ∈ A0(U), he
defines the Laplacian

(5.7) ddcg =
∑

x∈U∩HBerk

( ∑
~v∈Tx

d~vg(x)
)
δx .

Here, for each x there are at most finitely many ~v ∈ Tx with d~vg(x) 6= 0,
and there are at most countably many x ∈ U for which some d~vg(x) 6= 0, so
ddcg is well-defined and belongs to A1(U). Furthermore, if g ∈ A0

c(U) then
ddcg ∈ A1

c(U).
If g ∈ A0

c(U), then clearly g ∈ BDV(U), and by (3.1), in terms of our
Laplacian

ddcg = −∆U (g) .
Next, Thuillier defines the spaces of ‘distributions’ and ‘1-currents’ to

be the dual spaces D0(U) = A1
c(U)∨ and D1(U) = A0

c(U)∨. Since A1
c(U) is

isomorphic to the real vector space whose basis is the set of Dirac measures
δx for x ∈ U∩HBerk, D0(U) can be identified with the space of all (continuous
or not!) functions G : (U ∩ HBerk) → R. For each G ∈ D0(U), he defines
the Laplacian ddcG ∈ D1(U) by

ddcG(g) = G(ddcg) , for all g ∈ A0
c(U) .

Of course, it remains to show that for ‘interesting’ functions G, the
distribution ddcG can be identified with a measure or some other explicit
linear functional. It follows from Proposition 5.28 that if f ∈ BDV(U), then
ddcf = −∆U (f). Thuillier shows that if f ∈ A0(U) is identified with a
distribution F ∈ D0(U), and if ddcf is the measure defined in (5.7), then
for each g ∈ A0

c(U), ∫
U
f ddcg =

∫
U
g ddcf .

This enables him to identify the distribution ddcF with the measure ddcf .
He thus has a commutative diagram

A0
c(U)

ddc

−−−→ A1
c(U)

↓ ↓

A0(U)
ddc

−−−→ A1(U)
↓ ↓

D0(U) = A1
c(U)∨

ddc

−−−→ D1(U) = A0
c(U)∨ .

Likewise, he defines a class of ‘subharmonic functions’ (closely related to
the class SH(U) we study in Chapter 8 below) and shows that for each
f ∈ SH(U), ddcf is a positive Radon measure.
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5.6. Notes and further references

Mattias Jonsson pointed out to us that in ([74]), we were using without
proof the fact that every Borel measure on D(0, 1) is Radon. This is now
proved as Lemma 5.6.

As mentioned in the Preface, the idea of constructing a Berkovich space
Laplacian operator as an inverse limit of Laplacians on finite metrized graphs
is due independently to the second author and Amaury Thuillier.





CHAPTER 6

Capacity theory

Fix ζ ∈ P1
Berk, and let E ⊂ P1

Berk be a set not containing ζ. In the
first five sections of this chapter, we develop the theory of the logarithmic
capacity of E with respect to ζ (or more correctly, with respect to a choice
of a generalized Hsia kernel δ(x, y)ζ ; we fix the choice made in (4.22)). Most
of the proof techniques are standard; the exposition is adapted from ([72],
Chapter 4.1).

As an application, in §6.6 we give Berkovich space versions of the Fekete
and Fekete-Szegö theorems.

6.1. Logarithmic capacities

Recall that a probability measure is a non-negative Borel measure of
total mass 1. Given a probability measure ν with support contained in E,
define the energy integral

Iζ(ν) =
∫∫

E×E
− logv δ(x, y)ζ dν(x)dν(y) .

Here, the integral is a Lebesgue integral. The kernel − logv δ(x, y)ζ is lower
semicontinuous, and hence Borel measurable, since δ(x, y)ζ is upper semi-
continuous.

Let ν vary over probability measures with support contained in E, and
define the Robin constant

Vζ(E) = inf
ν

Iζ(ν) .

Define the (inner) logarithmic capacity

(6.1) γζ(E) = q
−Vζ(E)
v .

By its definition, the logarithmic capacity is monotonic in E: if E1 ⊂ E2,
then γζ(E1) ≤ γζ(E2). It also follows from the definition that for each E,

(6.2) γζ(E) = sup
E′⊂E

E′ compact

γζ(E′) .

Indeed, the support of each probability measure ν is compact, so tauto-
logically for each ν supported on E there is a compact set E′ ⊂ E with
Iζ(ν) ≤ γζ(E′) ≤ γζ(E).

There is an important distinction between sets of capacity 0 and sets
of positive capacity. If E contains a point a ∈ HBerk (i.e., a point of type

97
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II, III, or IV), then γζ(E) > 0, since the point mass δa satisfies Iζ(δa) =
− log(diamζ(a)) < ∞. Thus, every set of capacity 0 is contained in P1(K).
The converse is not true: there are many sets in P1(K) with positive capacity.

The following result shows that the property that a set has capacity 0
or positive capacity is independent of the base point ζ.

Proposition 6.1. Suppose E ⊂ P1
Berk. Then γζ(E) = 0 for some ζ ∈

P1
Berk\E if and only if γξ(E) = 0 for every ξ ∈ P1

Berk\E.

Proof. By (6.2), it suffices to consider the case where E is compact.
Take ξ /∈ E. Since ‖x, ξ‖ is continuous on E, there is a constant Cξ > 0
such that

1/Cξ ≤ ‖x, ξ‖ ≤ Cξ

for all x ∈ E. Since

δ(x, y)ξ =
‖x, y‖

‖x, ξ‖‖y, ξ‖
, δ(x, y)ζ =

‖x, y‖
‖x, ζ‖‖y, ζ‖

,

it follows that
1

(CζCξ)2
δ(x, y)ζ ≤ δ(x, y)ξ ≤ (CζCξ)2δ(x, y)ζ .

Hence for each probability measure ν on E, either Iζ(ν) = Iξ(ν) = ∞, or
Iζ(ν) and Iξ(ν) are both finite. �

Here are some examples of capacities.

Example 6.2. If E ⊂ P1(K) is a countable set, and ζ /∈ E, then γζ(E) =
0. To see this, note first that if ν is a probability measure supported on E,
then necessarily ν has point masses (if ν({x}) = 0 for each x ∈ E, then by
countable additivity ν(E) = 0, which contradicts ν(E) = 1). If p ∈ E is a
point with ν({p}) > 0, then

Iζ(ν) =
∫∫

E×E
− logv δ(x, y)ζ dν(x)dν(y)

≥ − logv δ(p, p)ζ · ν({p})2 =∞ ,

so Vζ(E) =∞.

Example 6.3. If E = {a} where a ∈ HBerk, and ζ 6= a, then

γζ(E) = diamζ(a) .

Indeed, the only probability measure supported on E is the point mass
ν = δa, for which

Iζ(ν) =
∫∫

E×E
− logv δ(x, y)ζ dν(x)dν(y)

= − logv δ(a, a)ζ = − logv diamζ(a) .

Hence Vζ(E) = − logv diamζ(a) and γζ(a) = diamζ(a).
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Example 6.4. Suppose K = Cp. If ζ = ∞ and E = Zp ⊂ A1(Cp),
and if we take qv = p (the natural arithmetic choice when Qp is regarded
as the base field), then γ∞(E) = p−1/(p−1). More generally, if E = Ov is
the valuation ring in a finite extension Kv/Qp with ramification index e and
residue degree f , and if we take qv = pf (regarding Kv as the base field),
then γ∞(E) = (pf )−1/e(pf−1).

For the proof, see ([72], Example 5.2.13, p. 347). The capacity is given
by the same computation as in the classical case, since δ(x, y)∞ = |x − y|
for x, y ∈ A1(Cp).

6.2. The equilibrium distribution

If E is compact, and if γζ(E) > 0, there is always a probability measure
µ = µζ on E for which Iζ(µ) = Vζ(E). In Proposition 7.19, we will show
it is unique; it will be called the equilibrium distribution, or the equilibrium
measure, of E with respect to ζ. To prove its existence, we will use the
following lemma:

Lemma 6.5. Let E be a compact Hausdorff space, and suppose 〈να〉 is
a net of probability measures on E which converge weakly to a measure µ.
Then 〈να × να〉 converges weakly to µ× µ on E × E.

Proof. We fill in the details of the argument given in ([45], p. 283).
Since E is a compact Hausdorff space, the Stone-Weierstrass theorem asserts
that linear combinations of functions of the form f(x)g(y), with f, g ∈ C(E),
are dense in C(E × E) under the sup norm ‖ · ‖E×E . For such products,

lim
α

∫∫
E×E

f(x)g(y) dνα(x)dνα(y) =
∫
E
f(x) dµ(x) ·

∫
E
g(y) dµ(y)

=
∫∫

E×E
f(x)g(y) dµ(x)dµ(y) ,

so the same holds for their linear combinations.
Now let F (x, y) ∈ C(E × E) be arbitrary. Given ε > 0, take f(x, y) =∑

i cifi(x)gi(y) so that h(x, y) = F (x, y)− f(x, y) satisfies ‖h‖E×E < ε. For
any probability measure ν on E, clearly∣∣ ∫∫

E×E
h(x, y) dν(x)dν(y)

∣∣ ≤ ‖h‖E×E .

Let α0 be large enough that∣∣ ∫∫
E×E

f(x, y) dνα(x)dνα(y)−
∫∫

E×E
f(x, y) dµ(x)dµ(y)

∣∣ < ε

for α ≥ α0. By a three-epsilons argument, for such α we have∣∣ ∫∫
E×E

F (x, y) dνα(x)dνα(y)−
∫∫

E×E
F (x, y) dµ(x)dµ(y)

∣∣ ≤ 3ε .
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Since ε was arbitrary, it follows that

lim
α

∫∫
E×E

F (x, y) dνα(x)dνα(y) =
∫∫

E×E
F (x, y) dµ(x)dµ(y) .

Thus 〈να × να〉 converges weakly to µ× µ. �

We can now show the existence of an equilibrium measure.

Proposition 6.6. Let E ⊂ P1
Berk\{ζ} be a compact set with positive

capacity. Then there is a probability measure µ supported on E such that
Iζ(µ) = Vζ(E).

Proof. Take a sequence of probability measures νn on E for which
limn→∞ Iζ(νn) = Vζ(E). After passing to a subsequence, if necessary, we
can assume that {νn} converges weakly to a measure µ. Clearly µ is a
probability measure supported on E.

Since E is a compact subset of P1
Berk\{ζ}, and − logv δ(x, y)ζ is lower

semicontinuous, there is a constant M ∈ R such that − logv δ(x, y)ζ is
bounded below on E×E by−M . By Proposition A.3 applied to− logv δ(x, y)ζ
on E × E, we see that∫∫
− logv δ(x, y)ζ dµ(x)dµ(y) = sup

g∈C(E×E)
−M≤g≤− logv δ(x,y)ζ

∫∫
E×E

g(x, y) dµ(x)dµ(y) .

Furthermore, for each g ∈ C(E × E), it follows from Lemma 6.5 that∫∫
E×E

g(x, y) dµ(x)dµ(y) = lim
n→∞

∫∫
E×E

g(x, y) dνn(x)dνn(y) .

If, moreover, we have g(x, y) ≤ − logv δ(x, y)ζ , then for each n∫∫
E×E

g(x, y) dνn(x)dνn(y) ≤
∫∫

E×E
− logv δ(x, y)ζ dνn(x)dνn(y)

= Iζ(νn) ,

and thus for each such g, we have∫∫
E×E

g(x, y) dµ(x)dµ(y) ≤ lim
n→∞

Iζ(νn) = Vζ(E) .

Therefore

Iζ(µ) =
∫∫

E×E
− logv δ(x, y)ζ dµ(x)dµ(y)

= sup
g∈C(E×E)

−M≤g≤− logv δ(x,y)ζ

∫∫
E×E

g(x, y) dµ(x)dµ(y) ≤ Vζ(E) .

The opposite inequality is trivial, so Iζ(µ) = Vζ(E). �
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Remark 6.7. In the classical proof over C, one considers the truncated
logarithm − log(t)(|x − y|) = min(t,− log |x − y|), which is continuous and
approaches − log(|x − y|) pointwise as t → ∞. Here − log(t)

v (δ(x, y)ζ) is
lower semicontinuous but not continuous, so it was necessary to introduce
the approximating functions g(x, y).

Let Uζ be the connected component of P1
Berk\E containing ζ. Write

∂Eζ = ∂Uζ for the boundary of Uζ , the part of ∂E in common with the
closure U ζ .

Proposition 6.8. Let E ⊂ P1
Berk\{ζ} be compact with positive capacity.

Then the equilibrium distribution µζ is supported on ∂Eζ .

Proof. Suppose µζ is not supported on ∂Eζ , and fix x0 ∈ supp(µζ)\∂Eζ .
Let rζ : E → ∂Eζ be the retraction map which takes each x ∈ E to the last
point in E on the path from x to ζ. Then rζ is easily seen to be continuous.
Put µ0 = (rζ)∗(µζ). We claim that Iζ(µ0) < Iζ(µζ).

For each x, y ∈ E, if x = rζ(x), y = rζ(y), then δ(x, y)ζ ≤ δ(x, y)ζ . This
is follows from the geometric interpretation of δ(x, y)ζ : if w is the point
where the paths from x to ζ and y to ζ meet, and w is the point where the
paths from x to ζ and y to ζ meet, then w lies on the path from w to ζ.

Now consider the point x0, and put x1 = rζ(x0). Then diamζ(x0) <
diamζ(x1). Fix r with diamζ(x0) < r < diamζ(x1), and put U = B(x0, r)−ζ .
For each x ∈ U , rζ(x) = x1. If x, y ∈ U , then

δ(x, y)ζ < r < diamζ(x1) = δ(x1, x1)ζ = δ(rζ(x), rζ(y))ζ .

Since x0 ∈ supp(ν), necessarily µζ(U) > 0. Hence

Iζ(µζ) =
∫
− logv δ(x, y)ζ dµζ(x)dµζ(y)

>

∫
− logv δ(rζ(x), rζ(y))ζ dµζ(x)dµζ(y)

=
∫
− logv δ(z, w)ζ dµ0(z)dµ0(w) = Iζ(µ0) .

This contradicts the minimality of Iζ(µζ), so µζ is supported on ∂Eζ . �

The existence of equilibrium measures has the following important con-
sequence.

Corollary 6.9. Let E ⊂ P1
Berk\{ζ} be compact. Then for any ε > 0

and any neighborhood U of E, there is a strict closed affinoid W ⊂ U ,
containing E in its interior, for which γζ(W ) ≤ γζ(E) + ε.

Proof. After shrinking U if necessary, we can assume that ζ /∈ U . We
first construct a closed neighborhood W ′ of E, contained in U and containing
E in its interior, for which γζ(W ′) ≤ γζ(E) + ε.

Let {Wα} be any family of (not necessarily connected) compact neigh-
borhoods of E whose intersection is precisely E. (Such a family always
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exists: for example, for each point z 6∈ E, there is a covering of E by open
sets whose closure does not contain z, and by compactness this open cover
has a finite subcover. For each such z, take Wz to be the corresponding
finite union of closed sets.)

Let W0 ⊃ E be any fixed compact neighborhood of E contained in U ,
not containing ζ. After replacing each Wα with W0 ∩Wα, we can assume
without loss that each Wα ⊆W0 ⊆ U . Then, by augmenting {Wα} with all
finite intersections of the sets in it, we can consider {Wα} to be a net, with
the Wα partially ordered by containment.

As each Wα has non-empty intersection with HBerk, we have γζ(Wα) > 0
for all α. Therefore each Wα has an equilibrium measure µα for which
Iζ(µα) = Vζ(µα) < ∞. (The measure µα is in fact unique, but we don’t
need this.)

Passing to a subnet, we may assume without loss of generality that the
net 〈µα〉 converges weakly to some probability measure µ∗. As

⋂
Wα = E,

it follows easily that µ∗ is supported on E. We claim that

(6.3) lim
α
Vζ(Wα) ≥ Iζ(µ∗) .

Given this claim, the argument can be completed as follows. Since for all α
we have

Vζ(Wα) ≤ Vζ(E) ≤ Iζ(µ∗) ,

it must be that
lim
α
Vζ(Wα) = Iζ(µ∗) = Vζ(E) .

This implies that
lim
α
γζ(Wα) = γζ(E) ,

so we can take W ′ = Wα for an appropriate α.
We next justify (6.3), in several steps. First of all, since W0 is a compact

subset of P1
Berk\{ζ}, we know that − logv δ(x, y)ζ is bounded below on W0×

W0 by some constant −M . By Proposition A.3, for any probability measure
µ we have

Iζ(µ) = sup
g∈C(W0×W0)

−M≤g≤− logv δ(x,y)ζ

∫∫
W0×W0

g(x, y) dµ(x)dµ(y) .

By Lemma 6.5, for each g ∈ C(W0 ×W0)∫∫
W0×W0

g(x, y) dµ∗(x)dµ∗(y) = lim
α

∫∫
W0×W0

g(x, y) dµα(x)dµα(y) .

When in addition g(x, y) ≤ − logv δ(x, y)ζ on W0 ×W0, for each α we have∫∫
W0×W0

g(x, y) dµα(x)dµα(y) ≤ Iζ(µα) .
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Thus for each such g,

lim
α
Vζ(Wα) = lim

α
Iζ(µα) ≥ lim

α

∫∫
W0×W0

g(x, y) dµα(x)dµα(y)

=
∫∫

E×E
g(x, y) dµ∗(x)dµ∗(y) .

Taking the supremum over all such g, we obtain

lim
α
Vζ(Wα) ≥ sup

g

∫∫
E×E

g(x, y) dµ∗(x)dµ∗(y) = Iζ(µ∗)

as claimed.

To construct the set W in the proposition, let W ′ be as above. Propo-
sition 2.7 provides a basis for the open sets of P1

Berk consisting of sets of the
form

D(a, r)− , D(a, r)−\
N⋃
i=1

D(ai, ri) , and P1
Berk\

N⋃
i=1

D(ai, ri) ,

where the a, ai ∈ K and the r, ri belong to |K×|. For each x ∈ E, let Vx
be a neighborhood of x of the above form, contained in the interior of W ′.
Cover E with finitely many such sets and let W be the closure of their union.
The monotonicity property of the capacity shows that γζ(W ) ≤ γζ(W ′) ≤
γζ(E) + ε. By construction, W has finitely many boundary points, each of
which is of type II. Thus, W is a strict closed affinoid. �

The proof of Corollary 6.9 yields:

Corollary 6.10. Let E ⊂ P1
Berk\{ζ} be a compact set with positive

capacity, and let 〈Wα〉 be a net of compact neighborhoods of E (partially
ordered by inclusion). Let µα be an equilibrium measure on Wα relative to
ζ, and let µE = µE,ζ be an equilibrium measure on E. Assume that µE
is the unique equilibrium measure on E relative to ζ. Then 〈µα〉 converges
weakly to µE.

Proof. The proof of Corollary 6.9 shows that if µ∗ is any weak limit of
a convergent subnet of 〈µα〉, then µ∗ is supported on E and

Iζ(µ∗) = Vζ(E) .

By uniqueness, we must have µ∗ = µE , i.e., every convergent subnet of 〈µα〉
converges weakly to µE . This implies that 〈µα〉 itself converges weakly to
µE . �

Anticipating the uniqueness of the equilibrium measure (which will be
proved in Proposition 7.19), in what follows we will speak of ‘the’ equilibrium
measure µE of a compact set E of positive capacity (relative to ζ). However,
the arguments below would apply to any equilibrium measure.
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6.3. Potential functions attached to probability measures

For each ζ ∈ P1
Berk and each probability measure ν on P1

Berk, the associ-
ated potential function is

uν(z, ζ) =
∫
− logv(δ(z, w)ζ) dν(w) .

In Example 5.18 we saw that uν(z, ζ) ∈ BDV(P1
Berk) and ∆(uν(z, ζ)) =

ν − δζ(z). In this section we will study properties of uν(z, ζ) which do
not depend on the Laplacian. We begin with properties which hold for all
potential functions.

Recall that if X is a topological space, then f : X → R ∪ {−∞,∞} is
lower semicontinuous if for each z ∈ X, we have f(z) 6= −∞ and

(6.4) lim inf
t→z

f(t) ≥ f(z) .

Proposition 6.11. Let ν be a probability measure on P1
Berk, and suppose

that either ζ ∈ HBerk, or that ζ ∈ P1(K) and ζ /∈ supp(ν). Then as a
function valued in R∪{−∞,∞}, uν(z, ζ) is well-defined for each z ∈ P1

Berk.
It is continuous on P1

Berk\ supp(ν), and achieves its minimum at z = ζ. If
ζ /∈ supp(ν), then

(6.5) lim
z→ζ

(uν(z, ζ)− logv(‖z, ζ‖)) = 0 .

If ζ ∈ HBerk, then uν(z, ζ) is lower semicontinuous on P1
Berk and is

bounded below. If ζ ∈ P1(K), then uν(z, ζ) is lower semicontinuous on
P1

Berk\{ζ} with uν(ζ, ζ) = −∞, and there is a neighborhood ζ on which
uν(z, ζ) = log(‖z, ζ‖).

Furthermore, for each z ∈ P1
Berk, and each path [y, z], we have

(6.6) lim inf
t→z

uν(t, ζ) = lim inf
t→z
t∩HBerk

uν(t, ζ) = lim
t→z
t∈[y,z]

uν(t, ζ) = uν(z, ζ) .

Remark 6.12. In the terminology of Appendix A.2, (6.6) asserts in
particular that uν(z, ζ) is “strongly lower semicontinuous”.

Proof. We first show that under the given hypotheses, uν(z, ζ) is well-
defined. Write E = supp(ν), and consider the decomposition

δ(z, w)ζ =
‖z, w‖

‖z, ζ‖ ‖w, ζ‖
.

Inserting this in the definition of uν(z, ζ) we see that

uν(z, ζ) =
∫
E
− logv ‖z, w‖ dν(w) +

∫
E

logv ‖z, ζ‖ dν(w)(6.7)

+
∫
E

logv ‖w, ζ‖ dν(w) .

Here the second integral is logv ‖z, ζ‖, since the integrand does not involve
w. The third integral is a finite constant Cζ , since if either ζ ∈ HBerk, or
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ζ ∈ P1(K) and ζ /∈ E, then logv ‖w, ζ‖ is a bounded, continuous function of
w ∈ E. Thus

(6.8) uν(z, ζ) =
∫
E
− logv ‖z, w‖ dν(w) + logv ‖z, ζ‖+ Cζ .

Note that the first term belongs to [0,∞], and the second to [−∞, 0]. If
ζ ∈ HBerk, the second term is finite for all z. If ζ ∈ P1(K) and ζ /∈ E, then
for z /∈ E the first term is finite, while for z ∈ E the second term is finite.
Thus uν(z, ζ) is well-defined in [−∞,∞] for all z.

To show that uν(z, ζ) is continuous on P1
Berk\ supp(ν), note that for each

z0 /∈ supp(ν), since ‖z, w‖ is continuous and nonzero off the diagonal and
z0 has a closed neighborhood disjoint from supp(ν), the integral in (6.8) is
continuous and bounded at z = z0. Furthermore logv ‖z, ζ‖ is continuous as
a function valued in [−∞, 0], since ‖x, y‖ is continuous as a function of each
variable separately. Hence uν(z, ζ) is continuous off supp(ν).

We next establish the lower semicontinuity. If ζ ∈ HBerk, put W0 =
P1

Berk; if ζ ∈ P1(K), let W0 be any compact neighborhood of supp(ν) which
does not contain ζ. Let M be a constant such that − log(δ(x, y)ζ) ≥ −M
for all x, y ∈W0 ×W0. By Proposition A.3, uν(z, ζ) coincides with

sup
{∫

W0

g(z, w) dν(w) : g ∈ C(W0 ×W0), −M ≤ g ≤ − logv δ(z, w)ζ

}
.

Since W0 is compact, each function
∫
g(z, w) dν(w) is continuous on W0. By

Lemma A.2, uν(z, ζ) is lower semicontinuous on W0. If ζ ∈ HBerk it follows
that uν(z, ζ) is lower semicontinuous on P1

Berk. If ζ ∈ P1(K), then for each
z 6= ζ, we can choose W0 so as to contain z in its interior, so uν(z, ζ) is lower
semicontinuous on P1

Berk\{ζ}.
If ζ ∈ HBerk, the representation of − logv(δ(x, y)ζ) in (4.29) shows that

uν(z, ζ) is bounded below and achieves its minimum at z = ζ. If in addition
ζ /∈ supp(ν), when z → ζ, then − logv(‖z, w‖/‖ζ, w‖) → 0 uniformly for
w ∈ E. Rewriting (6.7) as

(6.9) uν(z, ζ) =
∫
E
− logv(‖z, w‖/‖ζ, w‖) dν(w) + logv ‖z, ζ‖ ,

we obtain (6.5) in this case.
If ζ ∈ P1(K), then limz→ζ ‖z, ζ‖ = ‖ζ, ζ‖ = 0, and by hypothesis ζ /∈ E,

so (6.7) shows that limz→ζ uν(z, ζ) = uν(ζ, ζ) = −∞. Furthermore, ‖w, ζ‖
is continuous and nonzero for w ∈ E, so

r := min
w∈E
‖w, ζ‖ > 0 .

Put U = B(ζ, r)−. Then for all z ∈ U and w ∈ E, the ultrametric inequality
shows that ‖z, w‖ = ‖w, ζ‖. By (6.7), uν(z, ζ) = log(‖z, ζ‖) for all z ∈ U .
In particular, (6.5) holds.



106 6. CAPACITY THEORY

We now prove (6.6). Fixing z, we first show that for each path [y, z],

(6.10) lim
t→z
t∈[y,z]

uν(t, ζ) = uν(z, ζ) ,

If z ∈ HBerk this is trivial: uν(x, ζ) ∈ BDV(P1
Berk) by Example 5.18, so

uν(x, ζ) is continuous when restricted to any finite subgraph Γ ⊂ P1
Berk.

Suppose z ∈ P1(K). Let y 6= z be near enough to z that ζGauss does
not lie on the path [y, z], and let t approach z along [y, z]. For each
w ∈ E, ‖t, w‖ decreases monotonically to ‖z, w‖, and thus − logv ‖t, w‖ in-
creases monotonically to − logv ‖z, w‖. By the Monotone Convergence The-
orem,

∫
E − logv ‖t, w‖ dν(w) converges to

∫
E − logv ‖z, w‖ dν(w). Likewise,

logv ‖t, ζ‖ converges to logv ‖z, ζ‖. At most one of
∫
E − logv ‖z, w‖ dν(w)

and logv ‖z, ζ‖ is infinite, so it follows from (6.8) that

lim
t→z
t∈[y,z]

uν(t, ζ) = uν(z, ζ) ,

as desired.
Formula (6.6) follows formally from this. Write f(x) for uν(x, ζ). When

ζ ∈ HBerk or when z 6= ζ, then f(x) is lower semicontinuous at z. It follows
from (6.10), trivial inequalities, and (6.4), that

f(z) = lim inf
t→z
t∈[y,z]

f(t) ≥ lim inf
t→z
t∩HBerk

f(t) ≥ lim inf
t→z

f(t) ≥ f(z) ,

so equality must hold throughout. These inequalities also hold when ζ ∈
P1(K) and z = ζ, since in that case f(ζ) = −∞ and f(t) = logv(‖t, ζ‖) in a
neighborhood of ζ. �

Remark 6.13. The potential function uν(z, ζ) need not be continuous
on supp(ν). For an example, take K = Cp, let O be the ring of integers of
K and let m be its maximal ideal. Let {αn}n∈N be a set of representatives
for the residue field K̃ = O/m, and put ν =

∑
2−nδαn(z). Then supp(ν) =

{αn}n∈N ∪ {ζGauss}, since each neighborhood of ζGauss contains infinitely
many αn, and there are no other points of P1

Berk with that property. It is
easy to see that uν(ζGauss,∞) = 0, while uν(αn,∞) =∞ for each αn.

For another example, see ([72], Example 4.1.29, p. 217). That example
describes a set E ⊂ P1(K) with positive capacity, such that if µ∗ is the equi-
librium distribution of E relative to ζ =∞, then uµ∗(z,∞) is not continuous
on E.

In the classical theory, the two main facts about potential functions
are Maria’s theorem and Frostman’s theorem. We will now establish their
analogues for the Berkovich line.

Theorem 6.14. (Maria) Let ν be a probability measure supported on
P1

Berk\{ζ}. If there is a constant M <∞ such that uν(z, ζ) ≤M on supp(ν),
then uν(z, ζ) ≤M for all z ∈ P1

Berk\{ζ}.
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Proof. Put E = supp(ν) and fix z ∈ P1
Berk\(E ∪ {ζ}). Since δ(z, w)ζ

is continuous off the diagonal, there is a point z ∈ E such that δ(z, z)ζ ≤
δ(z, w)ζ for all w ∈ E. By the ultrametric inequality, for each w ∈ E

δ(z, w)ζ ≤ max(δ(z, z)ζ , δ(z, w)ζ) = δ(z, w)ζ .

Hence

uν(z, ζ) =
∫
− logv δ(z, w)ζ dν(w) ≤

∫
− logv δ(z, w)ζ dν(w)

= uν(z, ζ) ≤ M . �

The following lemma asserts that sets of capacity 0 are ‘small’ in a
measure-theoretic sense.

Lemma 6.15. If f ⊂ P1
Berk\{ζ} is a set of capacity 0, then ν(f) = 0 for

any probability measure ν supported on P1
Berk\{ζ} such that Iζ(ν) <∞.

Proof. Recall that supp(ν) is compact. After scaling the Hsia kernel (if
necessary), we can assume that δ(x, y)ζ ≤ 1 for all x, y ∈ supp(ν). If ν(f) >
0, then ν(e) > 0 for some compact subset e of f , and η := (1/ν(e)) · ν|e is a
probability measure on e. It follows that

Iζ(η) =
∫∫

e×e
− logv δ(x, y)ζ dη(x)dη(y)

≤ 1
ν(e)2

∫∫
− logv δ(x, y)ζ dν(x)dν(y) < ∞ ,

contradicting the fact that f (and hence e) has capacity zero. �

Corollary 6.16. Let {fn}n≥1 be a countable collection of Borel sets in
P1

Berk\{ζ} such that each fn has capacity 0. Put f =
⋃∞
n=1 fn. Then f has

capacity 0.

Proof. If γζ(f) > 0, there is a probability measure ν supported on f
such that Iζ(ν) <∞. Since each fn is Borel measurable, so is f , and

∞∑
n=1

ν(fn) ≥ ν(f) = 1 .

Hence ν(fn) > 0 for some n, contradicting Lemma 6.15. �

Recall that an Fσ set is a countable union of compact sets.
Anticipating the uniqueness of the equilibrium distribution, as before,

we define the equilibrium potential uE(z, ζ) of a set E of positive capacity to
be the potential function associated to the equilibrium measure µζ = µE,ζ .

Theorem 6.17. (Frostman) Let E ⊂ P1
Berk\{ζ} be a compact set of pos-

itive capacity, with equilibrium measure µζ . Then the equilibrium potential
uE(z, ζ) = uµζ (z, ζ) satisfies:

(A) uE(z, ζ) ≤ Vζ(E) for all z ∈ P1
Berk\{ζ}.
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(B) uE(z, ζ) = Vζ(E) for all z ∈ E, except possibly on an Fσ set f ⊂ E
of capacity 0.

(C) uE(z, ζ) is continuous at each point z0 where uE(z0, ζ) = Vζ(E).

Proof. First, using a quadraticity argument, we will show uE(z, ζ) ≥
Vζ(E) on E except on the (possibly empty) set f . Then, we will show that
uE(z, ζ) ≤ Vζ(E) on the support of the equilibrium measure µ = µζ . Since
uE(z, ζ) = uµ(z, ζ), it will follow from Maria’s theorem that uE(z, ζ) ≤
Vζ(E) for all z 6= ζ.

Put

f = {z ∈ E : uE(z, ζ) < Vζ(E)} ,
fn = {z ∈ E : uE(z, ζ) ≤ Vζ(E)− 1/n} , for n = 1, 2, 3, . . ..

Since uE(z, ζ) is lower semicontinuous, each fn is closed, hence compact, so
f is an Fσ set. By Corollary 6.16, γζ(f) = 0 if and only if γζ(fn) = 0 for
each n.

Suppose γζ(fn) > 0 for some n; then there is a probability measure σ
supported on fn such that Iζ(σ) <∞. On the other hand, since

Vζ(E) =
∫∫

E×E
− logv δ(z, w)ζ dµ(w)dµ(z) =

∫
E
uE(z, ζ) dµ(z) ,

there is a point q ∈ supp(µ) ⊆ E with uE(q, ζ) ≥ Vζ(E). Since uE(z, ζ) is
lower semicontinuous, there is a neighborhood U of q on which uE(z, ζ) >
Vζ(E) − 1/(2n). After shrinking U if necessary, we can assume that its
closure U is disjoint from fn. Put en = E ∩ U , so that q ∈ en. By the
definition of supp(µ), it follows that M := µ(U) = µ(en) > 0. Define a
measure σ1 of total mass 0 on E by

σ1 =

 M · σ on fn ,
−µ on en ,
0 elsewhere .

We claim that Iζ(σ1) is finite. Indeed

Iζ(σ1) = M2 ·
∫∫

fn×fn
− logv δ(z, w)ζ dσ(z)dσ(w)

−2M ·
∫∫

fn×en
− logv δ(z, w)ζ dσ(z)dµ(w)

+
∫∫

en×en
− logv δ(z, w)ζ dµ(z)dµ(w) .

The first integral is finite by hypothesis. The second is finite because en and
U are disjoint, so − logv δ(z, w)ζ is bounded on en × fn. The third is finite
because Iζ(µ) is finite.
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For each 0 ≤ t ≤ 1, the measure µt := µ + tσ1 is a probability measure
on E. By an expansion like the one above,

Iζ(µt)− Iζ(µ) = 2t ·
∫
E
uE(z, ζ) dσ1(z) + t2 · Iζ(σ1)

≤ 2t · ((Vζ(E)− 1/n)− (Vζ(E)− 1/(2n)) ·M + t2 · Iζ(σ1)

= (−M/n) · t+ Iζ(σ1) · t2 .
For sufficiently small t > 0, the right side is negative. This contradicts the
fact that µ gives the minimum value of Iζ(ν) for all probability measures ν
supported on E. It follows that γζ(fn) = 0, and hence that γζ(f) = 0.

The next step involves showing that uE(z, ζ) ≤ Vζ(E) for all z ∈ supp(µ).
If uE(q, ζ) > Vζ(E) for some q ∈ supp(µ), take ε > 0 such that uE(q, ζ) >
Vζ(E) + ε. The lower semicontinuity of uE(z, ζ) shows there is a neigh-
borhood U of q on which uE(z, ζ) > Vζ(E) + ε. Put e = U ∩ E. Since
q ∈ supp(µ), T := µ(e) > 0. By Lemma 6.15, µ(f) = 0. Therefore, since
uE(z, ζ) ≥ Vζ(E) on E\f ,

Vζ(E) =
∫
e
uE(z, ζ) dµ(z) +

∫
E\e

uE(z, ζ) dµ(z)

≥ T · (Vζ(E) + ε) + (1− T ) · Vζ(E) = Vζ(E) + Tε ,

which is obviously false.
Thus uE(z, ζ) ≤ Vζ(E) on supp(µ), and Maria’s theorem implies that

uE(z, ζ) ≤ Vζ(E) for all z.
The final assertion, that uE(z, ζ) is continuous at each point z0 where

uE(z0, ζ) = Vζ(E), is now trivial. By lower semicontinuity,

lim inf
z→z0

uE(z, ζ) ≥ uE(z0, ζ) = Vζ(E) .

On the other hand, since uE(z, ζ) ≤ Vζ(E) for all z,

lim sup
z→z0

uE(z, ζ) ≤ Vζ(E) = uE(z0, ζ) . �

Corollary 6.18. For any compact set E ⊂ P1
Berk\{ζ} of positive ca-

pacity, and any probability measure ν supported on E,

inf
z∈E

uν(z, ζ) ≤ Vζ(E) ≤ sup
z∈E

uν(z, ζ) .

Proof. This follows immediately from the identity∫
E
uν(z, ζ) dµ(z) =

∫∫
E×E

− logv δ(z, w)ζ dν(w)dµ(z)

=
∫
E
uE(w, ζ)dν(w) = Vζ(E) .

Here the second equality follows from Tonelli’s theorem, and the third from
Frostman’s theorem and the fact that if f is the exceptional set on which
uE(z, ζ) < Vζ(E), then ν(f) = 0 by Lemma 6.15. �
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We will now show that adjoining or removing a set of capacity 0 from
a given set F does not change its capacity. This is a consequence of a
quantitative bound which we prove first.

Proposition 6.19. Let {Fm}m≥1 be a countable collection of sets con-
tained in P1

Berk\ζ, and put F =
⋃∞
m=1 Fm. Suppose there is an R < ∞

such that δ(x, y)ζ ≤ R for all x, y ∈ F (or equivalently, that there is a ball
B(a,R)ζ containing F ). Then

(6.11)
1

Vζ(F ) + logv(R) + 1
≤

∞∑
m=1

1
Vζ(Fm) + logv(R) + 1

.

Proof. First suppose R < 1. In this case we will show that

(6.12)
1

Vζ(F )
≤

∞∑
m=1

1
Vζ(Fm)

.

Note that our hypothesis implies that Vζ(F ) ≥ − log(R) > 0.
If γζ(F ) = 0, then γζ(Fm) = 0 for each m, so Vζ(F ) = Vζ(Fm) =∞ and

(6.12) is trivial. Hence we can assume that γζ(F ) > 0. Let E ⊂ F be a
compact set with γζ(E) > 0, and let µ be its equilibrium distribution. For
each m, put Em = E ∩ Fm. Then

(6.13)
∞∑
m=1

µ(Em) ≥ µ(E) = 1 .

We claim that for each m, Vζ(E)/Vζ(Em) ≥ µ(Em). If µ(Em) = 0 there is
nothing to prove, so suppose µ(Em) > 0. There are compact sets em,1 ⊂
em,2 ⊂ · · · ⊂ Em such that limi→∞ µ(em,i) = µ(Em) and limi→∞ Vζ(em,i) =
Vζ(Em). Without loss of generality, we can assume µ(em,i) > 0 for each i.
Put νm,i = (1/µ(em,i)) · µ|em,i . Applying Corollary 6.18, we see that

(6.14) sup
z∈em,i

uνm,i(z, ζ) ≥ Vζ(em,i) .

But also, since − logv δ(z, w)ζ ≥ − logv(R) > 0 on E, for each z ∈ em,i
1

µ(em,i)
uE(z, ζ) =

1
µ(em,i)

∫
E
− logv δ(z, w)ζ dµ(w)

≥
∫
em,i

− logv δ(z, w)ζ dνm,i(w) = uνm,i(z, ζ) .(6.15)

Because µ(em,i) > 0, Theorem 6.17 shows there exist points z ∈ em,i where
uE(z, ζ) = Vζ(E). Combining (6.14) and (6.15) gives

Vζ(E)/µ(em,i) ≥ Vζ(em,i) .

Transposing terms and letting i→∞ shows Vζ(E)/Vζ(Em) ≥ µ(Em).
By (6.13), we have

1
Vζ(E)

≤
∞∑
m=1

1
Vζ(Em)

.
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But E can be chosen so that Vζ(E) is arbitrarily close to Vζ(F ), and also
such that as many of the Vζ(Em) as we wish are arbitrarily close to Vζ(Fm).
Taking a limit over such E, we obtain (6.12).

The general case follows by scaling the Hsia kernel. Replace δ(x, y)ζ by
δ′(x, y)ζ = 1/(qvR) · δ(x, y)ζ , so δ′(x, y)ζ ≤ 1/qv for all x, y ∈ F . For each
E ⊂ F , this changes Vζ(E) to V ′ζ (E) = Vζ(E)+logv(R)+1. Applying (6.12)
to V ′ζ (F ) and the V ′ζ (Fm) gives (6.11). �

Corollary 6.20. Let e ⊂ P1
Berk\{ζ} have capacity 0. Then for any

F ⊂ P1
Berk\{ζ},

γζ(F ∪ e) = γζ(F\e) = γζ(F ) .

Proof. By Proposition 6.19, if F and e are contained in a ball B(a,R)ζ
with R <∞, then

1
Vζ(F ∪ e) + log(R) + 1

≤ 1
Vζ(F ) + log(R) + 1

+
1

Vζ(e) +R+ 1

=
1

Vζ(F ) + log(R) + 1
,

giving Vζ(F ) ≤ Vζ(F ∪ e). Since the opposite inequality is trivial, Vζ(F ) =
Vζ(F ∪ e). The general case follows from this, by replacing F and e by
F ∩ B(a,R)ζ and e ∩ B(a,R)ζ , fixing a center a and letting R → ∞. Each
compact subset of P1

Berk\{ζ} is contained in B(a, r)ζ for some R, so

γζ(F ∪ e) = lim
R→∞

γζ((F ∪ e) ∩ B(a,R)ζ)

= lim
R→∞

γζ(F ∩ B(a,R)ζ) = γζ(F ) .

For the equality γζ(F\e) = γζ(F ), apply what has been just shown to e
and F\e, noting that (F\e) ∪ e = F ∪ e:

γζ(F\e) = γζ(F ∪ e) = γζ(F ) . �

6.4. The transfinite diameter and the Chebyshev constant

As in the classical theory, there are two other important capacitary func-
tions: the transfinite diameter and the Chebyshev constant. The existence
of these quantities, and the fact that for compact sets they are equal to the
logarithmic capacity, will be established below.

Fix ζ ∈ P1
Berk, and let E ⊂ P1

Berk\{ζ}.
To define the transfinite diameter, for each n = 2, 3, 4, . . . put

dn(E)ζ = sup
x1,...,xn∈E

(
∏
i 6=j

δ(xi, xj)ζ)1/(n(n−1)) .

Note that unlike the classical case, dn(E)ζ can be nonzero even if some of
the xi coincide; this will happen, for example, if E = {a} for a point of type
II, III, or IV.

Lemma 6.21. The sequence {dn(E)ζ} is monotone decreasing.
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Proof. Fix n ≥ 2. If dn+1(E)ζ = 0 then certainly dn(E)ζ ≥ dn+1(E)ζ .
Otherwise, take ε with 0 < ε < dn+1(E)ζ . Then there exist z1, . . . , zn+1 ∈ E
such that

n+1∏
i,j=1
i 6=j

δ(zi, zj)ζ ≥ (dn+1(E)ζ − ε)(n+1)n .

By the definition of dn(E)ζ , for each k = 1, . . . , n+ 1, we have

(dn(E)ζ)n(n−1) ≥
∏
i 6=j
i,j 6=k

δ(zi, zj)ζ .

Taking the product over all k, we see that

(dn(E)ζ)(n+1)n(n−1) ≥ (
n+1∏
i,j=1
i 6=j

δ(zi, zj)ζ)n−1 = (dn+1(E)ζ − ε)(n+1)n(n−1) .

Since ε > 0 is arbitrary, dn(E)ζ ≥ dn+1(E)ζ . �

Set
d∞(E)ζ = lim

n→∞
dn(E)ζ .

We call d∞(E)ζ the transfinite diameter of E with respect to ζ.

We will define three variants of the Chebyshev constant. For each posi-
tive integer n and a1, . . . , an ∈ P1

Berk\{ζ} (which need not be distinct), define
the ‘pseudo-polynomial’

Pn(x; a1, . . . , an) =
n∏
i=1

δ(x, ai)ζ .

This definition is modeled on the absolute value of a usual polynomial, in
factored form.

Put ‖Pn(x; a1, . . . , an)‖E = supx∈E Pn(x; a1, . . . , an) and let

CH∗n(E)ζ = inf
a1,...,an∈E

(‖Pn(x; a1, . . . , an)‖E)1/n ,

CHa
n(E)ζ = inf

a1,...,an∈P1(K)\{ζ}
(‖Pn(x; a1, . . . , an)‖E)1/n ,

CHn(E)ζ = inf
a1,...,an∈P1

Berk\{ζ}
(‖Pn(x; a1, . . . , an)‖E)1/n .

We will show that the three quantities

CH∗(E)ζ = lim
n→∞

CH∗n(E)ζ ,

CHa(E)ζ = lim
n→∞

CHa
n(E)ζ ,

CH(E)ζ = lim
n→∞

CHn(E)ζ
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exist, and that CH∗(E)ζ ≥ CHa(E)ζ = CH(E)ζ . They will be called the
restricted Chebyshev constant, the algebraic Chebyshev constant, and the
unrestricted Chebyshev constant, respectively.

The proofs that CH∗(E)ζ , CHa(E)ζ and CH(E)ζ are well-defined are all
similar; we give the argument only for CH(E)ζ . Put α = lim infn CHn(E)ζ .
If α = ∞, then CH(E)ζ = ∞ and there is nothing to prove. Otherwise, fix
ε > 0. Then there are an integer N and points a1, . . . , aN ∈ P1

Berk\{ζ} such
that

MN := sup
x∈E

PN (x; a1, . . . , aN ) ≤ (α+ ε)N .

Let {bj} = {a1, . . . , aN , a1, . . . , aN , . . .} be the sequence which cyclicly re-
peats {a1, . . . , aN}. Put M0 = 1, and for each r = 1, . . . , N − 1, put
Mr = ‖Pr(x; a1, . . . , ar)‖E . Since MN ≤ (α + ε)N is finite, each Mr is
finite as well. Put M = max0≤r≤N Mr/(α + ε)r. For each n we can write
n = qN + r with q, r ∈ Z and 0 ≤ r < N . Then

CHn(E)ζ ≤ (‖Pn(x; b1, . . . , bn)‖)1/N

≤ (M q
N ·Mr)1/n ≤ M1/n · (α+ ε) .

It follows that lim supn→∞CHn(E)ζ ≤ α+ ε. Since ε > 0 was arbitrary,

lim sup
n→∞

CHn(E)ζ ≤ α = lim inf
n→∞

CHn(E)ζ

and CH(E)ζ = limn→∞CHn(E)ζ exists.

Clearly CH(E)∗ζ ≥ CH(E)ζ and CH(E)aζ ≥ CH(E)ζ . We will now show:

Lemma 6.22. CHa(E)ζ = CH(E)ζ .

Proof. If CH(E)ζ = ∞, there is nothing to prove. Otherwise put
α = CH(E)ζ and fix ε > 0. Then there are an N and a1, . . . , aN ∈ P1

Berk

such that ‖PN (x; a1, . . . , aN )‖E ≤ (α + ε)N . Take η > 0. We claim that
for each i, there is an a′i of type I such that δ(x, a′i)ζ ≤ (1 + η)δ(x, ai)ζ for
all x ∈ P1

Berk\{ζ}. If ai of type I, put a′i = ai. If ai is not of type I, let
ri = diamζ(ai); then there is an a′i of type I in the ball B(ai, ri(1 + η))ζ . If
x /∈ B(ai, ri(1 +η))ζ , then δ(x, a′i)ζ = δ(x, ai)ζ by the ultrametric inequality.
If x ∈ B(ai, ri(1 + η))ζ , note that δ(x, ai)ζ ≥ δ(ai, ai)ζ = ri, so again by the
ultrametric inequality,

δ(x, a′i)ζ ≤ (1 + η)ri ≤ (1 + η)δ(x, ai)ζ ,

and in either case the claim is true. It follows that

‖PN (x; a′1, . . . , a
′
N )‖E ≤ ‖PN (x; a1, . . . , aN )‖E · (1 + η)N

≤ (α+ ε)N · (1 + η)N .

Since η is arbitrary, CHa
N (E)ζ ≤ α+ ε, so CHa(E)ζ = CH(E)ζ . �
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6.5. Equality of the capacitary functions

When E is compact, all the capacitary functions above are equal:

Theorem 6.23. For any ζ ∈ P1
Berk, and any compact set E ⊂ P1

Berk\{ζ},

γζ(E) = d∞(E)ζ = CH(E)ζ = CH∗(E)ζ = CHa(E)ζ .

Proof. We have seen that CHa(E)ζ = CH(E)ζ ≤ CH∗(E)ζ . We now
show that γζ(E) ≤ CHa(E)ζ , CH∗(E)ζ ≤ d∞(E)ζ , and d∞(E)ζ ≤ γζ(E).
I. γζ(E) ≤ CHa(E)ζ .

If γζ(E) = 0, there is nothing to prove. Suppose γζ(E) > 0. We
will show that γζ(E) ≤ CHa

n(E)ζ for each n. Fix n and take ε > 0; let
a1, . . . , an ∈ P1(K)\{ζ} be points such that

sup
z∈E

n∏
i=1

δ(z, ai)ζ ≤ (CHa
n(E)ζ + ε)n .

Any finite set of type I points has capacity 0. By Corollary 6.20, replacing
E by E∪{a1, . . . , an} does not change its capacity. Let ν be the probability
measure on E with a point mass 1/n at each ai. Then for each z ∈ E,

− logv(CHa
n(E)ζ + ε) ≤ (1/n)

n∑
i=1

− logv δ(z, ai)ζ = uν(z, ζ) .

By Corollary 6.18, infz∈E uν(z, ζ) ≤ Vζ(E). Thus − logv(CHa
n(E)ζ + ε) ≤

Vζ(E), which gives γζ(E) ≤ CHa
n(E)ζ + ε. Since ε > 0 was arbitrary, we

conclude by letting n→∞ that γζ(E) ≤ CHa(E)ζ .

II. CH∗(E)ζ ≤ d∞(E)ζ .
We will show that dn+1(E)ζ ≥ CH∗n(E)ζ for each n. Since E is compact,

the sup defining dn+1(E)ζ is achieved: there are points x1, . . . , xn+1 ∈ E for
which

dn+1(E)(n+1)n
ζ =

∏
i 6=j

δ(xi, xj)ζ .

If x1, . . . , xn are fixed, then by the definition of dn+1(E)ζ ,

H(z;x1, . . . , xn) :=
∏

1≤i<j≤n
δ(xi, xj)ζ ·

n∏
i=1

δ(z, xi)ζ

achieves its maximum for z ∈ E at z = xn+1. But by the definition of
CH∗n(E)ζ ,

max
z∈E

n∏
i=1

δ(z, xi)ζ ≥ (CH∗n(E)ζ)n .

Thus,

dn+1(E)(n+1)n/2
ζ ≥

∏
1≤i<j≤n

δ(xi, xj)ζ · (CH∗n(E)ζ)n .
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A similar inequality holds if {x1, . . . , xn} is replaced by {x1, . . . , xn+1}\{xk}
for each k = 1, . . . , n+ 1. Multiplying these inequalities together, we find

(dn+1(E)(n+1)n/2
ζ )n+1 ≥ (CH∗n(E)ζ)(n+1)n ·

n+1∏
k=1

(
∏

1≤i<j≤n+1
i,j 6=k

δ(xi, xj)ζ)

= (CH∗n(E)ζ)(n+1)n · (
∏

1≤i<j≤n+1

δ(xi, xj)ζ)n−1

= (CH∗n(E)ζ)(n+1)n · (dn+1(E)(n+1)n/2
ζ )n−1 .

Canceling terms and taking roots gives dn+1(E)ζ ≥ CH∗n(E)ζ .
III. d∞(E)ζ ≤ γζ(E).

We will show that d∞(E)ζ ≤ γζ(E) + ε for each ε > 0.
Fix ε > 0. By Corollary 6.9, there is a strict closed neighborhood W

containing E such that γζ(W ) ≤ γζ(E)+ε. Then ∂W = {a1, . . . , am}, where
each ak is of type II. Put rk = diamζ(ak) and put r = min(rk) > 0. Let
rζ : E → ∂Wζ be the retraction map which takes each x in E to the last point
on the path from x to ζ which belongs to W ; thus rζ(E) ⊂ {a1, . . . , am}.

Note that if x, y ∈ E and rζ(x) = ak, rζ(y) = a`, then δ(x, y)ζ ≤
δ(ak, a`)ζ . Indeed, if k = ` then x, y ∈ B(ak, rk)ζ , so δ(x, y)ζ ≤ rk =
δ(ak, a`)ζ . If k 6= ` then δ(x, y)ζ = δ(ak, a`)ζ , since the paths from x and y
to ζ encounter ak, a` before they meet, so δ(x, y)ζ = δ(ak, a`)ζ .

Fix n. Since E is compact, there are points x1, . . . , xn ∈ E such that

(dn(E)ζ)n(n−1) =
n∏

i,j=1
i 6=j

δ(xi, xj)ζ .

For each ak, let mk be the number of points xi for which rζ(xi) = ak, and
let ν be the probability measure on W given by ν =

∑m
k=1(mk/n)δak(z).

Then Iζ(ν) ≥ Vζ(W ). It follows that

−(1− 1
n

) logv dn(E)ζ =
1
n2

∑
i 6=j
− logv δ(xi, xj)ζ

≥ 1
n2

∑
i 6=j
− logv δ(rζ(xi), rζ(xj))ζ

= Iζ(ν) +
1
n2

m∑
k=1

mk logv(rk)

≥ Vζ(W ) + (1/n) logv(r) .

Letting n → ∞, we see that − logv d∞(E)ζ ≥ Vζ(W ). Thus, d∞(E)ζ ≤
γζ(W ) ≤ γζ(E) + ε as claimed. �

Remark 6.24. The various capacitary functions need not be equal if
E is not compact. For example, suppose K = Cp and ζ is of type I, and



116 6. CAPACITY THEORY

let E = P1(Q)\{ζ} where Q is the algebraic closure of Q in Cp. Then
dζ(E) = CHζ(E) =∞ because δ(x, y)ζ is unbounded on E, while γζ(E) = 0
because E is countable.

We next prove the following result comparing our capacities with those
defined in ([72]). Suppose K = Cp and ζ ∈ P1(K). For each set F ⊂
P1(K)\{ζ} which is bounded away from ζ, we let γRζ (F ) be the outer capacity
of F , in the sense of ([72], §4.3). Since the generalized Hsia kernel δ(x, y)ζ
restricts to the canonical distance [x, y]ζ on P1(K)× P1(K), it follows from
the definitions in ([72]) that

γRζ (F ) = lim
n→∞

inf
a1,...,an∈P1(K)\{ζ}

(‖Pn(x; a1, . . . , an)‖F )1/n = CHa(F )ζ ,

where as before

Pn(x; a1, . . . , an) =
n∏
i=1

δ(x, ai)ζ .

Corollary 6.25. Suppose K = Cp and ζ ∈ P1(K). If E is a compact
subset of P1

Berk\{ζ} such that E ∩ P1(K) is dense in E, then

γζ(E) = γRζ (E ∩ P1(K)) .

Proof. Since γζ(E) = limn→∞CHa
n(E)ζ by Theorem 6.23, it suffices

to note that since Pn(x; a1, . . . , an) is continuous in x on P1\{ζ} and E′ =
E ∩ P1(K) is dense in E, we have

(‖Pn(x; a1, . . . , an)‖E)1/n = (‖Pn(x; a1, . . . , an)‖E′)1/n

for all n and all a1, . . . , an ∈ P1(K)\{ζ}. �

Remark 6.26. In particular, the hypothesis of Corollary 6.25 is satisfied
when E is a strict closed affinoid in P1

Berk (see Appendix C), so that E ∩
P1(K) is an “RL-domain” in the sense of ([72]).

6.6. A generalization of the Fekete-Szegö Theorem

As an application, in this section we will give Berkovich versions of the
adelic Fekete and Fekete-Szegö theorems (Theorems 6.3.1 and 6.3.2 of [72]),
in the case C = P1 and X = {∞}. Berkovich versions of the Fekete and
Fekete-Szegö theorems for general X will be given in §7.8. This section will
not be used in what follows, except in §7.8.

In the discussion that follows, we assume familiarity with basic concepts
from algebraic number theory.

Let k be a global field (that is, a finite extension of Q, or of Fp(T ) for
some finite field Fp). For each place v of k, let kv be the completion of k at v,
let kv be an algebraic closure of kv, and let Cv denote the completion of kv.
It is well known that Cv is algebraically closed. If v is nonarchimedean, let
qv be the order of the residue field of kv and normalize the absolute value on
Cv so that |x|v = q

− ordv(x)
v ; put Nv = 1. If v is archimedean, let |x|v = |x|
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be the usual absolute value on Cv
∼= C. Put Nv = 1 if kv ∼= R, and put

Nv = 2 if kv ∼= C. Then for 0 6= κ ∈ k, the product formula reads∏
v

|κ|Nvv = 1 .

Let k be an algebraic closure of k. For each v, fix an embedding of k in Cv and
view this embedding as an identification. Let P1

Berk,v denote the Berkovich
projective line over Cv (which we take to mean P1(C) if v is archimedean).
Using the identification above, view P1(k) as a subset of P1

Berk,v.
Fixing a coordinate system on P1, define a “compact Berkovich adelic

set” (relative to the point ζ =∞) to be a set of the form

E =
∏
v

Ev ,

where Ev is a nonempty compact subset of P1
Berk,v\{∞} for each place v

of k, and where Ev is the closed disc D(0, 1) = P1
Berk,v\B(∞, 1)− for all v

outside a finite set of places S containing the archimedean places. For each
nonarchimedean v, let γ∞(Ev) be the capacity defined in (6.1), using the
weight qv and absolute value |x|v above. If v is archimedean and kv ∼= R, let
γ∞(Ev) be the usual logarithmic capacity γ(Ev); if kv ∼= C, let γ∞(Ev) =
γ(Ev)2. The logarithmic capacity (relative to ∞) of E, denoted γ∞(E), is
defined to be

γ∞(E) =
∏
v

γ∞(Ev) .

It is well-defined since γ∞(Ev) = γ∞(D(0, 1)) = 1 for each v /∈ S.
Each continuous automorphism of Cv/kv extends (through its obvious

action on nested sequences of discs) to an automorphism of P1
Berk,v; we will

say that Ev is kv-symmetric if it is stable under all such automorphisms.
We will say that E is k-symmetric if Ev is kv-symmetric for all v.

A “Berkovich adelic neighborhood” of E is a set U of the form

U =
∏
v

Uv ,

where for each v ∈ S, Uv is an open neighborhood of Ev in P1
Berk,v, and for

each v /∈ S, either Uv is an open neighborhood of Ev or Uv = Ev = D(0, 1).
Our generalization of the Fekete and Fekete-Szegö theorems is as follows:

Theorem 6.27. Let E be a k-symmetric compact Berkovich adelic set
(relative to ∞).

(A) If γ∞(E) < 1, then there is a Berkovich adelic neighborhood U of
E such that the set of points of P1(k), all of whose conjugates are
contained in U, is finite.
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(B) If γ∞(E) > 1, then for every Berkovich adelic neighborhood U of
E, the set of points of P1(k), all of whose conjugates are contained
in U, is infinite.

This theorem is proved in §6.3 of ([72]) with γ∞(E) =
∏
v γ∞(Ev) re-

placed by
∏
v γ

R
∞(Ev ∩ P1(Cv)), assuming that Ev ∩ P1(Cv) is algebraically

capacitable for all nonarchimedean v (we refer to [72] for the definition of
algebraic capacitability). It is enough for our purposes to know that for
nonarchimedean v, the intersections of strict closed affinoids with P1(Cv)
(which are called “RL-domains” in [72]), are algebraically capacitable (see
[72], Theorem 4.3.3), and are both open and closed in P1(Cv). We will
reduce Theorem 6.27 to Theorems 6.3.1 and 6.3.2 of ([72]), using Corol-
lary 6.9.

Proof of Theorem 6.27. By the remark following Corollary 6.25, to-
gether with Theorems 6.3.1 and 6.3.2 of ([72]), the result is true when each
non-archimedean Ev is a strict closed affinoid. Let S be a finite set of
places of k containing all the archimedean places and all the places where
Ev 6= D(0, 1).

For part (A), for each nonarchimedean v ∈ S, Corollary 6.9 allows us to
replace Ev by a strict closed affinoid Fv with Ev ⊆ Fv, for which γζ(Fv) is
arbitrarily close to γζ(Ev). Since Fv has only finitely many kv-conjugates,
after replacing it by the intersection of those conjugates, we can assume
without loss that Fv is kv-symmetric. Let F be the corresponding set, with
the Fv chosen in such a way that γζ(F) strictly less than 1.

For each v, put FRv = Fv ∩ P1(Cv), and let FR =
∏
v F

R
v . Then FR is an

adelic set of the type studied in ([72]). Since FRv is dense in Fv for each v,
Corollary 6.25 shows that

γR∞(FR) = γ∞(F) < 1 .

By Theorem 6.3.1 of ([72]), there is an adelic neighborhood UR =
∏
v U

R
v

of FR for which there are only finitely many α ∈ P1(k) whose Gal(k/k)-
conjugates all belong to URv , for each v. More precisely, the proof of Theorem
6.3.1 constructs a polynomial f ∈ k[z] such that for each v ∈ S

sup
z∈FRv

|f(z)|v < 1 , URv = {z ∈ P1(Cv) : |f(z)|v < 1} ,

and for each v /∈ S (so Fv = Ev = D(0, 1))

sup
z∈FRv

|f(z)|v = 1, URv = FRv = {z ∈ P1(Cv) : |f(z)|v ≤ 1} .

We can now conclude the proof as follows. For each v ∈ S put Uv = {z ∈
P1

Berk,v : [f ]z < 1}, and for each v /∈ S, put Uv = {z ∈ P1
Berk,v : [f ]z ≤ 1}.

Then for each v, Uv ∩ P1(Cv) = URv , and Fv ⊂ Uv since FRv is dense in
Fv. If v ∈ S then Uv is an open neighborhood of Fv, and if v /∈ S then
Uv = Fv = D(0, 1). Thus U :=

∏
v Uv is a Berkovich adelic neighborhood of

F, having the property required in the theorem.



6.7. NOTES AND FURTHER REFERENCES 119

In fact, the only points α ∈ k whose conjugates all belong to U are
the roots of f(z). Suppose α and its conjugates belong to U. If L is the
normal closure of α over k, and pm is the degree of inseparability of L/k,
then β := NL/k(f(α)) belongs to k and∏

v

|β|Nvv =
∏
v

( ∏
σ∈Aut(L/k)

|f(σ(α))|Nvv
)pm

< 1 ,

so β = 0 by the product formula. This means some σ(α) is a root of f , so
α is a root as well.

For part (B), given an adelic neighborhood U of E, Corollary 6.9 allows
us to replace each Ev for v ∈ S by a slightly larger strict closed affinoid
Fv which is still contained in Uv. As before, we can assume without loss
that Fv is kv-symmetric, and hence that that the corresponding adelic set
F is k-symmetric. We now apply Theorem 6.3.2 of ([72]) to the set FR =∏
v(Fv ∩ P1(Cv)) and its neighborhood UR =

∏
v(Uv ∩ P1(Cv)), noting that

γR∞(FR) = γ∞(F) > 1 .

That theorem produces infinitely many α ∈ P1(k) whose conjugates all be-
long to Uv∩P1(Cv) for each v. Since UR ⊂ U, these α meet the requirements
of Theorem 6.27(B). �

Remark 6.28. Compact subsets of P1(Cv) are algebraically capacitable.
Note that a closed affinoid is not compact as a subset of P1(Cv), but both
closed affinoids and compact subsets of P1

Berk are intersections of compact
subsets of P1

Berk with P1(Cv). Thus Theorem 6.27 generalizes both the RL-
domain and compact cases of the Fekete and Fekete-Szegö theorems from
([72]).

6.7. Notes and further references

An accessible reference for classical capacity theory over C is ([63]);
see also ([45]) and ([78]). A non-archimedean version of capacity theory
(without Berkovich spaces) is developed in ([25]); see ([72]) for a more
systematic version. In his thesis, Thuillier ([77]) has developed parts of
capacity theory in the context of Berkovich curves.

In ([72]), capacity theory is developed relative to an arbitrary finite
set X (instead of just relative to a point ζ). The Fekete and Fekete-Szegö
Theorems proved in ([72]) hold with P1 replaced by an arbitrary curve C/k,
and with ζ replaced by any k-symmetric finite set X ⊂ C(k). A Berkovich
space version of the multi-center Fekete-Szegö theorem is given in §7.8.

In [35] (which we learned about only after the present chapter was writ-
ten), Bálint Farkas and Béla Nagy study the relationship between abstract
notions of transfinite diameter, Chebyshev constant, and capacity on locally
compact Hausdorff topological spaces with respect to a positive, symmetric,
lower semicontinuous kernel function. Some of the results in the present
chapter could be proved by referencing their general theory. Conversely,
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several of the arguments given in this chapter hold more or less without
modification in the more general context considered in [35].



CHAPTER 7

Harmonic functions

In this chapter, we develop a theory of harmonic functions on P1
Berk. We

first define what it means for a function to be harmonic on an open set. We
then establish analogues of the Maximum Principle, Poisson’s formula, Har-
nack’s theorem, the Riemann Extension theorem, and the theory of Green’s
functions. We characterize harmonic functions as limits of logarithms of
norms of rational functions, and show their stability under uniform limits
and pullbacks by meromorphic functions.

As a byproduct of the theory, in §7.6 we obtain the uniqueness of the
equilibrium measure, asserted in Chapter 6. As another application, in §7.8
we give a Berkovich version of the multi-center Fekete-Szegö theorem.

7.1. Harmonic functions

In this section we will define harmonic functions, give examples, and
establish a basic result about their structure (Proposition 7.12).

Recall that a domain is a connected open subset U of P1
Berk, and that if

U is a domain, and f ∈ BDV(U), then the Laplacian of f is the measure
∆U (f) = ∆U (f)|U (Definition 5.12).

However, if V is open but not connected, we have not defined ∆V (f) or
∆V (f), even if f ∈ BDV(U) for each component U of V . This is because
different components may share boundary points, creating unwanted inter-
action between the Laplacians on the components. For example, let ζGauss ∈
P1

Berk be the Gauss point, and consider the open set U = P1
Berk\{0, ζGauss}.

It has one distinguished component U0 = B(0, 1)−\{0} and infinitely many
other components Ui = B(ai, 1)−0 . They all have ζGauss as a boundary point.
The function f which is − logv(δ(x, 0)∞) in U0 and is 0 elsewhere has Lapla-
cian ∆U0

(f) = δ0 − δζGauss
, while ∆U i

(f) = 0 for i 6= 0.

Definition 7.1. If U is a domain, a function f : U → R is strongly
harmonic in U if it is continuous on U , belongs to BDV(U), and satisfies

∆U (f) ≡ 0 .

Definition 7.2. If V is an arbitrary open set, then f : V → R is
harmonic in V if for each x ∈ V , there is a domain Ux ⊂ V with x ∈ Ux on
which f is strongly harmonic.

If f and g are harmonic (or strongly harmonic) in V , then so are −f and
a · f + b · g, for any a, b ∈ R. In view of the Laplacians on P1

Berk computed

121
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in §5.3, combined with Proposition 5.22, we have the following examples of
strongly harmonic functions:

Example 7.3. Each constant function f(x) = C on a domain U is
strongly harmonic.

Example 7.4. For fixed y, ζ ∈ P1
Berk, − logv(δ(x, y)ζ) is strongly har-

monic in each component of P1
Berk\{y, ζ}.

Example 7.5. If 0 6= g ∈ K(T ) has divisor div(g) =
∑m

i=1 ni(ai), then
f(x) = − logv([g]x) is strongly harmonic in P1

Berk\{a1, . . . , am}.

Example 7.6. Given a probability measure ν and a point ζ 6∈ supp(ν),
the potential function uν(z, ζ) is strongly harmonic in each component of
P1

Berk\(supp(ν) ∪ {ζ}).

In Example 7.13 below, we will give an example of a function which is
harmonic on a domain U but not strongly harmonic. The following lemma
clarifies the relation between being harmonic and strongly harmonic.

Lemma 7.7.
(A) If U1 ⊂ U2 are domains, and f is strongly harmonic in U2, then f

is strongly harmonic in U1.
(B) If f is harmonic in an open set V , and U is a subdomain of V with

U ⊂ V , then f is strongly harmonic in U .
(C) If f is harmonic on V and E ⊂ V is compact and connected, there

is a subdomain U ⊂ V containing E such that f is strongly harmonic on U .

In Corollary 7.11 below, we will see that if V is a domain, there is a
countable exhaustion of V by subdomains on which f is strongly harmonic.

Proof. For (A), note that f ∈ BDV(U1) and ∆U1(f) = ∆U2(f)|U1 by
Proposition 5.22.

For (B), note that for each x ∈ U there is a connected neighborhood
Ux of x contained in V such that f is strongly harmonic in Ux. Since
U is compact, a finite number of the Ux cover U , say Ux1 , . . . , Uxm . Put
W =

⋃m
i=1 Uxi . Clearly W is open. It is also connected, since U and the Uxi

are connected, so it is a domain. By Proposition 5.23, f |W ∈ BDV(W ), and
∆W (f) ≡ 0. In turn, by Proposition 5.22, f |U ∈ BDV(U) and ∆U (f) ≡ 0.

For (C), note that for each x ∈ E there is a connected neighborhood
Ux ⊂ V of x on which f is strongly harmonic. Since E is compact, a finite
number of the Ux cover E. Let U be the union of those neighborhoods.
Then U is connected, and by the same argument as above, f is strongly
harmonic on U . �

A key observation is that the behavior of a harmonic function on a
domain U is controlled by its behavior on a special subset.

Definition 7.8. If U is a domain, the main dendrite D = D(U) ⊂ U is
set of all x ∈ U belonging to paths between boundary points y, z ∈ ∂U .
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Note that the main dendrite can be empty: that will be the case if
and only if U has one or no boundary points, namely if U is a connected
component of P1

Berk\{ζ} for some ζ ∈ P1
Berk, or if U = P1

Berk.
If the main dendrite is nonempty, it is an R-tree which is finitely branched

at each point. To see this, we first require the following lemma.

Lemma 7.9. Let W ⊂ P1
Berk be a domain, let x ∈ W , and let y ∈

P1
Berk\W . Then the unique path Γ from x to y contains some boundary

point of W .

Proof. Let W ′ = P1
Berk\W . If Γ∩∂W = ∅, then Γ = (Γ∩W )∪(Γ∩W ′)

is a union of two relatively open subsets, contradicting the fact that Γ is
connected. Thus Γ ∩ ∂W 6= ∅. �

Proposition 7.10. Let U be a domain in P1
Berk, and let D be the main

dendrite of U . If D is nonempty, then:
(A) D is finitely branched at every point.
(B) D is a countable union of finite R-trees, whose boundary points are

all of type II.

Proof. For (A), fix z ∈ D, and choose a covering of ∂U by simple
domains not containing z. Since ∂U is compact, a finite number of simple
domains W1, . . . ,Wn will suffice. Let W = W1 ∪ . . . ∪Wn, and let B be the
finite set consisting of all boundary points of W1, . . . ,Wn in U . It follows
from Lemma 7.9 that D ∩ (U\W ) coincides with the union P of all paths
between z and points in B. This shows D is finitely branched at z, as
desired.

For (B), we require a more “quantitative” argument. Suppose D is
nonempty. Fix ζ ∈ D, and put r0 = supx∈∂U (diamζ(x)). Since ∂U is com-
pact and diamζ(x) = δ(x, x)ζ is upper semicontinuous (Proposition 4.10(A)),
by ([63], Theorem 2.1.2) the sup is achieved at some x0 ∈ ∂U . Since
diamζ(x) < diamζ(ζ) for each x ∈ P1

Berk\{ζ}, it follows that r0 < diamζ(ζ).
Let N be an integer large enough that 0 < 1/N < diamζ(ζ) − r0. For

each integer n ≥ N , and each x ∈ ∂U , let rx,n be a number which belongs
to |K×| and satisfies

diamζ(x) +
1

n+ 1
< rx,n < diamζ(x) +

1
n
.

Since ∂U is compact, it can be covered by finitely many open balls B(x, rx,n)−ζ
(Proposition 4.10(D)), say the balls corresponding to x1, . . . , xmn . Since
δ(x, y)ζ satisfies the ultrametric inequality (Proposition 4.10(C)), without
loss of generality we can assume these balls are pairwise disjoint. Let
Vn =

⋃mn
i=1 B(xi, rxi,n)−ζ . Each ball B(xi, rxi,n)−ζ has a single boundary point

zi,n, which is necessarily of type II, and belongs to D if D is nonempty.
Let Dn be the smallest connected subset of HBerk containing the points

z1,n, . . . , zmn ; then Dn is a finite R-tree contained in U . If y, z ∈ ∂U belong
to the same ball B(xi, rxi,n)−ζ then the path between them lies entirely in that
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ball, because a subset of P1
Berk is connected if and only if it is path connected,

and there is a unique path between any two points. If y and z belong to
distinct balls B(xi, rxi,n)−ζ , B(xj , rxj ,n)−ζ , the path between them is contained
in those balls together with Dn. If we fix x ∈ ∂U and let n→∞, then the
balls B(x, rx,n)−ζ will eventually omit any given point z ∈ U ; this follows
from Remark 4.12 and the fact that

⋂
n B(x, rx,n)−ζ = B(x,diamζ(x))ζ , since

U is completely contained in P1
Berk\B(x,diamζ(x))ζ . If n2 > n1, then since

δ(x, y)ζ satisfies the ultrametric inequality, our choice of the rx,n shows that
Vn2 is contained in the interior of Vn1 . It follows that Dn1 is contained in
the interior of Dn2 , and therefore as n → ∞ the subgraphs Dn exhaust D.
Thus

D =
∞⋃
n=N

Dn

and each Dn is a finite R-tree whose boundary points are of type II. �

Recall (Definition 2.26) that a strict simple domain is a simple domain
whose boundary points are all of type II; strict simple domains coincide with
strict open affinoid domains. From the proof of Proposition 7.10, we obtain
the following useful result:

Corollary 7.11. If U 6= P1
Berk is a domain in P1

Berk, then U can be
exhausted by a sequence W1 ⊂ W2 ⊂ · · · of strict simple domains with
Wn ⊂Wn+1 ⊂ U for each n.

Proof. If the main dendrite D of U is nonempty, fix a point ζ ∈ D;
if D is empty, let ζ ∈ U be arbitrary. Let the sets Vn be as in the proof
of Proposition 7.10(B). (Note that the construction of the Vn only requires
that ∂U 6= ∅, and not that D is non-empty.)

Put Wn = U ∩
(
P1

Berk\V n

)
. By construction Wn ⊂ Wn+1, and the Wn

exhaust U . Since Wn is a domain with finite boundary ∂Wn = ∂Vn, and
each point of ∂Wn is of type II, it follows that Wn is a strict simple domain.

�

The connection between the main dendrite and harmonic functions is
given by the following important result:

Proposition 7.12. Let f be harmonic in a domain U . If the main
dendrite is empty, then f is constant on U ; otherwise, f is constant along
every path leading away from the main dendrite.

Proof. First suppose the main dendrite is nonempty, and let x ∈ U\D.
Fix a point y0 ∈ D, and let w be the first point in D along the path from x
to y0. We claim that f(x) = f(w).

To see this, let V be the connected component of P1
Berk\{w} containing

x; then V ⊂ U because x is not on D. By Lemma 7.7.B, f is strongly
harmonic on V , and ∆V (f) ≡ 0. As ∂V = {w}, we have V = V ∪ {w} ⊂ U .
By Proposition 5.21, ∆V (f)({w}) = −∆V (f)(V ) = 0. Since ∆V (f) =
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∆V (f)|V , it follows that ∆V (f) ≡ 0. By Lemma 5.20, f is constant on
V ∩ HBerk. Since f is continuous on U , it must be constant on all of V .
Thus f(x) = f(w).

Next suppose the main dendrite is empty. Then either U = P1
Berk, or U

is a connected component of P1
Berk\{ζ} for some ζ ∈ P1

Berk. Fix w ∈ U , and
x ∈ U be arbitrary. By the description of U above, there is a disc V with
V ⊂ U , for which both x,w ∈ V . The same argument as before shows that
f(x) = f(w). �

Taken together, Propositions 7.12 and 7.10 show in particular that a
harmonic function on a domain U is constant in all but finitely many tangent
directions at every point x ∈ U .

Example 7.13. A domain U and a function f : U → R which is har-
monic on U but not strongly harmonic:

Let K = Cp, fix coordinates so that P1
Berk = A1

Berk ∪ {∞}, and take
U = P1

Berk\Zp. Then the main dendrite D is a tree whose root node is the
Gauss point ζGauss, and whose other nodes are at the points corresponding
to the balls B(a, p−n) for a, n ∈ Z, with n ≥ 1 and 0 ≤ a ≤ pn − 1. It has p
branches extending down from each node, and each edge has length 1.

To describe f , it suffices to give its values on the main dendrite. It will
be continuous, with constant slope on each edge. Let f(ζGauss) = 0; we
will recursively give its values on the other nodes. Suppose za is a node on
which f(za) has already been defined. If za is the root node, put Na = 0;
otherwise, let Na be the slope of f on the edge entering za from above. Of
the p edges extending down from za, choose two distinguished ones, and let
f(z) have slope Na + 1 on one and slope −1 on the other, until the next
node. On the p− 2 other edges, let f(z) have the constant value f(za) until
the next node.

By construction, the sum of the slopes of f on the edges leading away
from each node is 0, so f is harmonic in U . However, there are edges of
D on which f has arbitrarily large slope; if Γ is an edge of D on which f
has slope mΓ, then |∆Γ(f)|(Γ) = 2|mΓ|. Thus, f /∈ BDV(U), and f is not
strongly harmonic on U .

7.2. The Maximum Principle

We will now show that harmonic functions on domains in Berkovich
space share many properties of classical harmonic functions.

Proposition 7.14. (Maximum Principle)
(A) If f is a nonconstant harmonic function on a domain U ⊂ P1

Berk,
then f does not achieve a maximum or a minimum value on U .

(B) If f is harmonic on U and lim supx→∂U f(x) ≤M , then f(x) ≤M
for all x ∈ U ; if lim infx→∂U f(x) ≥ m, then f(x) ≥ m for all x ∈ U .

Proof. It suffices to deal with the case of a maximum.
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To prove (A), suppose f takes on its maximum at a point x ∈ U . Let
V ⊂ U be a subdomain containing x on which f is strongly harmonic. We
will show that f is constant on V . It follows that {z ∈ U : f(z) = f(x)}
is both open and closed, and hence equals U since U is connected, so f is
constant on U .

By Proposition 7.12, we can assume the main dendriteD of V is nonempty.
Let T be the branch off the main dendrite containing x, and let w be
the point where T attaches to D. By Proposition 7.12 again, we have
f(w) = f(x).

Let Γ ⊂ D be an arbitrary finite subgraph with w in its interior. By
the definition of the main dendrite, rV ,Γ(∂V ) consists of the endpoints of
Γ. Since ∆V (f) is supported on ∂V , ∆Γ(f) = (rV ,Γ)∗(∆V (f)) is supported
on the endpoints of Γ. By Proposition 3.10, f |Γ ∈ CPA(Γ). Let Γw be the
connected component of {z ∈ Γ : f(z) = f(w)} containing w. If Γw 6= Γ,
let p be a boundary point of Γw in Γ. Since f(p) is maximal, we must have
d~vf(p) ≤ 0 for all tangent vectors ~v ∈ Tp. Since f |Γ ∈ CPA(Γ), and f |Γ is
nonconstant near p, there must be some ~v with d~v(f)(p) < 0. It follows that

∆Γ(f)(p) = −
∑
~v ∈ Tp

d~vf(p) > 0 .

This contradicts the fact that ∆Γ(f) is supported on the endpoints of Γ,
and we conclude that Γw = Γ.

Since Γ can be taken arbitrarily large, f must be constant on the main
dendrite. By Proposition 7.12, it is constant everywhere on V .

Part (B) of the proposition is deduced as follows. Since the function
f# : U → R defined by

f#(x) =
{
f(x) for x ∈ U ,
lim supy→x, y∈U f(y) for x ∈ ∂U ,

is upper semicontinuous, it attains its maximum value on U . Since f is
harmonic, the maximum value cannot occur on U , which implies that if
lim supx→∂U f(x) ≤M , then f#(x) ≤M for all x ∈ U , and thus f(x) ≤M
for all x ∈ U . A similar argument using lower semicontinuity implies that if
lim infx→∂U f(x) ≥ m, then f(x) ≥ m for all x ∈ U . �

There is an important strengthening of the Maximum Principle which
allows us to ignore sets of capacity 0 in ∂U .

Proposition 7.15. (Strong Maximum Principle)
Let f be harmonic on a domain U ⊂ P1

Berk. Assume either that f is
nonconstant, or that ∂U has positive capacity.

If f is bounded above on U , and there are a number M and a set e ⊂ ∂U
of inner capacity 0 such that lim supx→z f(x) ≤ M for all z ∈ ∂U\e, then
f(x) ≤M for all x ∈ U .
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Similarly, if f is bounded below on U , and there are a number m and a
set e ⊂ ∂U of capacity 0 such that lim infx→z f(x) ≥ m for all z ∈ ∂U\e,
then f(x) ≥ m for all x ∈ U .

For the proof, we will need the existence of an ‘Evans function’.

Lemma 7.16. Let e ⊂ P1
Berk be a compact set of capacity 0, and let ζ /∈ e.

Then there is a probability measure ν supported on e for which the potential
function uν(z, ζ) (which is defined on all of P1

Berk as a function to R∪{±∞})
satisfies

lim
z→x

uν(z, ζ) = ∞

for all x ∈ e. A function with this property is called an Evans function.

Proof. By Theorem 6.23, the restricted Chebyshev constant CH∗(e)ζ
is 0. This means that for each ε > 0, there are points a1, . . . , aN ∈ e for
which the pseudo-polynomial

PN (z; a1, . . . , aN ) =
N∏
i=1

δ(z, ai)ζ

satisfies (‖PN (z; a1, . . . , aN )‖e)1/N < ε.
Let q = qv be the base of the logarithm logv(t), and take ε = 1/q2k

for k = 1, 2, 3, . . .. For each k we obtain points ak,1, . . . , ak,Nk such that
the corresponding pseudo-polynomial PNk(z) satisfies (‖PNk‖e)1/Nk < 1/q2k .
Put

ν =
∞∑
k=1

1
2k

(
1
Nk

Nk∑
i=1

δak,i) .

Then ν is a probability measure supported on e, and

uν(z, ζ) =
∞∑
k=1

1
2k

(− 1
Nk

logv(PNk(z))) .

Since PNk(z) is continuous, there is a neighborhood Uk of e on which
PNk(z)1/Nk < 1/q2k . Without loss of generality, we can assume U1 ⊃ U2 ⊃
U3 . . .. On Um, for each k = 1, . . . ,m we have

− 1
2k
· 1
Nk

logv(PNk(z)) ≥ − 1
2k

logv(1/q
2k) = 1 .

Hence uν(z, ζ) ≥ m on Um. Letting m→∞, we see that limz→x uν(z, ζ) =
∞ for each x ∈ e. �

We can now prove Proposition 7.15, using the same argument as in the
classical case.
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Proof. It suffices to deal with the case of a maximum.
Suppose f is bounded above on U , and there are a number M and a set

e ⊂ ∂U of inner capacity 0 such that lim supx→z f(x) ≤M for all z ∈ ∂U\e,
but that for some x0 ∈ U ,

f(x0) > M .

We are assuming that either f is nonconstant, or that ∂U has positive
capacity. If f is nonconstant, there is a point ζ ∈ U with f(ζ) 6= f(x0), and
after interchanging x0 and ζ if necessary we can assume f(x0) > f(ζ). If ∂U
has positive capacity, then for each z ∈ ∂U\e we have lim supx→z f(x) ≤M ,
and again there is a point ζ ∈ U with f(ζ) < f(x0).

Fix M1 > M with f(x0) > M1 > f(ζ), and let

W = {x ∈ U : f(x) > M1} , W ′ = {x ∈ U : f(x) < M1} .

Then W and W ′ are open, by the continuity of f on U . Furthermore, ζ ∈W ′
and W ′ ∩W = ∅.

Let V be the connected component of W containing x0. Then V is
open and is itself a domain in P1

Berk. Consider its closure V . If V ⊂ U ,
then each y ∈ ∂V would have a neighborhood containing points of V and
points of U\W . By the continuity of f , this implies f(y) = M1. However,
f(x0) > M1. This violates the Maximum Principle for V .

Hence e1 = V ∩∂U is nonempty; clearly it is compact. By the definition
of W , e1 is contained the exceptional set e where lim supx→y f(x) > M .
Since e has inner capacity 0, e1 has capacity 0.

Our construction has assured that ζ /∈ e1. Let h be an Evans function
for e1 with respect to ζ. Then h is harmonic in V , and limx→y h(x) =∞ for
each y ∈ e1. Since ζ /∈ V , h is bounded below on V , say h(x) ≥ −B for all
x ∈ V .

For each η > 0, put

fη(x) = f(x)− η · h(x)

on V . Then fη is harmonic in V . Since f is bounded above on U , for each
y ∈ e1 we have

lim sup
x→y

fη(x) = −∞ .

On the other hand, for each y ∈ ∂V ∩U , f is continuous at y and f(y) = M1,
as before. Hence

lim sup
x→y

fη(x) ≤ M1 + η ·B .

Since each y ∈ ∂V either belongs to e1 or to ∂V ∩U , the Maximum Principle
shows that fη(x) ≤M1 + η ·B on V , hence that

f(x) ≤ M1 + η · (B + h(x)) .

Fixing x and letting η → 0, we see that f(x) ≤M1 for each x ∈ V . However,
this contradicts f(x0) > M1.

Thus, f(x) ≤M for all x ∈ U , as was to be shown. �
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Proposition 7.17. (Riemann Extension Theorem) Let U be a domain,
and let e ⊂ U be a compact set of capacity 0. Suppose f is harmonic and
bounded in U\e. Then f extends to a harmonic function on U .

Proof. Note that U\e is indeed a domain: it is open since e is closed,
and it is connected since a set of capacity 0 is necessarily contained in P1(K),
and removing type I points cannot disconnect any connected set.

We claim that f is locally constant in a neighborhood of each point a ∈ e.
To see this, given a ∈ e, let B be an open ball containing a whose closure
is contained in U . (Such a ball exists, because a ∈ P1(K).) Consider the
restriction of f to the domain V = B\e. Since the intersection of ∂V with
the complement of e is equal to ∂B = {z} ⊂ HBerk, and since a harmonic
function is continuous at each point of HBerk, it follows that

lim
x→z
x∈V

f(x) = f(z) .

Applying Proposition 7.15 to f on V , we see that for each x ∈ V , both
f(x) ≤ f(z) and f(x) ≥ f(z). Thus f(x) = f(z) for all z ∈ V .

If we extend f by putting f(x) = f(z) for all x ∈ B, it is easy to verify
that the extended function is harmonic on U , as desired. �

Corollary 7.18. Let {a1, . . . , am} be a finite set of points in P1(K), or
in P1(K) ∩ B(a, r)−ζ for some ball. Then the only bounded harmonic func-
tions in P1

Berk\{a1, . . . , am}, or in B(a, r)−ζ \{a1, . . . , am}, are the constant
functions.

Proof. We have seen in Proposition 7.12 that if U is P1
Berk or an open

disc, the only harmonic functions on U are the constant functions. Since
a finite set of type I points has capacity 0, Proposition 7.17 shows that a
bounded harmonic function on U\{a1, . . . , am} extends to a function har-
monic on U . �

We can now prove the uniqueness of the equilibrium distribution, as
promised in Chapter 6:

Proposition 7.19. Let E ⊂ P1
Berk be a compact set with positive capac-

ity, and let ζ ∈ P1
Berk\E. Then the equilibrium distribution µζ of E with

respect to ζ is unique.

Proof. Suppose µ1 and µ2 are two equilibrium distributions for E with
respect to ζ, so that

Iζ(µ1) = Iζ(µ2) = Vζ(E) .

Let u1(x) = uµ1(x, ζ) and u2(x) = uµ2(x, ζ) be the corresponding potential
functions, and let U be the connected component of P1

Berk\E containing ζ.
Both u1 and u2 satisfy Frostman’s Theorem (Theorem 6.17): each is

bounded above by Vζ(E) for all z, each is equal to Vζ(E) for all z ∈ E
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except possibly on an Fσ set fi of capacity 0, and each is continuous on E
except on fi. Furthermore, each is bounded in a neighborhood of E.

Consider the function u = u1 − u2. By Example 5.17, u ∈ BDV(P1
Berk)

and
∆P1

Berk
(u) = (µ1 − δζ)− (µ2 − δζ) = µ1 − µ2 .

By Proposition 6.8, µ1 and µ2 are both supported on ∂Eζ = ∂U ⊂ U . Since
the retraction map rP1

Berk,U
fixes U , it follows that

(7.1) ∆U (u) = (rP1
Berk,U

)∗(∆P1
Berk

(u)) = µ1 − µ2 .

Thus ∆U (u) is supported on ∂U .
First suppose ζ ∈ HBerk. By Proposition 6.8, both u1 and u2 are well-

defined and bounded on all of P1
Berk, and are continuous on U . Hence u

has these properties as well. By (7.1), u is strongly harmonic on U . Put
f = f1 ∪ f2; then f has capacity 0 by Corollary 6.20. By the discussion
above, for each x ∈ ∂U\f , u is continuous at x and u(x) = 0. In particular,

(7.2) lim
z→x
z∈U

u(z) = 0 .

By the Strong Maximum Principle (Proposition 7.15), u(z) ≡ 0 on U . Hence
∆U (u) = 0, so µ1 = µ2.

If ζ ∈ P1(K), there is a slight complication because u1(ζ) − u2(ζ) =
∞−∞ is undefined. However, Proposition 6.11 shows that u is constant,
and in fact is identically 0, in a deleted neighborhood of ζ. By Proposition
6.11 and Theorem 6.17, each ui is bounded in a neighborhood of E and is
continuous in U\{ζ}, so u is harmonic and bounded in U\{ζ}. The boundary
limits (7.2) continue to hold for all x ∈ ∂U\f , and in addition

(7.3) lim
z→ζ
z∈U

u(z) = 0 .

Applying the Strong Maximum Principle to u on the domain U\{ζ}, relative
to the exceptional set f∪{ζ} contained in its boundary ∂U∪{ζ}, we conclude
that u ≡ 0 in U\{ζ}. Since the closure of U\{ζ} is U , it follows as before
that ∆U (u) = 0, and therefore that µ1 = µ2. �

7.3. The Poisson Formula

In the classical theory of harmonic functions in the complex plane, if f
is harmonic on an open disk D then it has a continuous extension to the
closure D, and the Poisson Formula expresses the values of f on D in terms
of its values on the boundary ∂D.

Specifically, if D ⊆ C is an open disk of radius r centered at z0, and if f
is harmonic in D, then f extends continuously to D and f(z0) =

∫
∂D f dµD,

where µD is the uniform probability measure dθ/2π on the boundary circle
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∂D. More generally, for any z ∈ D there is a measure µz,D depending only
on z and D, called the Poisson-Jensen measure, for which

f(z) =
∫
∂D
f dµz,D

for every harmonic function f on D. We seek to generalize this formula to
the Berkovich projective line.

Recall that a finite-dendrite domain (Definition 2.26) is a domain U
which either has one boundary point (which belongs to HBerk), or is of the
form U = r−1

Γ (Γ0) for some finite subgraph Γ ⊂ HBerk, where Γ0 = Γ\∂Γ is
the interior of Γ. In the latter case Γ0 is the main dendrite of U . The class
of finite-dendrite domains contains the class of simple domains, which we
regard as the basic open neighborhoods in P1

Berk.
We will now show that every harmonic function f on a finite-dendrite

domain V has a continuous extension to the closure of V , and we will give
a formula describing the values of f on V in terms of its values on the
boundary. In one sense, the Berkovich Poisson formula is simpler than the
classical one: it is a finite sum, obtained using linear algebra. However, in
another sense, it is more complicated, because it depends on the structure
of the main dendrite of V .

Let V be a finite-dendrite domain with boundary points x1, . . . , xm ∈
HBerk. For z ∈ P1

Berk, define a real (m+1)× (m+1) matrix M(z) as follows:

(7.4) M(z) =


0 1 · · · 1
1 − logv(δ(x1, x1)z) · · · − logv(δ(x1, xm)z)
...

...
. . .

...
1 − logv(δ(xm, x1)z) · · · − logv(δ(xm, xm)z)

 .

The matrix M(z) first appeared (in a slightly different form) in D. Cantor’s
paper ([25]); we will refer to it as the Cantor matrix (relative to z). Our
first version of the Poisson Formula for P1

Berk relies on the following property
of the Cantor matrix:

Lemma 7.20. For every z ∈ P1
Berk, the matrix M(z) is non-singular.

Proof. Let M = M(z), and suppose that M~c = 0 for some ~c =
[c0, c1, . . . , cm]T ∈ Rm+1. Then

∑m
i=1 ci = 0, and if

f(x) := c0 +
m∑
i=1

ci(− logv(δ(x, xi)z)) ,

then f ≡ 0 on ∂V . Since ∆P1
Berk

(f) = ∆V (f) =
∑m

i=1 ciδxi by Example 5.15
and Proposition 5.22, the function f is harmonic on V , and therefore f ≡ 0
on V by the Maximum Principle (Proposition 7.14). Thus

0 = ∆V (f) =
m∑
i=1

ciδxi ,
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which implies that c1 = · · · = cm = 0, and therefore (by the definition of f)
we have c0 = 0 as well. Thus Ker(M(z)) = ~0. �

Proposition 7.21. (Poisson Formula, Version I) Let V be a finite-
dendrite domain in P1

Berk with boundary points x1, . . . , xm ∈ HBerk. Each
harmonic function f on V has continuous extension to U , and there is a
unique such function with prescribed boundary values A1, . . . , Am. It is given
as follows. Fix z ∈ P1

Berk, and let ~c = [c0, c1, . . . , cm]T ∈ Rm+1 be the unique
solution to the linear equation M(z)~c = [0, A1, . . . , Am]T . Then

(7.5) f(x) = c0 +
m∑
i=1

ci · (− logv(δ(x, xi)z)) .

(This should be understood as a limit, if z is of type I and x = z.) Moreover,

∆V (f) =
m∑
i=1

ciδxi .

Proof. We first show that if f is harmonic in V , then f extends con-
tinuously to V . If m = 1, then V is a generalized Berkovich disc, and by
Proposition 7.12, the only harmonic functions on V are constant functions,
which obviously extend to V . (The Poisson formula is trivially satisfied in
this case.) If m ≥ 2, let Γ be the convex hull of ∂V = {x1, . . . , xm}, so
that Γ0 := Γ\{x1, . . . , xm} is the main dendrite of V . If f is harmonic in
V , then ∆Γ(f)(p) = −

∑
~v∈Tp(Γ) d~vf(p) = 0 for each p ∈ Γ0. In particular,

the restriction of f to each edge of Γ0 is affine. Moreover, for every x ∈ V
we have f(x) = f(rΓ(x)) by Proposition 7.12. It follows easily that f has a
continuous extension to V .

Suppose now that f1, f2 are harmonic functions on V whose extensions
to V agree on ∂V . Then f1 − f2 ≡ 0 on ∂V and is harmonic on V , and
therefore f1−f2 ≡ 0 on V by the Maximum Principle. Thus there is at most
one function f which is harmonic on V and whose continuous extension to
∂V satisfies f(xi) = Ai for i = 1, . . . ,m. We now check that such a function
f is given by the explicit formula (7.5). By construction, f(xi) = Ai for i =
1, . . . ,m. By Proposition 4.10, f is continuous on V , and by Example 5.15
and Proposition 5.22, f is harmonic on V . Thus f has all of the required
properties.

The final assertion regarding ∆V (f) follows immediately from Exam-
ple 5.15 and Proposition 5.22. �

Note that by Cramer’s rule, we can give an explicit formula for the
coefficients ci as follows: for each i = 0, 1, . . .m, let Mi(z, ~A) be the matrix
obtained by replacing the ith column of M(z) with (0, A1, . . . , Am)T . Then
ci = det(Mi(z, ~A))/ det(M(z)).

Note also that taking x = z in (7.5) shows that

f(z) = c0 = det(M0(z, ~A))/ det(M(z)) .
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We will now give another formula for f which has a different flavor. For
each i = 1, . . . ,m, let hi be the unique harmonic function on V taking the
value 1 at xi and 0 at xj for j 6= i. This is a Berkovich space analogue of
the classical harmonic measure for the boundary component xi of U . By
the maximum principle, 0 ≤ hi(z) ≤ 1 for every z ∈ V , and

(7.6)
m∑
i=1

hi(z) ≡ 1 .

As a direct consequence of the uniqueness in Proposition 7.21, we obtain:

Proposition 7.22. (Poisson Formula, Version II) Let V be a finite-
dendrite domain in P1

Berk with boundary points x1, . . . , xm. Let A1, . . . , Am ∈
R be given. Then the unique function f which is harmonic on V , continuous
on V , and satisfies f(xi) = Ai for each i = 1, . . . ,m is given by

(7.7) f(z) =
m∑
i=1

Ai · hi(z)

for all z ∈ V , where hi is the harmonic measure for xi ∈ ∂U .

By the remarks following Proposition 7.21, we have

(7.8) hi(z) = det(M0(z, êi))/ det(M(z))

for each i = 1, . . . ,m, where êi ∈ Rm+1 is the vector which is 1 in the (i+1)st

component and 0 elsewhere. We will give another formula for hi below.
A useful reformulation of Proposition 7.22 is as follows (compare with

[49, §4.2]). For z ∈ V , define the Poisson-Jensen measure µz,V on V relative
to the point z by

µz,V =
m∑
i=1

hi(z)δxi .

Then by Proposition 7.22, we have:

Corollary 7.23. If V is a finite-dendrite domain in P1
Berk, then a con-

tinuous function f : V → R ∪ {±∞} is harmonic in V if and only if

f(z) =
∫
∂V
f dµz,V

for all z ∈ V .

Since the closures of simple domains form a fundamental system of com-
pact neighborhoods for the topology on P1

Berk, it follows from Lemma 7.7
that a function f is harmonic on an open set U ⊆ P1

Berk if and only if its re-
striction to every simple subdomain of U is harmonic, where a V is a simple
subdomain of U if it is a simple domain whose closure V is contained in U
(Definition 2.23). With this terminology, we have:
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Corollary 7.24. If U is a domain in P1
Berk and f : U → R ∪ {±∞}

is a continuous function, then f is harmonic in U if and only if for every
simple subdomain V of U we have

f(z) =
∫
∂V
f dµz,V

for all z ∈ V .

We will now show that µz,V coincides with the equilibrium measure for
∂V relative to the point z, as defined in §6.2. Although we have already
proved the uniqueness of the equilibrium measure, for the boundary of a
finite-dendrite domain there is a simpler proof:

Lemma 7.25. If V is a finite-dendrite domain in P1
Berk and ζ ∈ V ,

then the following are equivalent for a probability measure ν supported on
E = ∂V :

(A) Iζ(ν) = Vζ(E), i.e., the energy Iζ(ν) of ν is the minimum possible
for a probability measure supported on ∂V .

(B) The potential function uν(x) = uν(x, ζ) defined by

uν(x) =
∫
− logv δ(x, y)ζ dν(y)

is constant on ∂V .
Moreover, the equilibrium measure µζ for ∂V relative to ζ is the unique

probability measure satisfying these equivalent conditions.

Proof. Let E = ∂V = {x1, . . . , xm} ⊂ HBerk, and write ν =
∑m

i=1 νiδxi
with

∑
νi = 1 and νi ≥ 0 for all i = 1, . . . ,m. If ν satisfies (B), then by

the Berkovich space analogue of Frostman’s theorem (Theorem 6.17), we
have uν(x) = Vζ(E) for all x ∈ E (since every non-empty subset of E has
positive capacity), so condition (A) is satisfied. The existence of a measure
ν satisfying (A) follows from Proposition 6.6. So to prove that (B) implies
(A), and to prove the uniqueness of the equilibrium measure, it suffices to
show that there is a unique probability measure ν on ∂E satisfying (B). For
this, note that the potential function uν is constant on ∂V if and only if

(7.9) M(ζ)[ν0, ν1, . . . , νm]T = [1, 0, 0, . . . , 0]T

for some ν0 ∈ R, where M(ζ) is the Cantor matrix relative to ζ. Since M(ζ)
is non-singular by Lemma 7.20, there is a unique ~ν = [ν0, ν1, . . . , νm]T ∈
Rm+1 satisfying (7.9), which gives what we want. �

We can now show that the Poisson-Jensen measure and the equilibrium
measure coincide:

Proposition 7.26. Let V ⊆ P1
Berk be a finite-dendrite domain, and

let µ = µz,V be the Poisson-Jensen measure for V relative to the point
z ∈ V . Then µ satisfies condition (B) of Lemma 7.25, and is therefore the
equilibrium measure for ∂V relative to z.



7.4. UNIFORM CONVERGENCE 135

Proof. By Example 5.18, the potential function

uµ(x) =
∫
− logv(δ(x, y)z) dµ(y)

belongs to BDV(P1
Berk), and by Proposition 5.22,

∆V (uµ) = µ− δz .

Let h be any strongly harmonic function on V , so that h ∈ BDV(V )
and ∆V (h) is a measure of total mass zero supported on ∂V . As in the
proof of Proposition 7.21, h extends to a continuous function on V . By
Proposition 5.28, we have

0 =
(∫

V
h dµ

)
− h(z) =

∫
V
h∆V (uµ) =

∫
V
uµ ∆V (h) ,

so that
∫
V uµ ∆V (h) = 0 for every such h. By Proposition 5.24, for every

measure ν of total mass zero supported on ∂V , there is a strongly harmonic
function h on V (unique up to an additive constant) such that ν = ∆V (h).
Taking ν = δxi − δx1 for i = 2, . . . ,m shows that uµ is constant on ∂V , as
desired. �

A generalization of Proposition 7.26, with the finite-dendrite domain V
replaced by an arbitrary domain U for which ∂U has positive capacity, will
be proved in Proposition 7.38.

By Proposition 7.26 and the proof of Lemma 7.25, µz,V is the unique
measure µ supported on ∂V such that

(7.10) M(z)[µ0, µ(x1), . . . , µ(xm)]T = [1, 0, 0, . . . , 0]T

for some µ0 ∈ R, whereM(z) is the Cantor matrix relative to z. By Cramer’s
rule, we therefore obtain the following alternative explicit formula for the
harmonic measure hi, which is different from the one given in (7.8):

Corollary 7.27. For i = 1, . . . ,m, the harmonic measure hi(z) for
xi ∈ ∂V is given by the following formula. Let Mi(z) be the matrix obtained
by replacing the ith column of M(z) by [1, 0, . . . , 0]T . Then

hi(z) = det(Mi(z))/det(M(z)) .

7.4. Uniform Convergence

Poisson’s formula implies that the limit of a sequence of harmonic func-
tions is harmonic, under a much weaker condition than is required classically.

Proposition 7.28. Let U be an open subset of P1
Berk. Suppose f1, f2, . . .

are harmonic in U and converge pointwise to a function f : U → R. Then
f(z) is harmonic in U , and the fi(z) converge uniformly to f(z) on compact
subsets of U .
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Proof. Given x ∈ U , take a simple domain Ux containing x, with
closure Ux ⊂ U . If ∂Ux = {x1, . . . , xm}, then by Proposition 7.22, for each
k ≥ 1 we have

fk(z) =
m∑
i=1

fk(xi)hi(z)

for all z ∈ Ux. It follows that the functions fk converge uniformly to f on
Ux, and f(z) =

∑
i=1 f(xi)hi(z) is strongly harmonic in Ux.

Thus f is harmonic in U . Since any compact set E ⊂ U is covered by
finitely many sets Ux, the sequence of functions fi converges uniformly to f
on E. �

Using Proposition 7.28, we can characterize harmonic functions as lo-
cal uniform limits of suitably normalized logarithms of norms of rational
functions.

Corollary 7.29. If U ⊂ P1
Berk is a domain and f is harmonic in U ,

there are rational functions g1(T ), g2(T ), . . . ∈ K(T ) and rational numbers
R1, R2, . . . ∈ Q such that

f(x) = lim
k→∞

Rk · logv([gk]x)

uniformly on compact subsets of U .

Proof. The assertion is trivial if the main dendrite of U is empty, since
the only harmonic functions on U are constants. Hence we can assume
that the main dendrite is nonempty. By Corollary 7.11, we can choose an
exhaustion of U by strict affinoid domains {Uk} with closures Uk ⊂ U . Fix
k, and write ∂Uk = {xk,1, . . . , xk,mk}. Taking z = ∞ in Proposition 7.21,
there are numbers ck,i ∈ R with

∑mk
i=1 ck,i = 0 such that for all x ∈ Uk,

f(x) = ck,0 −
mk∑
i=1

ck,i logv(δ(x, xk,i)∞) .

For each i = 1, . . . ,mk, fix a type I point ak,i with ak,i /∈ Uk such that the
path [ak,i,∞] passes through xk,i. (Such points ak,i exist because each xk,i
is of type II.) Then δ(x, xk,i)∞ = δ(x, ak,i)∞ = [T − ak,i]x for each x ∈ Uk.

Choose rational numbers dk,i, with
∑mk

i=1 dk,i = 0, which are close enough
to the ck,i that

fk(x) := dk,0 −
mk∑
i=1

dk,i logv(δ(x, ak,i)∞)

satisfies |fk(x)− f(x)| < 1/k on Uk. Let Nk be a common denominator for
the dk,i, and put nk,i = Nk ·dk,i. Let bk ∈ K be a constant with |bk| = q

−nk,0
v ,

and put

(7.11) gk(T ) = bk ·
mk∏
i=1

(T − ak,i)nk,i .
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Then fk(x) = − 1
Nk

logv([gk]x) on Uk. The result follows. �

7.5. Harnack’s Principle

There are Berkovich space analogues of Harnack’s inequality and Har-
nack’s principle:

Lemma 7.30. (Harnack’s Inequality) Let U ⊆ P1
Berk be a domain. Then

for each x0 ∈ U and each compact set X ⊂ U , there is a constant C =
C(x0, X) such that for any function h(z) which is harmonic and non-negative
in U , each x ∈ X satisfies

(7.12) (1/C) · h(x0) ≤ h(x) ≤ C · h(x0) .

Proof. It suffices to give the proof under the assumptions that h(x0) >
0 andD is nonempty: if h(x0) = 0, then h(z) ≡ 0 on U by Proposition 7.14; if
the main dendrite D of U is empty, then h(z) is constant by Proposition 7.12.
In either case (7.12) holds for any C ≥ 1. Since harmonic functions are
constant on branches off D, we can also assume that x0 belongs to D.

First consider the upper bound in (7.12). Let ρ(x, y) be the logarith-
mic path distance on P1

Berk. Since the main dendrite is everywhere finitely
branched, for each p ∈ D there is an ε > 0 such that the closed neighborhood
of p in D defined by Γ(p, ε) = {x ∈ D : ρ(x, p) ≤ ε} is a star, i.e., a union
of n closed segments of length ε emanating from p, for some n ≥ 2. Take ε
be as large as possible, subject to the conditions that ε ≤ 1 and Γ(p, ε) is a
star, and write qi = p+ ε~vi, i = 1, . . . , n, for the endpoints of Γ(p, ε).

The restriction of h to the finite subgraph Γ(p, ε) is linear on each of
the segments [p, qi], and ∆Γ(p,ε)(h)(p) = 0. Thus for each i and each x =
p+ t~vi ∈ [p, qi], we have

0 = ∆Γ(p,ε)(h)(p) =
h(x)− h(p)

t
+
∑
j 6=i

h(qj)− h(p)
ε

.

Since h(qj) ≥ 0 for each j, it follows that there is a constant Cp such that
h(x) ≤ Cp · h(p) for each x ∈ Γ(p, ε) (indeed, we can take Cp = n).

Since X is compact, there is a finite subgraph Γ of D such that the re-
traction of X to the main dendrite is contained in the interior of Γ. Starting
with p = x0, then proceeding stepwise and using the compactness of Γ, it
follows that there is a constant CΓ such that for each x ∈ Γ, and hence for
each x ∈ X,

(7.13) h(x) ≤ CΓ · h(x0) .

For the lower bound, let Γ0 be the interior of Γ and put U0
Γ = r−1

P1
Berk,Γ

(Γ0).

Then U0
Γ is a subdomain of U whose boundary ∂U0

Γ consists of the endpoints
x1, . . . , xm of Γ. For each xi, let CΓ,i be the constant constructed as above
for xi and Γ. Put C ′Γ = max(CΓ,1, . . . , CΓ,m). Then h(x0) ≤ C ′Γ · h(xi) for
each xi.
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Since h is harmonic on U0
Γ and continuous on U0

Γ, Proposition 7.14 shows
that min(h(x1), . . . , h(xm)) ≤ h(x) for each x ∈ X. Hence

(7.14) h(x0) ≤ C ′Γ ·min(h(xi)) ≤ C ′Γ · h(x) .

Putting C = max(CΓ, C
′
Γ) and combining (7.13), (7.14) yields the Lemma.

�

Proposition 7.31. (Harnack’s Principle) Let U ⊆ P1
Berk be a domain,

and suppose f1, f2, . . . are harmonic in U with 0 ≤ f1 ≤ f2 ≤ . . .. Then
either

(A) limi→∞ fi(x) =∞ for each x ∈ U , or
(B) f(x) = limi→∞ fi(x) is finite for all x, the fi converge uniformly to

f on compact subsets of U , and f is harmonic in U .

Proof. Suppose there is some x0 ∈ U for which f(x0) = limi→∞ fi(x0)
is finite. By Lemma 7.30, f(x) = limi→∞ fi(x) is finite for each x in U , and
the fi converge pointwise to f . By Proposition 7.28, f is harmonic on U
and the fi converge locally uniformly to f . �

7.6. Green’s functions

In this section we will develop a theory of Green’s functions for compact
sets in P1

Berk. We first establish the basic properties of Green’s functions
(positivity, symmetry, monotonicity), then prove an approximation theorem
showing that Green’s functions of arbitrary compact sets can be approxi-
mated by Green’s functions of strict closed affinoids. As an application, we
show that the equilibrium distribution plays the role of a reproducing kernel
for harmonic functions.

The theory depends on the fact that the equilibrium distribution µζ is
unique, so the potential function uE(z, ζ) = uµζ (z, ζ) is well-defined. In the
terminology of ([72]), the Green’s functions defined here are upper Green’s
functions.

Definition 7.32. If E ⊂ P1
Berk is a compact set of positive capacity,

then for each ζ /∈ E, the Green’s function of E relative to ζ is

G(z, ζ;E) = Vζ(E)− uE(z, ζ) for all z ∈ P1
Berk .

If U ⊂ P1
Berk is a domain for which ∂U has positive capacity, the Green’s

function of U is

GU (z, ζ) = G(z, ζ; P1
Berk\U) for z, ζ ∈ U .

Proposition 7.33. Let E ⊂ P1
Berk be a compact set of positive capacity.

Then G(z, ζ;E) has the following properties:
(A) For each fixed ζ /∈ E, regarding G(z, ζ;E) as a function of z:

(1) G(z, ζ;E) ≥ 0 for all z ∈ P1
Berk.

(2) G(z, ζ;E) > 0 for z ∈ Uζ , where Uζ is the connected component
of P1

Berk\E containing ζ.
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(3) G(z, ζ;E) is finite on P1
Berk\{ζ}, and strongly harmonic in Uζ\{ζ}.

For each a 6= ζ, G(z, ζ;E) + logv(δ(z, a)ζ) extends to a function harmonic
on a neighborhood of ζ.

(4) G(z, ζ;E) = 0 on P1
Berk\Uζ , except on a (possibly empty) Fσ set

e ⊂ ∂Uζ of capacity 0 which depends only on the component U = Uζ of
P1

Berk\E containing ζ, and not on ζ itself.
(5) G(z, ζ;E) is continuous on P1

Berk\e, and is upper semicontinuous
on P1

Berk\{ζ}.
(6) If E′ ⊂ P1

Berk is another compact subset for which the connected
component U ′ζ of ζ in P1

Berk\E′ coincides with Uζ , then E′ has positive
capacity and G(z, ζ;E′) = G(z, ζ;E) for all z ∈ P1

Berk. In particular,
G(z, ζ;E) = G(z, ζ, ∂Uζ).

(7) G(z, ζ;E) is bounded if ζ ∈ HBerk. It is unbounded if ζ ∈ P1(K).
In either case

(7.15) lim
z→ζ

(
G(z, ζ;E) + logv(‖z, ζ‖)

)
= Vζ(E) .

If ζ ∈ P1(K), then there is a neighborhood of ζ on which

(7.16) G(z, ζ;E) = Vζ(E)− logv(‖z, ζ‖) .

(8) G(z, ζ;E) ∈ BDV(P1
Berk), with ∆P1

Berk
(G(z, ζ;E)) = δζ(z)− µζ(z).

(B) As a function of two variables, G(z1, z2;E) = G(z2, z1;E) for all
z1, z2 /∈ E.

(C) Suppose E1 ⊆ E2 are compact and have positive capacity. Then for
all ζ ∈ P1

Berk\E2, we have Vζ(E1) ≥ Vζ(E2), and for all z ∈ P1
Berk,

G(z, ζ;E1) ≥ G(z, ζ;E2) .

Remark 7.34. In §8, when we have defined subharmonicity for functions
on domains in P1

Berk, we will see that for each ζ /∈ E, G(z, ζ;E) is subhar-
monic in P1

Berk\{ζ} (see Example 8.8). It then follows from Proposition 8.11
that for each z 6= ζ,

(7.17) G(z, ζ;E) = lim sup
x→z

G(x, ζ;E) = lim sup
x→z
x∈HBerk

G(x, ζ;E) ,

strengthening the lower semicontinuity in Proposition 7.33(A5).

Proof. For (A), part (A.1) is a consequence of Theorem 6.17 (Frost-
man’s Theorem). Parts (A.4) and (A.5) (except for the fact that e depends
only on Uζ , which we will prove later) follow from Proposition 6.11 and
Frostman’s Theorem. These same facts show G(ζ, ζ;E) > 0. Part (A.7)
is a reformulation of assertions in Proposition 6.11, using the definition of
G(z, ζ;E). Part (A.8) is a reformulation of Example 5.17.

For the first part of (A.3), we know that G(z, ζ;E) is finite and harmonic
in Uζ\{ζ} by Example 7.6. For the second part of (3), fix a 6= ζ and consider
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the function f(z) = G(z, ζ;E) + logv(δ(z, a)ζ). By Examples 5.15 and 5.17,
it belongs to BDV(P1

Berk) and satisfies

∆P1
Berk

(f) = δa − µζ .

Let V be a connected neighborhood of ζ with V ∩(E∪{a}) = ∅. If ζ /∈ P1(K)
then f is defined everywhere and is strongly harmonic in V . If ζ ∈ P1(K),
then f is harmonic and bounded in V \{ζ}, so it extends to a strongly
harmonic function in V by the Riemann Extension Theorem (Proposition
7.17).

For (A.2), if G(x, ζ;E) = 0 for some x ∈ Uζ\{ζ}, let W be the connected
component of Uζ\{ζ} containing x. Then G(z, ζ;E) achieves its minimum
value 0 at an interior point of W , and so is identically 0 on W by the
Maximum Principle (Proposition 7.14). Thus

lim
z→ζ
z∈W

G(z, ζ;E) = 0 ,

which contradicts the fact that G(ζ, ζ;E) > 0 and G(z, ζ;E) is continuous
at ζ.

To see that the set e in (A.4) depends only on Uζ , we temporarily write
eζ for it, and take ξ 6= ζ in Uζ . Let V be a neighborhood of ζ such that
V ⊂ Uζ and ξ /∈ V . Since ∂V ⊂ Uζ\{ζ, ξ}, there is a constant C > 0 such
that G(z, ξ;E) > C ·G(z, ζ;E) on ∂V . Let W be a connected component of
Uζ\V . Then ∂W ⊂ ∂Uζ ∪ ∂V . Consider f(z) = G(z, ξ;E)− C ·G(z, ζ;E),
which is harmonic on W . For each x ∈ ∂W ∩ ∂V , we have

lim
z→x
z∈W

f(z) > 0 ,

while for each x ∈ ∂W ∩ (∂Uζ\eζ), we have

lim inf
z→x
z∈W

f(z) ≥ 0 .

By the Strong Maximum Principle (Proposition 7.15), f(z) ≥ 0 for all z ∈
W . Hence if x ∈ ∂W ∩ eζ , then

lim inf
z→x
z∈W

G(z, ξ;E) ≥ C · lim inf
z→x
z∈W

G(z, ζ;E) > 0 .

Since each x ∈ eζ belongs to ∂W for some W , it follows that eζ ⊂ eξ. By
symmetry, eζ = eξ.

Finally, we prove (A.6). Since the equilibrium distribution µζ of E
is supported on ∂Uζ = ∂U ′ζ ⊆ E′, necessarily E′ has positive capacity.
Put u(z) = G(z, ζ;E) − G(z, ζ;E′). By (A.3), u(z) extends to a function
harmonic in Uζ . By (A.4), there are sets e, e′ ⊂ ∂Uζ of capacity 0 such that
u(z) = 0 for all z ∈ P1

Berk\(Uζ ∪ e ∪ e′). By (A.6) u(z) is continuous on
P1

Berk\(e ∪ e′); in particular for each z ∈ ∂Uζ\(e ∪ e′),
lim
x→z
x∈Uζ

u(z) = 0 .
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Since e and e′ have capacity 0, Corollary 6.20 shows that e∪ e′ has capacity
0 as well. By the Strong Maximum Principle, u(z) = 0 for all z ∈ Uζ . Since
any set of capacity 0 is contained in P1(K), we have shown in particular
that u(z) = 0 for all z ∈ HBerk.

Since the Laplacians ∆(G(z, ζ;E)) and ∆(G(z, ζ;E′)) depend only on
the restrictions of G(z, ζ;E) and G(z, ζ;E′) to HBerk, by (A.8) the equi-
librium distributions uζ of E and u′ζ of E′ coincide. Hence G(z, ζ;E) =
G(z, ζ;E′) for all z ∈ P1

Berk.

For part (B), we can assume without loss of generality that z1, z2 belong
to the same connected component U of P1

Berk\E, otherwise by (A.4) we have
G(z1, z2;E) = G(z2, z1;E) = 0.

Let SU be a directed set indexing the finite subgraphs of U , and let
Γα be the finite subgraph of U corresponding to α ∈ SU . For α ∈ SU , let
rα(x) := rU,Γα(x) : U → Γα be the retraction map. Then limα rα(z) = z for
all z ∈ U .

First, suppose both z1 and z2 are in HBerk. Put g1(x) = G(x, z1;E),
g2(x) = G(x, z2;E), and write µ1 = µz1 , µ2 = µz2 . Then g1, g2 ∈ BDV(P1

Berk)
by (A.7).

For each finite subgraph Γα of U , we have g1|Γα , g2|Γα ∈ CPA(Γα) since
each gi(x) is harmonic in U\{zi}. By Proposition 3.2(D),

(7.18)
∫

Γα

g1 ∆Γα(g2) =
∫

Γα

g2 ∆Γα(g1) .

Assume α is chosen so that z1, z2 ∈ Γα. Then for {i, j} = {1, 2}, we
have

∆Γα(gi) = δrα(zi) − (rα)∗(µi)

and ∫
Γα

gid((rα)∗(µj)) =
∫
U

(gi ◦ rα)dµj .

Since µj is supported on ∂U , it follows that

(7.19) g1(z2)−
∫
∂U
g1(rα(x)) dµ2(x) = g2(z1)−

∫
∂U
g2(rα(x)) dµ1(x) .

We claim that for each ε > 0, there is an α0 ∈ SU such that for each
α ≥ α0, ∣∣ ∫

∂U
gi(rα(x)) dµj(x)

∣∣ < ε/2 .

Assuming the claim, it follows from (7.19) that |g1(z2)−g2(z1)| < ε for every
ε > 0, and thus that G(z1, z2;E) = G(z2, z1;E) as desired.

To prove the claim, let e be the exceptional set of capacity 0 in ∂U given
in (A.4). By Lemma 6.15, µj(e) = 0. Note that by (A.7), gi(x) = G(x, zi;E)
is bounded on E ⊇ ∂U , say by M > 0. By the regularity of µj , there exists



142 7. HARMONIC FUNCTIONS

an open set Ve containing e such that µj(Ve) < ε/(4M). For each x ∈ ∂U\e,
since limα rα(x) = x and gi(z) is continuous at x by (A.5), we have

lim
α
gi(rα(x)) = gi(x) = 0 .

Since ∂U\Ve is compact, there is an α0 ∈ SU such that if α ≥ α0, then
|gi(rα(x))| < ε/4 for all x ∈ ∂U\Ve. For α ≥ α0, we therefore have∣∣ ∫

∂U
gi(rα(x))dµj(x)

∣∣ ≤ sup
x∈∂U\Ve

∣∣gi(rα(x))
∣∣+M · µj(Ve)

< ε/4 +M · ε/(4M) = ε/2

as claimed.
Now suppose z1 ∈ U is of type I, but z2 ∈ U is not of type I. Let t→ z1

along a path in HBerk. Since G(x, z2;E) is continuous for x ∈ U ,

G(z1, z2;E) = lim
t→z1

G(t, z2;E) = lim
t→z1

G(z2, t;E) .

We claim that limt→z1 G(z2, t;E) = G(z2, z1;E).
To see this, first suppose the main dendrite D for U is nonempty. and

fix a point z ∈ D. By (4.24), there is a constant Ct such that

− logv(δ(x, y)t) = jz(x, y)− jz(x, t)− jz(y, t) + Ct

for all x, y ∈ P1
Berk. Let w be the point where the path from z1 to z first meets

D. If t lies on the path from z1 to w, then for all x, y ∈ E, jz(x, t) = jz(x,w)
and jz(y, t) = jz(y, w). In other words, for x, y ∈ E, logv(δ(x, y)t) depends
on t only through the constant Ct. Hence the same probability measure µ
minimizes the energy integral

Vt(E) =
∫∫

E×E
− logv(δ(x, y)t) dµ(x)dµ(y)

for all t on the path from w to z1, that is, µt = µz1 = µ. Similarly,
− logv(δ(z2, y)t) depends on t only through Ct, if y ∈ E and t is sufficiently
near z1. Hence

G(z2, t;E) = Vt(E)−
∫
E
− logv(δ(z2, u)t) dµ(u)

is a constant independent of t, for t sufficiently near z1. Thus

lim
t→z1

G(z2, t;E) = G(z2, z1;E) .

If the main dendrite D for U is empty, then U is a disc with a single
boundary point z. In this case, if we take w = z, then the same arguments
as above carry through.

Finally, let z1, z2 ∈ U be arbitrary. Let t approach z1 through points of
type I. Using continuity and an argument like the one above, we find that

G(z1, z2;E) = lim
t→z1

G(t, z2;E)

= lim
t→z1

G(z2, t;E) = G(z2, z1;E) .
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For part (C), fix ζ /∈ E2, and let U2,ζ be the connected component of
P1

Berk\E2 containing ζ.
If z ∈ P1

Berk is such that G(z, ζ;E2) = 0 (in particular if z /∈ U2,ζ , or
if z /∈ ∂U2,ζ\e where e is the exceptional set for G(z, ζ;E2) given by part
(A.4)), then by part (A.1) trivially G(z, ζ;E1) ≥ G(z, ζ;E2).

For z ∈ U2,ζ , consider the function on U2,ζ given by

u(z) =
{
G(z, ζ;E1)−G(z, ζ;E2) if z 6= ζ ,
Vζ(E1)− Vζ(E2) if z = ζ .

By parts (A.3), (A.5) and (A.6), u(z) is continuous and strongly harmonic
on U2,ζ , and by parts (A.1), (A.4) and (A.5), for each x ∈ ∂U2,ζ\e

lim inf
z→x
z∈U2,ζ

u(z) ≥ 0 .

By Proposition 7.15 (the Strong Maximum Principle), u(z) ≥ 0 for all z ∈
U2,ζ . Hence G(z, ζ;E1) ≥ G(z, ζ;E2) for all z ∈ U2,ζ . In particular, by part
(A.6), Vζ(E1) ≥ Vζ(E2).

Finally, suppose z ∈ e. Since e has capacity 0, necessarily e ⊂ P1(K).
Thus, z is of type I. Fix y ∈ Uζ and let t approach z along the path [y, z].
By the final assertion in Proposition 6.11 and what has been shown above,

G(z, ζ;E1) = lim
t→z

G(t, ζ;E1) ≥ lim
t→z

G(t, ζ;E2) = G(z, ζ;E2) .

This completes the proof of (C). �

If the Green’s function of E relative to ζ is continuous, then one has:

Corollary 7.35. Let E ⊆ P1
Berk be a compact set with positive capac-

ity, and let ζ ∈ P1
Berk\E. Assume that G(z, ζ;E) is continuous on all of

P1
Berk\{ζ}, and write Uζ for the connected component of P1

Berk\E containing
ζ. Then:

(A) {z ∈ P1
Berk : G(z, ζ;E) > 0} = Uζ ;

(B) {z ∈ P1
Berk : G(z, ζ;E) = 0} = P1

Berk\Uζ ;
(C) The support of the equilibrium measure µE,ζ of E with respect to ζ

is precisely ∂Uζ .

Proof. For (A) and (B),note that by Proposition 7.33, G(z, ζ;E) > 0
on Uζ and G(z, ζ;E) = 0 on P1

Berk\U ζ . Since G(z, ζ;E) is continuous on
∂Uζ , it follows that G(z, ζ;E) = 0 on ∂Uζ , which implies assertion (A).

For (C), we know by Proposition 6.8 that supp(µE,ζ) ⊆ ∂Uζ . Conversely,
suppose for the sake of contradiction that x0 ∈ ∂Uζ but x0 6∈ supp(µE,ζ).
Then there is a neighborhood U0 of x0 such that G(x, ζ;E) is harmonic on
U0. As G(x0, ζ;E) = 0 and G(x, ζ;E) ≥ 0 for all x ∈ U0, the Maximum
Principle (Proposition 7.14) implies that G(x, ζ;E) = 0 for all x ∈ U0. But
then (A) implies that U0 is disjoint from Uζ , a contradiction. �

There is an alternate formula for the Green’s function of a strict closed
affinoid:



144 7. HARMONIC FUNCTIONS

Proposition 7.36. Suppose K = Cp. Let W ⊂ P1
Berk be a strict closed

affinoid, and let U be a connected component of P1
Berk\W . Then ∂U ∩∂W =

{a1, . . . , am} is a finite set of points of type II, and for each ζ ∈ P1(K)∩U :
(A) P1

Berk\U can be decomposed as the disjoint union of closed balls
m⋃
i=1

B(ai, ri)ζ ,

where ri = diamζ(ai) for each i = 1, . . . ,m;
(B) There is a rational function fζ(z) ∈ K(z), having poles only at ζ,

for which
P1

Berk\U = {z ∈ P1
Berk : [fζ ]z ≤ 1} .

(C) Writing N = deg(fζ), we have

G(z, ζ;W ) =
{

1
N logv([fζ ]z) if z ∈ U ,

0 if z ∈ P1
Berk\U .

Proof. After an affine change of coordinates, we can assume ζ = ∞.
Introduce coordinates on P1

Berk so that P1
Berk = A1

Berk ∪ {∞}.
For part (A), put W ′ = P1

Berk\U . Then W ′ is a strict affinoid whose
complement has one connected component, and ∂W ′ = {a1, . . . , am}. Let
ri = diam∞(ai). Each of the balls B(ai, ri)∞ is connected and has ai as
its unique boundary point. We claim that each B(ai, ri)∞ ⊆ W ′. If not,
for some i there would be a point zi ∈ B(ai, ri)∞ ∩ U . Since U is uniquely
path connected, the geodesic path from zi to ∞ would be contained in
U . However, ai lies on that path, so ai ∈ U , a contradiction. The balls
B(ai, ri)∞ are pairwise disjoint, since otherwise by the ultrametric inequality
one would be contained in another, contradicting that each B(ai, ri)∞ has
exactly one boundary point.

To show that W ′ =
⋃m
i=1 B(ai, ri)∞, suppose to the contrary there were

some z0 ∈W ′\
⋃m
i=1 B(ai, ri)∞. Then the geodesic path from z0 to∞ would

pass through some ai. Since B(ai, ri)∞ has ai as its only boundary point,
either z0 ∈ B(ai, ri)∞ or∞ ∈ B(ai, ri)∞, both of which are false by assump-
tion.

For part (B), we use the fact that since the balls B(ai, ri)∞ are pairwise
disjoint and have radii belonging to |C×p |, there is a polynomial f ∈ K[z] for
which

m⋃
i=1

(K ∩ B(ai, ri)∞) = {z ∈ K : |f(z)| ≤ 1} .

This fact is originally due to Cantor ([25], Lemma 3.2.3); a self-contained
proof is given in ([73], Lemma 12.1). Since K ∩W ′ is dense in W ′ and K is
dense in P1

Berk, it follows that

W ′ = {z ∈ P1
Berk : [f ]z ≤ 1} .

For part (C), note that g(z) := G(z, ζ;W )−(1/N) logv([f ]z) is harmonic
on U\{∞}. It extends to function harmonic on U , because it is bounded in
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a neighborhood of ∞. Clearly, for each of the points ai ∈ ∂U ,

lim
z→ai
z∈U

1
N

logv([f ]z) = 0 .

Furthermore, the singleton set {ai} has positive capacity because ai ∈ HBerk.
Hence by Proposition 7.33(A4,A5),

lim
z→ai
z∈U

G(z, ζ;W ) = G(ai, ζ;W ) = 0 .

By the Maximum Principle, g(z) = 0 on U . Proposition 7.33(A4) gives
G(z, ζ;W ) = 0 for all z /∈ U , so we are done. �

The following approximation property holds, generalizing Corollary 6.9:

Proposition 7.37. Let E ⊂ P1
Berk\{ζ} be compact.

If E has positive capacity, then for any ε > 0, any open neighborhood
U of E, and any ζ ∈ P1

Berk\E, there is a strict closed affinoid W ⊂ U ,
containing E in its interior, satisfying

(7.20) 0 < Vζ(E)− Vζ(W ) < ε ,

and such that for all z ∈ P1
Berk\(U ∪ {ζ}),

(7.21) 0 < G(z, ζ;E)−G(z, ζ;W ) < ε .

If E has capacity 0, then for any M > 0, any open neighborhood U of
E, and any ζ ∈ P1

Berk\E, there is a strict closed affinoid W ⊂ U , containing
E in its interior, satisfying

(7.22) Vζ(W ) > M ,

and such that for all z ∈ P1
Berk\(U ∪ {ζ}),

(7.23) G(z, ζ;E) > M .

More generally, given a finite set X = {ζ1, . . . , ζn} ⊂ P1
Berk\E, regardless

of whether E has positive capacity or capacity 0, there is a strict closed
affinoid W ⊂ U such that the assertions above hold simultaneously for each
ζ ∈ X.

Proof. Fix ζ ∈ P1
Berk\E.

First suppose E has positive capacity. After shrinking U , we can assume
without loss that ζ /∈ U . Let Dζ be the connected component of P1

Berk\E
containing ζ, and put

X = (P1
Berk\U) ∩Dζ .

Clearly X is compact; since ∂Dζ ⊂ U , X is contained in Dζ . Let B be a
simple subdomain of Dζ , containing X, for which B ⊂ Dζ ; such a subdomain
exists by Corollary 7.11. Put U ′ = U ∩ (P1

Berk\B) ⊆ U .
By Corollary 6.9, there is a sequence of strict closed affinoids Wk, con-

tained in U ′ and containing E in their interior, for which limk→∞ Vζ(Wk) =
Vζ(E). We will show that for a suitable k, we can take W = Wk.
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Since Vζ(E) ≥ Vζ(Wk) for all k, (7.20) holds for all sufficiently large k.
For the second assertion, note that for any k, each connected component of
P1

Berk\Wk is contained in a connected component of P1
Berk\E. If z ∈ PNBerk\U

does not belong to X, then z /∈ Dζ , and Propositions 7.33(A.4) and 7.36
show that G(z, ζ;E) = G(z, ζ;Wk) = 0.

Now consider points z ∈ X. Put hk(z) = G(z, ζ;E) − G(z, ζ;Wk). If
ζ ∈ HBerk, then by Proposition 7.33(A.8), hk(z) is harmonic in B with value

(7.24) hk(ζ) = Vζ(E)− Vζ(Wk) .

If ζ ∈ P1(K), then hk(z) is harmonic in B\{ζ}, and by Propositions 6.11
and 7.17 it extends to a function harmonic in B, still denoted hk(z), which
satisfies (7.24).

By Proposition 7.33(C), hk(z) ≥ 0 for all z ∈ B. As limk→∞ hk(ζ) = 0,
Harnack’s Inequality (Lemma 7.30), applied to ζ and X, shows that

lim
k→∞

G(z, ζ;Wk) = G(z, ζ;E)

uniformly on X. This yields (7.21).
Next suppose E has capacity 0. Necessarily E ⊂ P1(K), which means

that neighborhoods of E of the form

U ′ =
m⋃
i=1

B(ai, ri)−

are cofinal in the set of all neighborhoods of E. Fix such a U ′ for which
U
′ ⊆ U and ζ /∈ U

′. Put B = P1
Berk\U . Then B is a simple domain

containing ζ, and the compact set X = P1
Berk\U is contained in B.

By Corollary 6.9 there is a sequence of strict affinoids Wn ⊂ U ′, each of
which contains E in its interior, for which limn→∞ γζ(Wn) = 0. Equivalently,

lim
n→∞

Vζ(Wn) = ∞ .

For each n, put hn(z) = G(z, ζ;Wn) − G(z, ζ;U ′). As above, each hn(z) is
harmonic and non-negative in B\{ζ}, and extends to a function harmonic
in B with hn(ζ) = Vζ(Wn)− Vζ(U

′).
Let C = C(ζ,X) ≥ 1 be the constant given by Harnack’s inequality

(Lemma 7.30) for ζ, X and B. Fix M > 0, and take n large enough that
Vζ(Wn) ≥M and

Vζ(Wn)− Vζ(U
′) > C ·M .

Then hn(z) ≥ M for all z ∈ X, and since G(z, ζ;U ′) ≥ 0 we conclude
G(z, ζ;Wn) ≥M for all z ∈ U\{ζ}. This proves (7.22) and (7.23).

For the final assertion, let W (i) be the strict closed affinoid constructed
above when ζ = ζi, and put W =

⋂n
i=1W

(i). The monotonicity of the
Green’s functions (Proposition 7.33(C)) shows that W meets the require-
ments of the Proposition. �
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In a pleasing improvement over the theory of Green’s functions devel-
oped in ([72]), the equilibrium measure µζ has an interpretation as the
reproducing kernel for harmonic functions. In the light of Corollary 7.23,
this generalizes Proposition 7.26:

Proposition 7.38. Let U ⊂ P1
Berk be a domain such that ∂U has positive

capacity. For each ζ ∈ U , let µζ be the equilibrium measure on ∂U relative
to ζ. Suppose f is harmonic in U and extends to a continuous function on
U . Then

f(ζ) =
∫
∂U
f(z) dµζ(z) .

Proof. First suppose ζ ∈ U is not of type I. Using Corollary 7.11,
we may choose an exhaustion of U by a sequence of simple subdomains
Vn ⊂ U . Without loss of generality, we can assume ζ ∈ Vn for all n. Put
gn(x) = G(x, ζ;Vn). Since ∂Vn consists of a finite number of points, none of
which is of type I, gn(x) is continuous on V n and gn(x) = 0 for each x ∈ ∂Vn.
Note that gn(x) ∈ BDV(Vn), gn ∈ C(V n) for each n, and f is continuous on
V n and strongly harmonic in Vn by Lemma 7.7; in particular f ∈ BDV(Vn).

Fix n, and let Γ ⊂ Vn be a finite subgraph. Then f |Γ, g|Γ ∈ CPA(Γ).
By Proposition 3.2(D),

(7.25)
∫

Γ
f ∆Γ(gn) =

∫
Γ
gn ∆Γ(f) .

Taking a limit over finite subgraphs Γ, we find using Proposition 5.28 that

(7.26)
∫
V n

f ∆V n
(gn) =

∫
V n

gn ∆V n
(f) .

Here ∆V n
(gn) = δζ − µζ,n, where µζ,n is the equilibrium measure of En =

P1
Berk\Vn with respect to ζ. It is supported on ∂Vn. Since f is strongly

harmonic on Vn, ∆V n
(f) is supported on ∂Vn, where gn(x) = 0. Hence the

integral on the right side of (7.26) is 0. It follows that

(7.27) f(ζ) =
∫
f(x) dµζ,n(x) .

By Corollary 6.10 (applied to Wn = P1
Berk\Vn), the sequence 〈µζ,n〉 con-

verges weakly to µζ , the equilibrium measure of E = P1
Berk\U . Since f is

continuous on U ,

f(ζ) = lim
n→∞

∫
f(x) dµζ,n(x) =

∫
f(x) dµζ(x) ,

yielding the result in this case.
If ζ is of type I, let t approach ζ along a path in HBerk. As in the proof of

Proposition 7.33(B), µζ = µt for t sufficiently near ζ. Since f is continuous,
it follows from the previous case that f(ζ) =

∫
∂U f(x) dµζ(x). �
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In the classical theory over C, for a domain U with a piecewise smooth
boundary, the reproducing kernel is the inward normal derivative of the
Green’s function GU (z, ζ) on ∂U ,

µζ =
1

2π
∂

∂n
GU (z, ζ) .

On Berkovich space, if we take E = P1
Berk\U , then Proposition 7.38, com-

bined with part (A7) of Proposition 7.33, shows that the reproducing kernel
is the negative of the boundary derivative of the Green’s function:

µζ = −∆∂U (G(z, ζ;E)) := −∆(G(z, ζ;E))|∂U .

This justifies our interpretation of the boundary derivative of a function in
BDV(U) as the analogue of the classical outward normal derivative.

7.7. Pullbacks

In this section we show that harmonicity is preserved under pullbacks
by meromorphic functions. As an application, we obtain a pullback formula
for Green’s functions under rational maps. We also show that pullbacks of
sets of capacity 0, by rational maps, have capacity 0.

We first need a lemma asserting that logarithms of norms of meromor-
phic functions are harmonic.

Lemma 7.39. Let U be a domain, and suppose g is a meromorphic func-
tion on U . Then f(x) := logv([g]x) is harmonic in U\ supp(div(g)).

Proof. By Corollary 7.11, we can exhaust U by an increasing sequence
of simple domains Uk with Uk ⊂ U . Let Ak be an affinoid algebra for which
Uk =M(Ak). For each k, there are coprime polynomials Pk(z) and Qk(z),
and a unit power series uk(z) ∈ Ak, such that g(z) = (Pk(z)/Qk(z)) · uk(z)
on Uk ∩K. A unit power series satisfies [uk]x = 1 for all x, so

logv([g]x) = logv([Pk]x)− logv([Qk]x)

is strongly harmonic on Uk\(div(Pk/Qk)). �

Corollary 7.40. Let U and V be domains in P1
Berk. Suppose Φ(z) is

meromorphic in U , with Φ(U) ⊂ V . If f is harmonic in V , then f ◦ Φ is
harmonic in U .

Proof. Let x be the variable on U , and y the variable on V . By Corol-
lary 7.29, there are rational functions gk and rational numbers Rk such that

lim
k→∞

Rk · logv([gk]y) = f(y)

uniformly on compact subsets of V . For each y ∈ V , let Vy be a neighbor-
hood of y with V y ⊂ V ; since f is harmonic there is a constant Cy so that
gk has no zeros or poles in V y if k ≥ Cy.

Suppose x ∈ U satisfies Φ(x) = y. Choose a simple neighborhood Ux of
x contained in Φ−1(Vy). The functions gk ◦Φ are meromorphic in Ux, and if
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k ≥ Cy they have no zeros or poles in Ux. The functions Rk · logv([gk ◦Φ]z)
converge to f ◦ Φ(z) for each z ∈ Ux.

By Lemma 7.39 and Corollary 7.28, f ◦Φ is harmonic on Ux. By Propo-
sition 7.21, f ◦Φ is strongly harmonic on Ux. Since x ∈ U is arbitrary, f ◦Φ
is harmonic on U . �

Lemma 7.41. Let ϕ : P1
Berk → P1

Berk be induced by a nonconstant rational
function ϕ(T ) ∈ K(T ). If a set e ⊂ P1

Berk has capacity 0, then ϕ−1(e) has
capacity 0 as well.

Proof. Since e has capacity 0, necessarily e ⊂ P1(K) (see the remarks
before Proposition 6.1), so ϕ−1(e) ⊂ P1(K) as well (Proposition 2.15). Fix
a coordinate system on P1 and use it on both the source and and target.
Removing a finite set of points from a set does not change its capacity
(Corollary 6.20), so without loss we can assume that e does not contain ∞
or f(∞). By formula (6.2), we can also assume that e is compact.

If char(K) = 0, then ϕ is automatically separable. If char(K) = p > 0,
then ϕ(T ) = f(T p

m
) for some m, where f is separable. By decomposing ϕ

as a composition of a sequence of maps, there are two cases to consider: the
case where ϕ is separable, and the case where ϕ(T ) = T p with p = char(K).

First assume ϕ is separable. Using the same reasoning as before, we can
arrange that e does not contain any of the finitely many ramification points
of ϕ. Hence ϕ is locally 1− 1 on ϕ−1(e) in P1(K), and we can cover e by a
finite number of (classical) discs D(ai, ri) on which ϕ is 1−1. Since ϕ is 1−1
on D(ai, ri), there is a constant Ci > 0 such that for all z, w ∈ D(ai, ri),

1
Ci
|z − w| ≤ |ϕ(z)− ϕ(w)| ≤ Ci|z − w| .

Suppose ϕ−1(e) had positive capacity. A finite union of sets of capacity 0
has capacity 0 (Corollary 6.20), so for some i the set Ai = ϕ−1(e)∩D(ai, ri)
must have positive capacity. As ϕ−1(e) is compact and D(ai, ri) is closed, Ai
is compact. Put Bi = f(Ai). Both Ai and Bi are Hausdorff, so ϕ : Ai → Bi
is a homeomorphism.

Consider capacities relative to the point ∞. Proposition 6.1 shows that
γ∞(Ai) > 0, and for x, y ∈ A1(K) we have δ(x, y)∞ = |x− y|, so there is a
probability measure µ supported on Ai for which

I(µ) =
∫
− logv(|z − w|) dµ(z)dµ(w) < ∞ .

Using ϕ, transport µ to a measure ν = ϕ∗(µ) on Bi. Then

I(ν) =
∫
− logv(|x− y|) dν(x)dν(y)

=
∫
− logv(|ϕ(z)− ϕ(w)|) dµ(z)dµ(w)

≤
∫
− logv(|z − w|/Ci) dµ(z)dµ(w) < ∞ .
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(The second step can be justified either by viewing f as an identification,
or by considering a limit as N → ∞ with the truncated kernels kN (x, y) =
min(N,− logv(|x− y|)), which are continuous.) It follows that γ∞(Bi) > 0.
Since Bi ⊂ e, this is a contradiction.

Now consider the case where ϕ(T ) = T p is purely inseparable. In this
case, ϕ is 1− 1 on all of P1(K) and

|ϕ(z)− ϕ(w)| = |zp − wp| = |(z − w)p| = |z − w|p .

Since ϕ−1(e) is compact, ϕ : ϕ−1(e) → e is a homeomorphism. If ϕ−1(e)
had positive capacity, then by an argument similar to the one before we
would conclude that e had positive capacity. This is a contradiction, so we
are done. �

There is also a pullback formula for Green’s functions. We prove the
formula only when ζ ∈ P1(K), giving a version sufficient for the needs of
Proposition 7.45 below. In Proposition 9.56, after we have developed a
theory of subharmonic functions and a theory of multiplicities on P1

Berk, we
will establish the formula for arbitrary ζ ∈ P1

Berk\E, without the exceptional
set e.

Proposition 7.42. Suppose E ⊂ P1
Berk is compact and has positive ca-

pacity, and let ζ ∈ P1(K)\E. Let ϕ(T ) ∈ K(T ) be a nonconstant rational
function. Write ϕ−1({ζ}) = {ξ1, . . . , ξm}, and for the divisor (ζ) write

ϕ−1((ζ)) =
m∑
i=1

ni(ξi) .

Then there is a set e of capacity 0, contained in ϕ−1(E), such that for each
z ∈ P1

Berk\e,

(7.28) G(ϕ(z), ζ;E) =
m∑
i=1

niG(z, ξi;ϕ−1(E)) .

Proof. By Proposition 7.33(A4,A5), there is a set e0 ⊂ E of capacity
0 such that G(z, ζ;E) = 0 for each z ∈ E\e0 and G(z, ζ;E) is continuous
on z ∈ P1

Berk\e0. Similarly, for each ξi there is a subset ei ⊂ ϕ−1(E) of
capacity 0 such that G(z, ξi;ϕ−1(E)) = 0 for each z ∈ ϕ−1(E)\e0 and
G(z, ξi;ϕ−1(E)) is continuous on z ∈ P1

Berk\e0. By Lemma 7.41, ϕ−1(e0)
has capacity 0. Put

e = ϕ−1(e0) ∪ (
m⋃
i=1

ei) .

Then e has capacity 0 by Corollary 6.20.
For z ∈ P1

Berk\{ξ1, . . . , ξm}, put

h(z) = G(ϕ(z), ζ;E)−
m∑
i=1

niG(z, ξi;ϕ−1(E)) .
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On ϕ−1(E)\e, we have h(z) = 0 by the definition of e.
Let the zeros of ϕ(z) be a1, . . . , ak, with multiplicities h1, . . . , hk re-

spectively. Since ‖z, w‖ is the Hsia kernel relative to the Gauss point, by
Corollary 4.14 there is a constant C > 0 such that for each z ∈ P1

Berk,

[ϕ]z = C ·
k∏
j=1

‖z, aj‖hj/
m∏
i=1

‖z, ξi‖ni .

Hence Proposition 7.33(A.7) shows that h(z) is bounded on a neighborhood
of each ξi.

Now consider h(z) on a connected component V of P1
Berk\ϕ−1(E). By

Proposition 7.33(A.3) and Lemma 7.39, h(z) is harmonic on V \{ξ1, . . . , ξm}.
By Proposition 7.17 and the remarks above, h(z) extends to a function
harmonic on V . By the definition of e, for each x ∈ ∂V \e we have

lim
z→x
z∈V

h(z) = 0 .

By the Strong Maximum Principle (Proposition 7.15), h(z) ≡ 0 on V .
Since this holds for each component of P1

Berk\ϕ−1(E), we have h(z) = 0
for all z ∈ P1

Berk\(e ∪ {ξ1, . . . , ξm}). This yields (7.28), since both sides of
(7.28) are ∞ at the points ξi. �

7.8. The multi-center Fekete-Szegö Theorem

In this section we establish a Berkovich space version of the multi-center
Fekete-Szegö theorem. The results of this section will not be used elsewhere
in the book.

To provide context for the theorem, note that the Fekete-Szegö theorem
proved in §6.6 concerns algebraic points whose conjugates satisfy two kinds
of conditions: first, they lie near a specified set Ev ⊂ P1

Berk,v\{∞} at a finite
number of places v; second, they avoid the point ∞ at all remaining places
(since Ev = D(0, 1) = P1

Berk,v\B(∞, 1)− for all but finitely many v). The
multi-center Fekete-Szegö theorem concerns points which avoid a finite set
of points X = {x1, . . . , xn}. For example, points which avoid ∞ at all finite
places are algebraic integers, whereas points which avoid ∞ and 0 at all
finite places are algebraic units.

We will use the same notations as in §6.6. Let k be a global field. For
each place v of k, let kv be the completion of k at v, let kv be an algebraic
closure of kv, and let Cv denote the completion of kv. If v is nonarchimedean,
let qv be the order of the residue field of kv and normalize the absolute value
on Cv so that |x|v = q

− ordv(x)
v . Write logv(x) for the logarithm to the base

qv. If v is archimedean, let |x|v = |x| be the usual absolute value on Cv
∼= C,

and let logv(x) = ln(x). Put qv = e if kv ∼= R, and put qv = e2 if kv ∼= C.
For 0 6= κ ∈ k, the product formula reads

(7.29)
∑
v

logv(|κ|v) ln(qv) = 0 .
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Let k be an algebraic closure of k. For each v, fix an embedding k ↪→ Cv

and view it as an identification. Let P1
Berk,v be the Berkovich projective

line over Cv (which we take to mean P1(C) if v is archimedean). Using the
identification above, view P1(k) as a subset of P1

Berk,v.
Let X = {x1, . . . , xn} be a finite subset of P1(k), stable under Gal(k/k).

Fix a coordinate system on P1/k and use it to induce coordinates on P1
Berk,v.

Using the embedding of P1(k) into P1(Cv) chosen above, we can identify X

with a subset of P1
Berk,v, for each v. Since X is stable under Gal(k/k), its

image is independent of the choice of the embedding. Define a compact
Berkovich adelic set relative to X to be a set of the form

E =
∏
v

Ev

where Ev is a compact nonempty subset of P1
Berk,v\X for each place v of k,

and for all but finitely many v,

(7.30) Ev = P1
Berk,v\

n⋃
i=1

B(xi, 1)−.

If the balls B(xi, 1)− are pairwise disjoint, we call a set Ev of the form (7.30)
X-trivial.

We will say that Ev is kv-symmetric if it is stable under the group of
continuous automorphisms Galc(Cv/kv), for the natural galois action on
P1

Berk,v, and we will say that E is k-symmetric if each Ev is kv-symmetric.
A Berkovich adelic neighborhood of E relative to X is a set U of the form

U =
∏
v

Uv ,

where for each v, either Uv is an open neighborhood of Ev in P1
Berk,v, or

Uv = Ev = P1
Berk,v\

n⋃
i=1

B(xi, 1)− .

Assuming that E is a k-symmetric compact Berkovich adelic set relative
to X, we will now define the global capacity γ(E,X).

If some Ev has capacity 0, put γ(E,X) = 0. If each Ev has positive
capacity, the definition uses the theory of Green’s functions developed in
§7.6. Note that in the archimedean case, Green’s functions satisfying the
properties in Proposition 7.33 were constructed in ([72], §3).

First suppose X ⊂ P1(k). For each xi, fix a k-rational uniformizing
parameter gxi(z) at xi: a function gxi(z) ∈ k(z) with a simple zero at xi.
For each v, define the gxi(z)-Robin constant

Vgxi (Ev) = lim
z→xi

G(z, xi;Ev) + logv([gxi ]z) .
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The limit exists by Proposition 7.33(A.6) and its archimedean counterpart:
in terms of the Robin constant Vxi(Ev) defined earlier,

Vgxi (Ev) = Vxi(Ev) + lim
z→xi

logv([gxi ]z/‖z, xi‖v) .

Define the local Green’s matrix

Γ(Ev,X) =


Vgx1

(Ev) G(x1, x2;Ev) · · · G(x1, xn;Ev)
G(x2, x1;Ev) Vgx2

(Ev) · · · G(x2, xn;Ev)
...

...
. . .

...
G(xn, x1;Ev) G(xn, x2;Ev) · · · Vgxn (Ev)

 .

Then define the global Green’s matrix by

Γ(E,X) =
∑
v

Γ(Ev,X) ln(qv) .

This is actually a finite sum; for each place v where Ev is X-trivial, and
where each gxi(z) coincides with ‖z, xi‖v on a neighborhood of xi, the matrix
Γ(Ev,X) is the zero matrix; these conditions hold for all but finitely many v.
The product formula (7.29) shows that Γ(E,X) is independent of the choice
of the gxi(z).

By the symmetry and non-negativity of the Green’s functions (Proposi-
tion 7.33), Γ(E,X) is symmetric and non-negative off the diagonal. Let

Pn = {(s1, . . . , sn) ∈ Rn : each si ≥ 0, s1 + · · ·+ sn = 1}

be the set of n-element probability vectors, viewed as column vectors. Define
the global Robin constant by

(7.31) V (E,X) = max
~s∈Pn

min
~t∈Pn

~sTΓ(E,X)~t .

Finally, define the global capacity by

(7.32) γ(E,X) = e−V (E,X) .

In the general case when X 6⊂ P1(k), let L/k be a finite normal extension
such that X ⊂ P1(L), and define a set EL as follows. For each place v
of k, and each place w of L with w|v, fix an embedding Lw ↪→ Cv over
kv. Extend it to an isomorphism Cw

∼= Cv, which induces an isomorphism
P1

Berk,w
∼= P1

Berk,v; let Ew be the pullback of Ev under this isomorphism.
Because Ev is stable under Galc(Cv/kv), the set Ew is independent of the
embedding Lw ↪→ Cv, and is stable under Galc(Cw/Lw). Put

(7.33) EL =
∏
w

Ew .

Using the Green’s functions and numbers qw obtained using the normalized
absolute values for L, define

Γ(E,X) =
1

[L : k]
Γ(EL,X) =

1
[L : k]

∑
w of L

Γ(Ew,X) ln(qw) .
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As in ([72],§5.1), the galois stability of the Ev and the local-global degree
formula ([L : k] =

∑
w|v[Lw : kv] for each v of k; see ([72], p.321) for

the proof in positive characteristic) can be used to show that Γ(E,X) is
independent of the choice of L. We then define V (E,X) and γ(E,X) using
(7.31), (7.32) as before.

This definition of the global capacity was originally proposed by D. Can-
tor in ([25]). Its meaning is not immediately obvious. The best way to moti-
vate it is to remark that V (E,X), which is the value val(Γ) of Γ = Γ(E,X)
as a matrix game, is a numerical statistic of Green’s matrices which has
good functoriality properties under base change and pullbacks by rational
maps, and is negative if and only if Γ(E,X) is negative definite (see [72],
§5.1 for more details). Thus, γ(E,X) > 1 iff Γ(E,X) is negative definite.
Likewise, γ(E,X) < 1 if and only if when the rows and columns of Γ(E,X)
are permuted so as to bring it into “minimal block-diagonal form”, each
“block” has a positive eigenvalue (see [72], p.328).

When X = {∞}, the global capacity γ(E, {∞}) coincides with the capac-
ity γ∞(E) defined in §6.6. To see this, note that if we take g∞(z) = 1/z, then
Vg∞(Ev) = V∞(Ev) for each v. Hence the global Green’s matrix Γ(E, {∞})
is the 1× 1 matrix with unique entry

V (E, {∞}) =
∑
v

V∞(Ev) ln(qv) .

Since γ∞(Ev) = q
−V∞(Ev)
v for each v, it follows that γ(E, {∞}) = γ∞(E).

We can now state the multi-center Fekete-Szegö theorem:

Theorem 7.43. Let k be a global field, let X ⊂ P1(k) be a finite set of
points stable under Gal(k/k), and let E be a k-symmetric compact Berkovich
adelic set relative to X.

(A) If γ(E,X) < 1, then there is a Berkovich adelic neighborhood U of
E relative to X, such that the set of points of P1(k), all of whose
conjugates are contained in U, is finite.

(B) If γ(E,X) > 1, then for every Berkovich adelic neighborhood U of
E relative to X, the set of points of P1(k), all of whose conjugates
are contained in U, is infinite.

Theorem 7.43 will be proved by reducing it to Theorems 6.3.1 and 6.3.2
of ([72]). To do so we need to know that the generalized capacities γ(E,X)
defined here and in the book ([72]) are compatible. The definition of the
generalized capacity in ([72]) is formally the same as that in (7.32), except
that the Green’s functions and Robin constants used are the ones from
([72]). We now recall the definitions of those quantities, indicating them
with a superscript R.

Let v be nonarchimedean and take K = Cv. Given a point ζ ∈ P1(Cv)
and a set FRv ⊂ P1(Cv)\{ζ} which is bounded away from ζ, for each z ∈
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P1(Cv) put

(7.34) GR(z, ζ;FRv ) = sup
W⊃FRv , ζ /∈W

W = strict closed affinoid

G(z, ζ;W ) ,

and let

(7.35) V R
ζ (FRv ) = sup

W⊃FRv , ζ /∈W
W = strict closed affinoid

Vζ(W ) .

By Proposition 7.36 and Theorem 6.23,

V R
ζ (FRv ) = − logv(γ

R
ζ (FRv ))

where γRζ (FRv ) is the outer capacity defined in §6.5.
We claim that for algebraically capacitable sets FRv (see ([72], §4.3),

which by ([72], Theorem 4.3.11) include finite unions of compact sets and
“RL-domains” (intersections of strict closed affinoids with P1(Cv)), the func-
tion GR(z, ζ;FRv ) coincides with the Green’s function defined in ([72], §4.4).

For any FRv the definition of the lower Green’s function G(z, ζ;FRv ) in
([72], p.282) is the same as the definition of GR(z, ζ;FRv ) in (7.34), but with
the limit over strict closed affinoids W containing FRv replaced by a limit
over “PLζ-domains” containing FRv . By definition, a PLζ-domain is a set
of the form

D(f) = {z ∈ P1(Cv) : |f(z)|v ≤ 1}
where f(z) ∈ Cv(z) is a function with poles only at ζ; and the Green’s func-
tion of D(f) is defined to be (1/ deg(f)) logv(|f(z)|) for z /∈ D(f). Propo-
sition 7.36 shows that the limit in (7.34) coincides with the limit described
above.

For algebraically capacitable sets FRv , the Green’s function in ([72])
is defined to be the lower Green’s function: see ([72], Definition 4.4.12).
Furthermore, by Proposition 6.11 and its proof,

V R
ζ (FRv ) = lim

z→ζ
GR(z, ζ;FRv ) + logv(‖z, ζ‖v) .

The right side is the the definition of the Robin constant in ([72]), relative to
the uniformizer ‖z, ζ‖v: see ([72], §4.4, Theorem 4.4.15 and formula (37)).

In ([72]) the global adelic capacity is defined for adelic sets of the form
FR =

∏
v F

R
v , where FRv is an algebraically capacitable subset of P1(Cv) for

each place v of k, and for all but finitely many v,

FRv = P1(Cv)\(
n⋃
i=1

B(xi, 1)−) .

For such sets, the local and global Green’s matrices ΓRv (FRv ,X) and ΓR(FR,X),
the global Robin constant V R(FR,X) and the global capacity γR(FR,X) are
defined by the same formalism as in (7.31), (7.32). See ([72],§5.1) for details.

The following generalization of Corollary 6.25 holds:
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Corollary 7.44. Suppose K = Cv and ζ ∈ P1(K). If E is a compact
subset of P1

Berk\{ζ} of positive capacity, and E ∩ P1(K) is dense in E, then

V R
ζ (E ∩ P1(K)) = Vζ(E) ,

and for each z ∈ P1(K)\(E ∪ {ζ})

GR(z, ζ;E ∩ P1(K)) = G(z, ζ;E) .

Proof. Since E ∩ P1(K) is dense in E, any strict closed affinoid W
containing E ∩ P1(K) also contains E. Hence by Proposition 7.33(C),

V R
ζ (E ∩ P1(K)) ≤ V R

ζ (E) and GR(z, ζ;E ∩ P1(K)) ≤ G(z, ζ;E)

for z ∈ P1
Berk\E. The opposite inequalities follow from Proposition 7.37. �

Proof of Theorem 7.43. We will show how to reduce the result to
Theorems 6.3.1 and 6.3.2 of ([72]). First note that the quantity

val(Γ) = max
~s∈Pn

min
~t∈Pn

~sTΓ~t

is a continuous function of matrices Γ ∈ Mn(R). By the definition (7.31)
of V (E,X), for each ε > 0, there is a δ > 0 such that if Γ ∈ Mn(R) is any
matrix whose entries all satisfy∣∣Γij − Γ(E,X)ij

∣∣ < δ ,

then | val(Γ)− V (E,X)| < ε.
If γ(E,X) = 0, then some Ev has capacity 0. Using Proposition 7.37

(or [72], Proposition 3.3.1 and its proof, in the archimedean case), we can
replace each Ev with capacity 0 by a kv-symmetric set of positive capacity
containing it, in such a way that all the entries of Γ(E,X) become positive.
(The kv-symmetry is obtained by intersecting the set Wv constructed there
with its finitely many kv-conjugates). In this situation, trivially V (E,X) > 0
and 0 < γ(E,X) < 1. Thus we can assume without loss that γ(E,X) > 0.

To prove (A), it suffices to establish the result after making a base ex-
tension to the field L = k(X), since if there are only finitely many α ∈ P1(k)
whose Gal(k/L)-conjugates lie near Ev for each v, then the same is true for
the Gal(k/k)-conjugates. Hence we can assume each xi is rational over k.

Note that 0 < γ(E,X) < 1 iff V (E,X) > 0. Let S be a finite set of
places of k containing all the archimedean places and all the places where
Ev is not X-trivial. For each nonarchimedean v ∈ S, by applying Propo-
sition 7.37 to Ev, X, and its neighborhood P1

Berk,v\X, we can construct a
strict closed affinoid Fv containing Ev for which the local Green’s matrix
Γ(Fv,X) is arbitrary close to Γ(Ev,X). By choosing the Fv suitably, we can
arrange that the k-symmetric adelic set F, gotten by replacing Ev with Fv
for each nonarchimedean v ∈ S, satisfies V (F,X) > 0. Since each adelic
neighborhood of F is also an adelic neighborhood of E, it suffices to prove
the result for F.
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For each v, put FRv = Fv ∩ P1(Cv), and let FR =
∏
v F

R
v . Then FR is an

adelic set of the type studied in ([72]). Since FRv is dense in Fv for each v,
Proposition 7.44 shows that

γR(FR,X) = γ(F,X) < 1 .

By Theorem 6.3.1 of ([72]), there is an adelic neighborhood UR =
∏
v U

R
v

of FR for which there are only finitely many α ∈ P1(k) whose Gal(k/k)-
conjugates all belong to URv , for each v. More precisely, the proof of Theorem
6.3.1 constructs a rational function f ∈ k(z), having poles supported on X,
such that for each v ∈ S,

sup
z∈FRv

|f(z)|v < 1 , URv = {z ∈ P1(Cv) : |f(z)|v < 1} ,

and for each v /∈ S (so Fv = Ev is X-trivial),

sup
z∈FRv

|f(z)|v = 1 , URv = FRv = {z ∈ P1(Cv) : |f(z)|v ≤ 1} .

We can now conclude the proof as follows. For each v ∈ S, put Uv = {z ∈
P1

Berk,v : [f ]z < 1}, and for each v /∈ S, put Uv = {z ∈ P1
Berk,v : [f ]z ≤ 1}.

Then for each v, Uv ∩ P1(Cv) = URv , and Fv ⊂ Uv since FRv is dense in Fv.
If v ∈ S then Uv is an open neighborhood of Fv, and if v /∈ S then Uv = Fv
is X-trivial. Thus U :=

∏
v Uv is a Berkovich adelic neighborhood of F with

respect to X, having the property required in the Theorem.
For part (B), let S be as before. Given an adelic neighborhood U =∏

v Uv of E with respect to X, after shrinking the Uv if necessary, we can
assume that Uv is disjoint from X, for each v. Proposition 7.37 allows
us to replace each Ev for v ∈ S by a slightly larger strict closed affinoid
Fv which is still contained in Uv, in such a way that the Robin constants
Vxi(Fv) and Green’s functions G(z, xi;Fv) are arbitrarily close to those of
Ev, outside Uv. After replacing Fv with the intersection of its finitely many
Gal(Cv/kv)-conjugates, we can assume that Fv is kv-symmetric. Let F be
the corresponding k-symmetric compact Berkovich adelic set, relative to X.

We have γ(E,X) > 1 iff V (E,X) < 0. By choosing the Fv appropriately,
we can arrange that γ(F,X) > 1. For each v, put FRv = Fv ∩ P1(Cv), and
let FR =

∏
v F

R
v . Likewise, put URv = Uv ∩ P1(Cv), and let UR =

∏
v U

R
v .

Since FRv is dense in Fv for each v, Proposition 7.44 shows that

γR(FR,X) = γ(F,X) > 1 .

We now apply Theorem 6.3.2 of ([72]) to FR and its neighborhood UR. That
theorem shows the existence of infinitely many α ∈ P1(k) such that for each
v, the Gal(k/k)-conjugates of α all belong to URv . Since URv ⊂ Uv for each
v, the proof of (B) is complete. �

As a complement, we note the following functoriality properties of the
global capacity:
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Proposition 7.45. Let k be a global field, let X ⊂ P1(k) be a finite set of
points stable under Gal(k/k), and let E =

∏
v Ev be a k-symmetric compact

Berkovich adelic set relative to X. Then:
(A) For each finite extension L/k, let EL be the L-symmetric compact

Berkovich adelic set relative to X defined in (7.33). Then

γ(EL,X) = γ(E,X)[L:K] .

(B) Given a nonconstant rational function ϕ(T ) ∈ k(T ), for each place
v of k let ϕv : P1

Berk,v → P1
Berk,v be the induced map, and define ϕ−1(E) =∏

v ϕ
−1
v (Ev). Then F−1(E) is a compact Berkovich adelic set relative to

ϕ−1(X), and
γ(ϕ−1(E), ϕ−1(X)) = γ(E,X)1/ deg(ϕ) .

Proof. If γ(E,X) = 0, then some Ev has capacity 0; in this situation
(A) holds trivially, and (B) follows from Lemma 7.41 (and its well-known
analogue in the archimedean case). Hence we can assume that γ(E,X) > 0.

For part (A), note that by the local-global sum formula for the degree,
one has Γ(EL,X) = [L : K]Γ(E,X), hence

V (EL,X) = [L : K] · V (E,X) .

This base change formula extends ([72], Theorem 5.1.13)
Part (B) follows formally from the pullback formula for Green’s functions

(Proposition 7.42) by the same argument as in ([72], Theorem 5.1.14). �

7.9. Notes and further references

Harmonic functions on a domain U ⊆ P1(K) were previously consid-
ered by Ernst Kani in ([49]). Kani also defines Poisson-Jensen measures
associated to an affinoid domain, and gives a variant of the Poisson formula
discussed above (but without ever mentioning Berkovich spaces).

A theory of harmonic functions, similar to the one which we have devel-
oped in this chapter, can be developed on an arbitrary Berkovich curve –
see Thuillier’s thesis ([77]).



CHAPTER 8

Subharmonic functions

In this chapter, we develop a theory of subharmonic functions on the
Berkovich projective line. We begin by giving two definitions of subhar-
monicity, one in terms of non-positivity of the Laplacian and upper semi-
continuity, the other in terms of domination by harmonic functions. We
prove their equivalence, then establish analogues of the main tools of the
classical theory: stability properties, the Maximum Principle, the Compari-
son Theorem, the Riesz Decomposition theorem, conditions for convergence
of Laplacians, and smoothing. As an application, we introduce Arakelov-
Green’s functions as generalized potential kernels and prove an Energy Min-
imization principle for them.

8.1. Subharmonic and strongly subharmonic functions

In this section, we define subharmonic functions and note some of their
basic properties. The definition is motivated by the definition of subhar-
monicity over C, and by Definitions 7.1, 7.2.

Recall that a domain in P1
Berk is a connected open subset of P1

Berk. A do-
main V ⊂ P1

Berk is called simple if ∂V is a non-empty finite set {x1, . . . , xm} ⊂
HR

Berk, where each xi is of type II or III. If U ⊂ P1
Berk is open, then V ⊂ U

is a simple subdomain of U if V is a simple domain and V ⊂ U .

Definition 8.1. Let U ⊂ P1
Berk be a domain.

A function f : U → [−∞,∞) is strongly subharmonic on U if:
(A) f ∈ BDV(U) and ∆U (f) ≤ 0.
(B) f is upper semicontinuous on U , and for each z ∈ U ∩ P1(K),

(8.1) f(z) = lim sup
t→z

t∈U∩HBerk

f(t) .

Definition 8.2. If V ⊂ P1
Berk is an arbitrary open set, f : V → [−∞,∞)

is subharmonic on V if for each if for each x ∈ V , there is a domain Ux ⊂ V
with x ∈ Ux on which f is strongly subharmonic.

Clearly subharmonicity is a local property.

Remark 8.3. In the definition of subharmonicity, some condition con-
trolling f on U ∩ P1(K) is necessary, as is shown by the following example.
Take K = Cp, U = B(0, 1)−, and put f(z) = 0 on U\Zp, f(z) = 1 on Zp.
Then f(z) is upper semicontinuous on U , since for each x ∈ U\Zp there

159
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is a neighborhood V of x with V ∩ Zp = ∅. It also belongs to BDV(U),
with ∆U (f) ≡ 0. However, f(z) should not be considered subharmonic on
U , since, for example, it does not satisfy the maximum principle (Proposi-
tion 8.13 below).

A function f : U → R ∪ {∞} will be called strongly superharmonic on
U if −f is strongly subharmonic. It will be called superharmonic if −f is
subharmonic. Here are some examples of subharmonic and superharmonic
functions.

Example 8.4. The only functions which are subharmonic on all of P1
Berk

are the constant functions.
Indeed, if f(x) subharmonic on P1

Berk then P1
Berk has a cover by subdo-

mains Uα such that ∆Uα(f) ≤ 0 for each α. Since ∆P1
Berk
|Uα = ∆Uα(f) by

Proposition 5.22, it follows that ∆P1
Berk

(f) ≤ 0. Since ∆P1
Berk

(f) has total
mass 0, this means ∆P1

Berk
(f) = 0. For each finite subgraph Γ ⊂ P1

Berk, we
have

∆Γ(f) = rP1
Berk,Γ

(∆P1
Berk

(f)) ≡ 0 ,

so f |Γ is constant by Proposition 3.13(A). Thus f is constant on HBerk.
Since f is strongly subharmonic in each Uα, condition (B) in Definition 8.1
implies that f is constant on P1

Berk.

Example 8.5. For a 6= ζ ∈ P1
Berk, the function f(x) = − logv(δ(x, a)ζ) is

strongly subharmonic in P1
Berk\{a} and strongly superharmonic in P1

Berk\{ζ}.
Indeed, δ(x, a)ζ is continuous by Proposition 4.10, and

∆P1
Berk

(− logv(δ(x, a)ζ)) = δa(x)− δζ(x)

by Example 5.15. Correspondingly, logv(δ(x, a)ζ) is strongly subharmonic
in P1

Berk\{ζ}, and strongly superharmonic in P1
Berk\{a}.

Example 8.6. If f ∈ K(T ) is a nonzero rational function with divisor
div(f) =

∑m
i=1 niδai(x), let supp−(div(f)), supp+(div(f)) be its be its polar

locus and zero locus, respectively. Then − logv([f ]x) is strongly subharmonic
on the complement of supp+(div(f)), and is strongly superharmonic on the
complement of supp−(div(f)). Likewise logv([f ]x) is strongly subharmonic
on the complement of supp−(div(f)) and strongly superharmonic on the
complement of supp+(div(f)).

These assertions follow from the continuity of [f ]x and Example 5.16.

Example 8.7. If ν is a probability measure on P1
Berk and ζ /∈ supp(ν),

then the potential function uν(x, ζ) is strongly superharmonic in P1
Berk\{ζ}

and is strongly subharmonic in P1
Berk\ supp(ν). These assertions follow from

Proposition 6.11 and Example 5.18.

Example 8.8. If E ⊂ P1
Berk is a compact set of positive capacity and

ζ /∈ E, then the Green’s function G(z, ζ;E) is strongly subharmonic on
P1

Berk\{ζ}. Indeed, if µζ is the equilibrium distribution of E for ζ, then
G(z, ζ;E) = Vζ(E)− uµζ (z, ζ), so the result follows from Example 8.7.
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Example 8.9. A function f : U → R is harmonic in an open set U ⊂
P1

Berk if and only if is both subharmonic and superharmonic in U .

The proof of the following lemma is similar to that of Lemma 7.7, so we
omit the details.

Lemma 8.10.
(A) If U1 ⊂ U2 are domains, and f is strongly subharmonic on U2, then

f is strongly subharmonic on U1.
(B) If f is subharmonic on an open set U , and V is a subdomain of U

with V ⊂ U , then f is strongly subharmonic on V .
(C) If f is subharmonic on U and E ⊂ U is compact and connected,

there is a simple subdomain V ⊂ U containing E such that f is strongly
subharmonic on V . In particular, if U is a domain, there is an exhaustion
of U by subdomains V on which f is strongly subharmonic.

The following observations, which include the fact that subharmonic
functions are “strongly upper semicontinuous” in the sense of Appendix
A.2, are often useful. Recall that convex means convex upwards (or better,
not concave downwards; see Appendix A.1).

Proposition 8.11. Let f be subharmonic on a domain U . Then
(A) f(z) is convex on each path Γ = [p, q] ⊂ U with rΓ(∂U) ⊂ {p, q}.
(B) If the main dendrite D of U is nonempty, then f(z) is non-increasing

on paths leading away from D. If U is a disc, then f(z) is non-increasing
on paths leading away from the boundary ∂U = {x}.

(C) For each p ∈ U , and each path [y, p] ⊂ U ,

(8.2) f(p) = lim sup
z→p

f(z) = lim sup
z→p

z∈U∩HBerk

f(z) = lim
z→p
z∈[y,p]

f(z) .

Proof. For (A), note that since f is subharmonic and rU,Γ(∂U) ⊂
{p, q}, then ∆Γ(f) = rΓ(∆U (f)) ≤ 0 on (p, q). By the same argument as in
the proof of Proposition 3.13(C) (see the paragraph containing (3.20) and
(3.21)), f is convex on (p, q). By continuity, it is convex on [p, q].

For (B), if D is nonempty, let q be a point on D; if U is a disc, let
q = x be its unique boundary point. Take a point p ∈ U\D lying on a path
leading away from q. We claim that for each z between q and p, we have
f(q) ≥ f(z) ≥ f(p).

First assume that p ∈ HBerk. Then the path [q, p] is a finite subgraph Γ
of U . Since f ∈ BDV(U), f |Γ ∈ BDV(Γ), and in particular f |Γ is continuous
on Γ. Given z ∈ Γ\{p, q}, let ~v be the unit tangent vector at z pointing
towards p. We need to show that d~vf(z) ≤ 0. By construction of Γ, we
have rU,Γ(∂U) = {q}. Since f is subharmonic, the support of ∆U (f)+ is
contained in ∂U . By the coherence property of Laplacians, we conclude that
∆Γ(f)+ is supported on {q}, so that ∆Γ(f) ≤ 0 on Γ\{q}. On the other
hand, the Mass Formula (3.13) implies that

∆Γ(f) ((z, p]) = d~vf(z) ,
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so that d~vf(z) ≤ 0 as required.
If p ∈ P1(K), the argument above shows that f is non-increasing on

[q, p1] for each p1 in the interior of [q, p]. By condition (B) in the definition
of subharmonicity, f is non-increasing on [q, p].

For (C), we can assume that U 6= P1
Berk, since otherwise, by Example

8.4, f(z) is constant and the assertions are trivial.
First suppose p ∈ U ∩ P1(K). If the main dendrite D of U is nonempty,

after shrinking [y, p] if necessary, we can assume [y, p]∩D = ∅; if D is empty,
we can assume y lies on the path from p to the unique boundary point x of
U . By the definition of subharmonicity, we have

lim sup
z→p

z∈U∩HBerk

f(z) = f(p) .

By part (B), f(z) is non-increasing on [y, p]. It follows that

lim
z→p
z∈[y,p]

f(z) = f(p) .

Fix ε > 0. After further shrinking [y, p] if necessary, we can assume that
f(y) ≤ f(p)+ε, and that for each z ∈ [y, p), the component Uz of P1

Berk\{z}
containing p is a disc contained in U . By part (B), for each x ∈ Uz we have
f(x) ≤ f(z) ≤ f(p) + ε. Since ε is arbitrary, it follows that

lim sup
z→p

f(z) = lim sup
z→p

z∈U∩HBerk

f(z) = f(p) .

Next suppose p ∈ U ∩ HBerk. Fix a subgraph Γ ⊂ U for which p ∈ Γ0

and p /∈ rΓ(∂U). (Such a subgraph exists because the main dendrite D of
U is empty, or is finitely branched at each point.) If p ∈ D, we can assume
Γ ⊂ D. If p /∈ D and D is nonempty, we can assume Γ is a segment with
one of its endpoints in D. If D is empty, we can assume Γ is a segment
with one of its endpoints on the path from p to the unique boundary point
x of U . Note that f |Γ is continuous, since f |Γ ∈ BDV(Γ). Similarly, f |[y,p]
is continuous. Given ε > 0, choose a neighborhood Γ(p, δ) of p in Γ small
enough that |f(z) − f(p)| < ε for all z ∈ Γ(p, δ). By part (B), f(z) is non-
increasing on paths off the main dendrite, or on paths away from x if U is
a disc; from this it is clear that

f(p) + ε ≥ lim sup
z→p

f(z) ≥ lim sup
z→p

z∈U∩HBerk

f(z) ≥ lim
z→p
z∈[y,p]

f(z) = f(p) .

Since ε is arbitrary, the proof is complete. �

Remark 8.12. According to Proposition 7.10, the main dendrite of a
domain is finitely branched. Proposition 8.11 therefore implies that at any
given point, there are only finitely many tangent directions in which a sub-
harmonic function can be increasing.

Subharmonic functions obey the following maximum principle:
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Proposition 8.13. (Maximum Principle) Let U ⊆ P1
Berk be a domain,

and suppose that f is subharmonic on U . Then:
(A) If f attains a global maximum on U , then f is constant.
(B) If M is a bound such that for each q ∈ ∂U ,

lim sup
z→q
z∈U

f(z) ≤ M ,

then f(z) ≤M for all z ∈ U .

Proof. (A) Suppose first that f attains its maximum value on U at a
point ζ ∈ U ∩HBerk. Let W be a simple subdomain of U containing ζ. Let
Γ be a finite subgraph of W containing ζ such that ζ 6∈ rW,Γ(∂W ). Since
f is strongly subharmonic on W , it follows that ∆W (f)+ is supported on
∂W . By construction, we have ∆Γ(f) = (rW,Γ)∗(∆W (f)), so that ∆Γ(f)+

is supported on rW,Γ(∂W ). But the maximum value of f on Γ is achieved
at ζ 6∈ rW,Γ(∂W ), contradicting Proposition 3.13(C).

Now suppose f attains its maximum value on U at a point z ∈ U∩P1(K).
Let W be a simple subdomain of U containing z, which we may assume to
be a disc. Let q be the unique boundary point of W . If f(q) = f(z), then
we are done by the previous case. Hence we can assume that f(q) < f(z).
Since f is strongly subharmonic on W , we have

f(z) = lim sup
p→z

p∈W∩HBerk

f(p) ,

and thus there exists p ∈W ∩HBerk such that f(q) < f(p).
Let Γ be the path from q to p; it is a finite subgraph of U contained in

W , and rU,Γ(∂U) = {q}. As above, we see that ∆Γ(f)+ is supported on {q},
and thus the maximum value of f on Γ occurs at q by Proposition 3.13(C).
This contradicts the fact that f(q) < f(p).

(B) Define f∗ : U → [−∞,∞) by

f∗(q) = lim sup
z→q
z∈U

f(z).

Then it is easy to verify that f∗ is upper semicontinuous on U , and f∗ = f
on U . The result therefore follows from (A), together with the fact that an
upper semicontinuous function on a compact set E achieves its maximum
value on E. �

Corollary 8.14. If f is subharmonic on U and V ⊂ U is a domain
with V ⊂ U , then the maximum value of f on V is attained on ∂V .

Proof. The maximum value M of f on V is attained, since V is com-
pact and g is upper semicontinuous on V . By the Maximum Principle, either
f is constant on V or f(x) < M for all x ∈ V . If f is constant on V and
f(x) ≡ M , then for each q ∈ V , by semicontinuity f(q) ≥ M and therefore
f(q) = M . Hence in either case, we can assume that f(x) < M for all
x ∈ V , which implies that f(q) = M for some q ∈ V . �
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The following consequence of Proposition 8.11 will be used in §8.8.

Proposition 8.15. Suppose f is subharmonic on a domain U ( P1
Berk,

and let z0 ∈ U ∩HBerk. Then there exists a point q ∈ ∂U and a path Λ from
z0 to q such that f is non-decreasing along Λ.

Proof. If U is a disk, the assertion is contained in Proposition 8.11.
Hence we can assume that the main dendrite D of U is nonempty. By
Proposition 8.11, we may assume without loss of generality that z0 ∈ D.

Let S be the set of all paths Λ = [z0, p] from z0 to a point p ∈ D = D∪∂U
for which f is non-decreasing along the interior Λ0 of Λ. (We allow the trivial
path Λ = {z0} with p = z0.) Then S is partially ordered by containment.
Since D is uniquely path-connected, for each Λ ∈ S we have Λ ⊆ D. Every
totally ordered subset of S has an upper bound in S, since the closure of the
union of such paths is again a path in S. Also, S 6= ∅, since the trivial path
{z0} is in S. By Zorn’s Lemma, there exists a maximal path Λq = [z0, q] ∈ S.

If q ∈ ∂U , we are done. Assume for the sake of contradiction that
q 6∈ ∂U . We must have q ∈ HBerk, since D ∩ P1(K) ⊆ ∂U . Thus Λq is a
finite subgraph of D. Let Γ be a finite subgraph of D containing Λq for
which q ∈ Γ0 and q 6∈ rU,Γ(∂U). (Such a subgraph Γ exists because D is
finitely branched at q, and because q ∈ D implies that q is not of type IV.)
By the subharmonicity of f on U , supp(∆Γ(f)+) ⊆ rU,Γ(∂U). Hence there
is an ε > 0 for which the path-distance neighborhood Γ(q, ε) is a star, with
Γ(q, ε) ∩ rU,Γ(∂U) = ∅. In particular, ∆Γ(f) ≤ 0 on Γ(q, ε).

Let ~v1, . . . , ~vn be the distinct unit tangent vectors to Γ at q. Here n ≥ 2,
since q ∈ Γ0. Without loss we can assume that ~v1 points toward z0. Using
the notation of Chapter 3, put ri = q + (ε/2)~vi for each i.

Take i ≥ 2 and let [q, ri] ⊂ Γ0 be the path from q to ri. By Proposition
8.11(A), f is convex upward on [q, ri]. If d~vi(f)(q) ≥ 0 then f is non-
decreasing on [q, ri] and therefore also on Λq

⋃
[q, ri], which contradicts the

maximality of Λq. Hence d~vi(f)(q) < 0.
Since f is non-increasing on [q, r1] by the construction of Λq, necessarily

d~v1
(f)(q) ≤ 0. Thus

∆Γ({q}) = −
n∑
i=1

d~vi(f)(q) > 0 .

However, this contradicts the fact that ∆Γ(f) ≤ 0 on Γ(q, ε).
Hence it must be that q ∈ ∂U . �

8.2. Domination subharmonicity

In this section, we will show that subharmonic functions can be charac-
terized in terms of domination by harmonic functions.

By Proposition 7.21, if V is a simple domain, each harmonic function
h(x) on V extends to a continuous function on V , and the Poisson formula
expresses h(x) on V in terms of its values on ∂V . We will sometimes use
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this implicitly, and if h(x) is harmonic on a simple domain, we will speak of
its values on ∂V .

The following definition is motivated by analogy with the classical theory
over C, and explains the name “subharmonic”:

Definition 8.16. Let U ⊂ P1
Berk be an open set.

A function f : U → [−∞,∞) is domination subharmonic on U if
(A′) f(x) is upper semicontinuous, and f(x) 6≡ −∞ on any connected

component of U ;
(B′) for each simple subdomain V with V ⊂ U , and each function h(x)

harmonic on V , if h(x) ≥ f(x) on ∂V , then h(x) ≥ f(x) on V .

The following result shows that the notions of “subharmonic” and “dom-
ination subharmonic” are one and the same.

Theorem 8.17. Let U ⊂ P1
Berk be an open set. Then a function f : U →

[−∞,∞) is subharmonic on U if and only if it is domination subharmonic
on U .

Before giving the proof of Theorem 8.17, we will need several lemmas.
The hardest part of the proof involves showing that if f is domination
subharmonic on U , then every x ∈ U has a neighborhood Ux for which
f ∈ BDV(Ux).

If Γ ⊂ HBerk is a finite subgraph whose set of endpoints is ∂Γ and whose
interior is Γ0 = Γ\∂Γ, we will call V = r−1

Γ (Γ0) the domain associated to
Γ. In that case ∂V = ∂Γ, and Γ0 is the main dendrite of V . Note that V
is a finite-dendrite domain, in the sense of Definition 2.26. Recall also that
a Berkovich open disc (Definition 2.24) is a domain with a single boundary
point, which is of type II or III.

Given domains V and U , we call V a subdomain of U if V ⊂ U (Definition
2.23).

Lemma 8.18. Let U ⊂ P1
Berk be a domain.

If Γ ⊂ U is a finite subgraph, then the associated finite-dendrite domain
V = r−1

Γ (Γ0) is a subdomain of U if and only if rΓ(∂U) ⊂ ∂Γ.
If V is a Berkovich open disc, then V is a subdomain of U and only if

its boundary point x belongs to U and ∂U ∩ V = ∅.

Proof. Let Γ ⊂ U be a finite subgraph. If rΓ(∂U) ⊂ ∂Γ, then V =
r−1

Γ (Γ0) is a domain with ∂U ∩ V = ∅. Since U is connected and Γ0 ⊂ U ,
necessarily V ⊂ U . Since Γ ⊂ U and ∂V = ∂Γ, it follows that V ⊂ U .
Conversely, if V = r−1

Γ (Γ0) is a subdomain of U , then V ⊂ U . For each
x ∈ ∂U we have x /∈ V , so rΓ(x) /∈ Γ0. This means rΓ(x) ∈ ∂Γ.

If a Berkovich open disc V is a subdomain of U then by definition V ⊂ U
so {x} = ∂V ⊂ U , and ∂U ∩ V = ∅ so ∂U ∩ V = ∅. Conversely, if V is a
Berkovich open disc with {x} = ∂V ⊂ U , then V ∩U is nonempty. Since V
is one of the connected components of P1

Berk\{x}, if ∂U ∩V = ∅, necessarily
V ⊂ U . It follows that V ⊂ U . �
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If U is a domain in P1
Berk and Γ ⊂ U is a finite subgraph, we will say that

Γ is well-oriented relative to U if the domain V = r−1
Γ (Γ0) is a subdomain

of U . The first part of Lemma 8.18 can thus be rephrased by saying that Γ
is a well-oriented relative to U if and only if rΓ(∂U) ⊂ ∂Γ.

Lemma 8.19. Let U ⊂ P1
Berk be open. If V is an open subset of U with

V ⊂ U , then there is a simple subdomain W of U with V ⊂W ⊂ U .

Proof. Cover the compact set V with a finite number of simple domains
whose closures are contained in U , and let W be their union. Then W
is connected since V is connected and each simple domain is connected;
W ⊂ U ; and ∂W is finite and consists of points of type II or III, since the
boundary of each simple domain is has those properties. �

Lemma 8.20. Let f be domination subharmonic on a domain U ⊂ P1
Berk.

Then for all x ∈ U ∩HBerk, we have f(x) 6= −∞.

Proof. Suppose f(x1) = −∞ for some x1 ∈ U ∩ HBerk. We will show
that f(x) ≡ −∞ on U , which contradicts the definition of domination sub-
harmonicity.

Fix x ∈ U with x 6= x1, and take a simple subdomain V1 of U which
contains x and x1. Let V be the connected component of V1\{x1} which
contains x. Then V is a simple subdomain of U with x1 as a boundary
point, which contains x in its interior. (Note that this uses x1 /∈ P1(K)).

If x1 is the only boundary point of V , then V is a disc. In that case, by
Proposition 7.12, each harmonic function on V is constant and is determined
by its value on ∂V = {x1}. Since f(z) is domination subharmonic and
f(x1) = −∞, we have f(z) ≤ C on V for each C ∈ R. Thus f(x) = −∞.

If x1 is not the only boundary point of V , let Γ be the main dendrite
of V , and let ∂Γ = {x1, . . . , xm}. Fix numbers A2, . . . , Am with Ai ≥ f(xi)
for each i. Given A1 ∈ R, Poisson’s formula (Proposition 7.22) constructs a
harmonic function

hA1(z) =
m∑
i=1

Aihi(z)

on V , where hi(z) is the harmonic measure with hi(xi) = 1, hi(xj) = 0
for each j 6= i. Here 0 < hi(z) < 1 on V , otherwise hi(z) would achieve
its maximum or minimum value on the interior of V , contradicting the
Maximum Principle (Proposition 7.14). Fixing z and letting A1 → −∞, we
see that hA1(x) → −∞. Since f is domination subharmonic on V , again
f(x) = −∞.

Since x ∈ U is arbitrary, we have shown that f(x) ≡ −∞ on U . �

Proposition 8.21. Let f be a domination subharmonic function on a
domain U ⊂ P1

Berk. If Γ is a well-oriented subgraph of U , then for each point
p ∈ Γ and each tangent direction ~v ∈ Tp(Γ), the directional derivative d~vf(p)
exists and is finite. In particular, the restriction of f to Γ is continuous.
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Proof. By Lemma 8.18, rΓ(∂U) ⊂ ∂Γ. In the argument below we will
want to consider finite subgraphs Γ′ ⊂ Γ which are also well-oriented relative
to U .

There are two types of Γ′ for which this is assured. One is if Γ′ = [a, b]
is a segment contained in an edge of Γ (that is, no branch point of Γ is
contained in (Γ′)0). The other is if Γ′ = Γx0(ε) = {x ∈ Γ : ρ(x, x0) ≤ ε} is
a closed neighborhood of a point x0 ∈ Γ, for a sufficiently small ε > 0. If
ε is small enough, then Γ′ is a star, a union of closed segments [x0, xi] for
i = 1, . . .m. In either case, rΓ,Γ′(∂Γ) ⊂ ∂Γ′, so rΓ′(∂U) ⊂ ∂Γ′.

By Lemma 8.20, f(x) ∈ R for all x ∈ Γ.
By abuse of notation, write f for f |Γ. We will first show that for each

p ∈ Γ, and each ~v ∈ Tp(Γ), the derivative d~vf(p) exists in R ∪ {−∞}. Fix
p and ~v. For each sufficiently small T > 0, the segment Γ′ = [p, p + T~v]
corresponds to a finite-dendrite domain which is a subdomain of U . The
harmonic function on r−1

Γ′ ((Γ′)0) whose values agree with those of f(x) at p
and p+ T~v is affine on Γ′ and is given by

(8.3) h(p+ t~v) = (1− t

T
) · f(p) +

t

T
· f(p+ T~v) .

for 0 ≤ t ≤ T . Since f is domination subharmonic, f(p+ t~v) ≤ h(p+ t~v) for
all t. Using (8.3), this gives

(8.4)
f(p+ t~v)− f(p)

t
≤ f(p+ T~v)− f(p)

T
.

Hence

(8.5) d~vf(p) = lim
t→0+

f(p+ t~v)− f(p)
t

exists in R ∪ {−∞}, since the limit on the right side is non-increasing.

Next, we will show that if p /∈ ∂Γ, then d~vf(p) 6= −∞. Since p /∈
∂Γ, for sufficiently small T > 0, the star Γ′ = Γp(T ) is a subgraph of Γ
with p ∈ (Γ′)0, which is well-oriented relative to U . Let x1, . . . , xm be its
endpoints, where m ≥ 2, and let ~v1, . . . , ~vm be the direction vectors in Tp(Γ),
so Γ′ = ∪mi=1[p, p + T ~vi]. Without loss, suppose ~v = ~v1. We claim that for
each 0 < t < T ,

(8.6)
f(p+ t~v)− f(p)

t
≥ −

m∑
i=2

f(xi)− f(p)
T

.

If this fails for some t, then

(8.7) f(p) >
Tf(p+ t~v) + t ·

∑m
i=2 f(xi)

T + (m− 1) · t
.

Consider the finite subgraph Γ′′ = [p, p+ t~v] ∪ (
⋃m
i=2[p, p+ T~vi]), which

corresponds to finite-dendrite domain V ′′ which is a subdomain of U and
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has boundary points x′′1 = p + t~v, x2, . . . , xm. The harmonic function h(z)
on V ′′ with

h(x′′1) = f(x′′1) , h(xi) = f(xi) for i ≥ 2 ,

satisfies

0 = ∆Γh(p) =
f(x′′1)− h(p)

t
+

m∑
i=2

f(xi)− h(p)
T

,

which leads to

h(p) =
Tf(p+ t~v) + t ·

∑m
i=2 f(xi)

T + (m− 1) · t
< f(p) .

This contradicts the domination subharmonicity of f(x). By (8.6), the right
side of

d~vf(p) = lim
t→0+

f(p+ t~v)− f(p)
t

is bounded from below, so d~vf(p) > −∞.

It remains to consider points p ∈ ∂Γ.
First suppose p ∈ ∂Γ\rΓ(∂U). There is a single edge e of Γ emanating

from p; let x approach p along this edge. For each x, let Vx be the connected
component of P1

Berk\{x} containing p. Then Vx is a Berkovich open disc
with ∂Vx = {x}. Since x /∈ rΓ(∂U), it follows that V x ⊂ U , and so Vx is a
subdomain of U . Let h be the harmonic function on Vx with h(z) = f(x)
for all z ∈ Vx. Since f is domination subharmonic, f(z) ≤ f(x) for all
z ∈ Vx. Thus, f(x) is decreasing as x → p along e. If ~v ∈ Tp(Γ) is the
unique direction vector at p, it follows that

(8.8) d~vf(p) = lim
t→0+

f(p+ t~v)− f(p)
t

≥ 0 .

Finally, suppose p ∈ rΓ(∂U) ⊂ ∂Γ. Let ~v ∈ Tp(Γ) be the unique direction
vector at p, and write ∂Γ = {x1, . . . , xm}. Without loss, suppose p = x1.
Let W ⊂ U be a simple domain containing p but not x2, . . . , xm, such that
W is contained in U . Recalling that V = r−1

Γ (Γ0), put Ṽ = W ∪V . Then Ṽ
is a connected open set whose closure is contained in U . Furthermore, ∂Ṽ is
a finite set contained in HBerk. Let Γ̃ be the finite subgraph spanned by ∂Ṽ .
Then Ṽ is the finite-dendrite domain associated to Γ̃, and is a subdomain
of U . It follows that Γ̃ is well-oriented relative to U . Furthermore Γ ⊂ Γ̃,
since {x2, . . . , xm} remain boundary points of Ṽ , and if x̃ is a boundary
point of Ṽ which is not contained in V , then the path from x̃ to each xi,
i = 2, . . . ,m, passes through p.

From this we see that p is an interior point of Γ̃. By what has been shown
above, d~vf(p) is finite, when f is regarded as a function on Γ̃. However,
d~vf(p) depends only on the restriction of f to Γ. Thus it is finite. �
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Proposition 8.22. Let f be domination subharmonic on a domain U ⊂
P1

Berk. If Γ ⊂ U is a finite subgraph such that V = r−1
Γ (Γ0) is subdomain of

U , then f |Γ ∈ BDV(Γ) and supp(∆Γ(f)+) ⊆ rΓ(∂U) ⊆ ∂Γ.

Proof. We have seen in Lemma 8.20 that f(x) ∈ R for all x ∈ Γ,
and in Proposition 8.21 that d~vf(p) exists and is finite, for all p ∈ Γ and
all directions ~v at p. Thus, ∆Γ(f) exists as a finitely additive set function
on the Boolean algebra A(Γ) generated by the open, closed and half-open
segments in Γ.

We first claim that ∆Γ(f)(p) ≤ 0 for each p ∈ Γ0. Suppose not, and
fix p ∈ Γ0 with ∆Γ(p) > η > 0. Since p ∈ Γ0, there are at least two edges
emanating from p. Let ε > 0 be small enough that the closed neighborhood
Γp(ε) is a star. If ~v1, . . . , ~vm ∈ Tp(Γ) are the tangent directions at p, then

(8.9)
m∑
i=1

d~vif(p) = −∆Γ(f)(p) < −η .

Since d~vif(p) = limt→0+(f(p+t~vi)−f(p))/t ∈ R, for each i there is a number
0 < ti < ε such that for qi = p+ ti~vi∣∣f(qi)− f(p)

ti
− d~vif(p)

∣∣ < η

2m
.

Hence
∑m

i=1(f(qi)− f(p))/ti < 0, which gives

(8.10) f(p) >

∑
i f(qi)/ti∑
i 1/ti

.

Put Γ′ = ∪mi=1[p, qi]. Then V ′ = r−1
Γ′ ((Γ′)0) is a subdomain of U . Let h(z)

be the harmonic function on V ′ with h(qi) = f(qi). Since ∆Γ′(h)(p) = 0, we
have

(8.11) h(p) =
∑

i f(qi)/ti∑
i 1/ti

.

Combining (8.10), (8.11) contradicts the domination subharmonicity of f .
Thus for each p ∈ Γ0,

(8.12) ∆Γ(f)(p) = −
∑
i

d~vif(p) ≤ 0 .

If p is an endpoint of Γ which does not belong to rΓ(∂U), and if ~v ∈ Tp(Γ)
is the unique direction vector at p, it has already been shown in (8.8) that
d~vf(p) ≥ 0. Hence for such points as well,

(8.13) ∆Γ(f)(p) = −d~vf(p) ≤ 0 .

Now consider an open segment (x, y) contained in an edge of Γ. Put
Γ′′ = [x, y]. The associated domain V ′′ is a subdomain of U with boundary
points x, y. Let h(z) be the harmonic function on V ′′ with h(x) = f(x),
h(y) = f(y). Let T = ρ(x, y) be the length of Γ′′ and put α = (f(y) −
f(x))/T . The restriction of h(z) to Γ′′ is affine, and f(z) ≤ h(z) for all
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z ∈ Γ. Let ~v+ be the direction vector at x pointing to y, and let ~v− be the
direction vector at y pointing to x. Then

d~v+
f(x) = lim

t→0+

f(x+ t~v+)− f(x)
t

≤ lim
t→0+

h(x+ t~v+)− h(x)
t

= α ,

d~v−f(y) = lim
t→0+

f(y + t~v−)− f(x)
t

≤ lim
t→0+

h(x+ t~v+)− h(x)
t

= −α .

so by (3.14) the segment (x, y) has measure

(8.14) ∆Γ(f)((x, y)) = d~v+
f(x) + d~v−f(y) ≤ 0 .

We can now show that f ∈ BDV(Γ), i.e. that ∆Γ(f) extends to a
bounded Borel measure on Γ. By definition (see (3.15) in Chapter 3), we
must show that there is a number B such that for any countable collection
{Ti} of pairwise disjoint sets in A(Γ),

(8.15)
∞∑
i=1

|∆Γ(f)(Ti)| ≤ B .

Since each Ti can be decomposed as a finite disjoint union of points and
open intervals, it suffices to prove (8.15) under the assumption that each Ti
is a point or an open interval. Since Γ has only finite many edges, endpoints,
and branch points, it also suffices to prove (8.15) assuming that all the Ti
are contained in the interior of an edge e = [a, b].

In this case the fact that ∆Γ(f) is finitely additive, with ∆Γ(f)(p) ≤ 0
and ∆Γ(f)((x, y)) ≤ 0 for each point p and open interval (x, y) contained in
(a, b), means that for any finite sum

n∑
i=1

|∆Γ(Ti)| = −
n∑
i=1

∆Γ(Ti) ≤ |∆Γ((a, b))| .

Letting n→∞ gives (8.15). The argument also shows that ∆Γ(f) is ≤ 0 on
Γ\rΓ(∂U). Hence supp(∆Γ(f)+) ⊂ rΓ(∂U), and if rΓ(∂U) = {p1, . . . , pm}
we can take B = 2

∑m
i=1 |∆Γ(pi)|. �

We can now prove Theorem 8.17.

Proof of Theorem 8.17. First suppose that f is subharmonic on U ;
we want to show that it is domination subharmonic. Let W be a connected
component of U , and let V be a simple subdomain of W . Since f ∈ BDV(V )
by Lemma 8.10(B), it follows that f(x) is finite on each finite subgraph
Γ ⊂ V , hence f(x) 6≡ −∞ on W . It remains to show that if V is a simple
subdomain of W , and if h(z) is harmonic on V and satisfies f(x) ≤ h(x) on
∂V , then f(z) ≤ h(z) on V .

Let g(x) = f(x) − h(x) for x ∈ V . Then g is strongly subharmonic
on V , so by the corollary to the Maximum Principle (Corollary 8.14), the
maximum value of g on V is attained on ∂V . But g(x) ≤ 0 on ∂V , and
therefore g(x) ≤ 0 on V , or equivalently f(x) ≤ h(x) for all x ∈ V as
desired.
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Thus, if f is subharmonic on U , it is domination subharmonic on U .
Now suppose f is domination subharmonic on U . We will show it is

strongly subharmonic on each subdomain V of U .
By Lemma 8.10, it suffices to prove this for simple subdomains, since by

Lemma 8.19 an arbitrary subdomain V with V ⊂ U is contained in a simple
subdomain V ′.

So, let V be a simple subdomain contained in a component W of U . We
will first show that f ∈ BDV(V ). Let Γ ⊂ V be an arbitrary finite subgraph.
We must show that f ∈ BDV(Γ), and that there is a bound B independent
of Γ such that |∆Γ(f)|(Γ) ≤ B. We will do this by enlarging Γ to a graph Γ̃
which contains all the boundary points of V , and applying Proposition 8.22.

Let Γ̃ be the smallest finite subgraph of W containing both Γ and ∂V .
Since Γ ⊂ V ,

rΓ̃(∂W ) ⊆ ∂V ⊆ ∂Γ̃ ,

and thus Γ̃ is a well-oriented subgraph of W by Lemma 8.18.
Write ∂V = {x1, . . . , xm}. Since each xi is an endpoint of Γ̃, there is a

single direction vector ~vi ∈ Txi(Γ̃), and

∆Γ̃(f)(xi) = −d~vif(xi) .

The xi are the only points where ∆Γ̃(f) can have positive mass. Since ∆Γ̃(f)
has total mass 0, we see that

(8.16) |∆Γ̃(f)|(Γ̃) ≤ 2 ·
m∑
i=1

|d~vif(xi)| .

The right side of (8.16) is a bound B independent of the graph Γ̃.
Taking the retraction to Γ, it follows that

∆Γ(f) = (rΓ̃,Γ)∗(∆Γ̃(f))

has total mass at most B. Since Γ is arbitrary, f ∈ BDV(V ). Furthermore
∆Γ(f)+ is supported on rV ,Γ(∂V ). Since

∆Γ(f) = (rV ,Γ)∗(∆V (f))

for each Γ, taking the limit over finite subgraphs Γ shows ∆V (f)+ is sup-
ported on ∂V , that is, ∆V (f)|V ≤ 0.

It remains to show that for each p ∈ V ∩ P1(K),

(8.17) f(p) = lim sup
z→p

z∈V ∩HBerk

f(z) .

Fix such a p. By assumption f is upper semicontinuous, so

(8.18) f(p) ≥ lim sup
z→p

f(z) .

Fix y ∈ V , and let x approach p along the path [y, p]. If x is close enough to
p, then the connected component Vx of P1

Berk\{x} containing p is an open
disc whose closure is Vx ∪ {x} ⊂ W . Since f is subharmonic, f(z) ≤ f(x)
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for all z ∈ Vx. These discs Vx are a fundamental system of neighborhoods
of p, so

f(p) ≤ lim
x→p
x∈[y,p)

f(x) .

Combined with (8.18), this establishes (8.17), and indeed shows that

(8.19) f(p) = lim
x→p
x∈[y,p)

f(x) .

�

8.3. Stability properties

We will now show that subharmonic functions on P1
Berk are stable under

the same operations as classical subharmonic functions (see [52], p.49).
If U ⊂ P1

Berk is open, we will write SH(U) for the set of subharmonic
functions on U . Recall from Appendix A.2 that if f : U → [∞,∞) is locally
bounded above, the upper semicontinuous regularization f∗ of f is defined
as

f∗(x) = lim sup
y→x

f(y).

Proposition 8.23. Let U ⊂ P1
Berk be an open set. Then:

(A) SH(U) is a convex cone: if 0 ≤ α, β ∈ R, and if f, g ∈ SH(U), then
αf + βg ∈ SH(U).

(B) If U is connected, and if F is a family of functions in SH(U), put
f(x) = infg∈F g(x). Then either f ∈ SH(U), or f(x) ≡ −∞ on U .

(C) If 〈fα〉α∈A is a net of functions in SH(U) which converges uniformly
to a function f : U → R on compact subsets of U , then f ∈ SH(U).

(D) If f, g ∈ SH(U), then max(f, g) ∈ SH(U).
(E) If {fα}α∈A is a net of functions in SH(U) which is locally bounded

from above, and if f(x) = supα fα(x), then f∗(x) ∈ SH(U). Furthermore
f∗(x) = f(x) for all x ∈ U ∩HBerk.

(F ) If U is connected and {fα}α∈A is a net of functions in SH(U) which
is locally bounded from above, put f(x) = lim supα fα(x). Then either f(x) ≡
−∞ on U , or f∗(x) ∈ SH(U). Furthermore f∗(x) = f(x) for all x ∈
U ∩HBerk.

Proof. Except for the final assertions in (E) and (F), the proofs of
these are the essentially same as their classical counterparts, and rely on
general properties of semicontinuity and domination by harmonic functions.

(A) If f, g ∈ SH(U) then f and g are upper semicontinuous, and αf+βg
is upper semicontinuous since α, β ≥ 0. Neither f nor g is −∞ on U ∩HBerk,
so αf + βg 6= −∞ on U ∩ HBerk, and certainly αf + βg 6≡ −∞ on any
component of U . If V is a simple subdomain of U , let ∂V = {x1, . . . , xm}.
Suppose h is harmonic on V with h(xi) ≥ αf(xi) + βg(xi) for each i. Let
h1 be the harmonic function on V with h1(xi) = f(xi) on ∂V , and let h2 be
the harmonic function on V with h2(xi) = g(xi) on ∂V . Then h1(z) ≥ f(z)
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on V , and h2(z) ≥ g(z) on V . Put H = h− αh1 − βh2. Then H(xi) ≥ 0 on
∂V , so by the Maximum Principle for harmonic functions, H(z) ≥ 0 on V .
Hence αf(z) + βg(z) ≤ αh1(z) + βh2(z) ≤ h(z) on V .

(B) The fact that f is upper semicontinuous follows from Lemma A.2.
By Lemma 8.20, either f(x) 6= −∞ on U ∩HBerk, or f(x) ≡ −∞ on U .

Suppose f 6≡ −∞. If V is a simple subdomain of U and h is a harmonic
function on V with f(xi) ≤ h(xi) for each xi in the finite set ∂V , then for
each ε > 0 there is a g ∈ F such that g(xi) ≤ h(xi) + ε and all xi ∈ ∂V .
It follows that f(z) ≤ g(z) ≤ h(z) + ε on V . Since ε > 0 is arbitrary,
f(z) ≤ h(z) for all z ∈ V .

(C) Suppose 〈fα〉α∈A is a net of subharmonic functions converging uni-
formly to a function f : U → R on compact subsets of U . Since each fα is
upper semicontinuous, f is upper semicontinuous. By hypothesis f 6≡ −∞
on any component of U .

Let V be a simple subdomain of U , and let h be a harmonic function on
V with f(xi) ≤ h(xi) for all xi ∈ ∂V . Take ε > 0. Since ∂V is finite, there is
a β1 so that fα(xi) ≤ h(xi) + ε on ∂V , for all α ≥ β1. Thus fα(z) ≤ h(z) + ε
on V for each α ≥ β1. Since the fα converge uniformly to f on compact
subsets, there is a β2 such that |f(z) − fα(z)| < ε on V for all α ≥ β2.
Taking α ∈ A such that α ≥ β1 and α ≥ β2, we see that f(z) ≤ h(z) + 2ε
on V . Since ε > 0 is arbitrary, f(z) ≤ h(z) on V .

(D) Suppose f, g ∈ SH(U), and put F (z) = max(f(z), g(z)). Since f
and g are upper semicontinuous, so is F . Since neither f nor g is ≡ −∞ on
any component of U , the same is true for F . If V is a simple subdomain
of U and h is a harmonic function on U with h(xi) ≥ F (xi) on ∂V , then
h(xi) ≥ f(xi) and h(xi) ≥ g(xi) on ∂V , so h(z) ≥ f(z) and h(z) ≥ g(z) on
V , which means that h(z) ≥ max(f(z), g(z)) = F (z) on V .

(E) Let {fα}α∈A be a family of subharmonic functions on U , and put
f(z) = supα(fα(z)) on U . Then f∗(z) is upper semicontinuous on U . Since
no fα is ≡ −∞ on any component of U , the same is true for f , and also
for f∗ ≥ f . If V is a simple subdomain of U and h is harmonic on U with
h(xi) ≥ f∗(xi) on ∂V , then h(xi) ≥ fα(xi) on ∂V for each α ∈ A. It follows
that h(z) ≥ fα(z) on V for each α, so h(z) ≥ f(z) on V . However, h(z) is
continuous on V , hence certainly upper semicontinuous, so h(z) ≥ f∗(z) on
V by the properties of the upper semicontinuous regularization.

We will now show that for each x ∈ U ∩HBerk,

(8.20) f(x) ≥ lim sup
z→x

f(z) .

We first construct a simple subdomain V of U such that x lies on the
main dendrite of V . If x is on the main dendrite of U , let V be any simple
subdomain of U containing x. Then x is on the main dendrite of V , and
in particular is an interior point of the graph Γ with V = r−1

Γ (Γ0). If x is
not on the main dendrite of U , let V0 be an open subdisc of U containing x.
Let x0 be the boundary point of V0, and let x1 ∈ V0 ∩HBerk be a point such



174 8. SUBHARMONIC FUNCTIONS

that x is in the interior of the path Γ = [x0, x1]. Put V = r−1
Γ (Γ0); then x

lies on the main dendrite of V .
Next, we claim that f |Γ0 is continuous. Indeed, for each subgraph Γ′ ⊂

Γ0 of the type considered in the proof of Proposition 8.21, let V ′ be the
corresponding simple subdomain of V . Let h(z) be the harmonic function
on V ′ whose value at each p ∈ ∂V ′ = ∂Γ′ is f(p). For each α ∈ A and
each p ∈ ∂Γ′, fα(p) ≤ f(p). Hence fα(z) ≤ h(z) for all z ∈ V ′, and in turn
f(z) = supα fα(z) ≤ h(z). By the same argument as in proof of Proposition
8.21, the directional derivative d~vf(p) exists for each p ∈ Γ0 and each ~v at
p. Thus f is continuous on Γ0.

Now fix ε > 0 and let Γx(δ) = {q ∈ Γ : ρ(q, x) < δ} be a neighborhood
of x in Γ on which f(q) < f(x) + ε. Let V ′′ be the simple subdomain of V
associated to Γx(δ). For each α ∈ A and each q ∈ Γx(δ), fα(q) ≤ f(x) + ε.
By Proposition 8.11, fα is non-increasing on paths off the main dendrite
Γp(δ) of V ′′, so fα(z) ≤ f(x)+ε on V ′′. Hence f(z) = supα fα(z) ≤ f(x)+ε
for each z ∈ V ′′. Since ε is arbitrary, this gives (8.20), and shows that
f∗(x) = f(x).

(F) For each α, put Fα(z) = supβ≥α fβ(x) and let F ∗α(z) be the upper
semicontinuous regularization of Fα. By the final assertion in part (E),
F ∗α(x) = Fα(x) for each x ∈ U ∩ HBerk. Since 〈F ∗α〉 is a decreasing net of
subharmonic functions, and f(x) = limα F

∗
α(x), by part (B) we must have

either f(x) ≡ −∞ or f(x) ∈ SH(U). Furthermore, by the same argument
as in (E), f(x) = f∗(x) for each x ∈ U ∩HBerk. �

Subharmonic functions are also stable under integration over suitably
bounded families on a parameter space, at least when the integral over the
family is assumed to be upper semicontinuous.

Proposition 8.24. Let µ be a positive measure on a measure space T ,
and let U ⊂ P1

Berk be a domain. Suppose that F : U × T → [−∞,∞) is a
measurable function such that

(A) For each t ∈ T , the function Ft(z) = F (z, t) : U → [−∞,∞) is
subharmonic in U ; and

(B) the function

f(z) :=
∫
T
F (z, t) dµ(t)

is upper semicontinuous.
Then f is either subharmonic in U , or is ≡ −∞ on U .

Proof. (Compare with [52],Theorem 2.6.5,p.51.) Suppose f(z) 6≡ −∞,
and let V ⊂ U be a simple subdomain with boundary ∂V = {x1, . . . , xm}.
Let h be harmonic on V with h(xi) ≥ f(xi) on ∂V . Let h1(z), . . . , hm(z)
be the unique harmonic functions on V with hi(xj) = δij . Recall that, by
the maximum modulus principle for harmonic functions, for each z ∈ V we
have 0 ≤ hi(z) ≤ 1 and

∑m
i=1 hi(z) = 1. Since each Ft(x) is subharmonic,
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for each z ∈ V

Ft(z) ≤
m∑
i=1

hi(z)Ft(xi) .

Integrating over µ gives

f(z) ≤
m∑
i=1

f(xi)hi(z) ≤
m∑
i=1

h(xi)hi(z) = h(z) .

Thus f is subharmonic. �

Remark 8.25. In the classical setting over C, one can show using Fatou’s
lemma that if µ is σ-finite and there exists a majorizing function g : T →
(−∞,∞] in L1(µ) such that Ft(z) ≤ g(t) for all t ∈ T and all z ∈ X, then f
is automatically upper semicontinuous if each Ft(z) is upper semicontinuous.
However, Fatou’s lemma does not hold in general for nets, so we have added
as a hypothesis that f is upper semicontinuous.

Here are more ways of getting new subharmonic functions from old ones:

Lemma 8.26. Let U ⊂ P1
Berk be open. If f is subharmonic on U , and

ϕ : R → R is convex and non-decreasing, then ϕ ◦ f is subharmonic on U .
(Here, ϕ(−∞) is to be interpreted as limt→−∞ ϕ(t).)

Proof. (See [52], Theorem 2.6.6, p.51.) Note that ϕ(t) can be written
as

ϕ(t) = sup({a · t+ b : a ≥ 0, b ∈ R, and a · t+ b ≤ ϕ(t) for all t ∈ R}) .

Let A be the corresponding set of pairs (a, b) ∈ R2; then

ϕ ◦ f(z) = sup
(a,b)∈A

a · f(z) + b .

For each (a, b) ∈ A, we have a · f(z) + b ∈ SH(U). By Proposition 8.23(E),
if F (z) = ϕ ◦ f(z), then F ∗(z) is subharmonic.

A convex function on R is automatically continuous, since its one-sided
derivatives exist at each point. Since ϕ is continuous and nondecreasing,
and f(z) is upper semicontinuous, it follows that F (z) = ϕ(f(z)) is upper
semicontinuous. Hence F ∗(z) = F (z). �

Corollary 8.27. Let U ⊂ P1
Berk be open.

(A) If f is subharmonic on U and q ≥ 1, then the function F (z) = qf(z)

is subharmonic on U .
(B) If f is subharmonic and non-negative on U , then for any α ≥ 1, the

function F (z) = f(z)α is subharmonic on U .

Proof. (See [52], Corollary 2.6.8, p.52). Note that t → qt and t → tα

are convex and non-decreasing, and apply Lemma 8.26. �

We can now give additional examples of subharmonic functions.
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Example 8.28. Fix ζ ∈ P1
Berk. For each α > 0, and each a 6= ζ,

the function f(x) = δ(x, a)αζ is subharmonic in P1
Berk\{ζ}. In particular

this applies to δ(x, a)ζ . More generally, for each α1, . . . , αn ≥ 0, and each
a1, . . . , an ∈ P1

Berk\{ζ}, the generalized pseudo-polynomial

P (x, ~α,~a) =
m∏
i=1

δ(x, ai)αiζ

is subharmonic in P1
Berk\{ζ}.

This follows from Corollary 8.27(A) and Proposition 8.23(A), taking
q = qv, since αi · logv(δ(x, ai)ζ) is subharmonic in P1

Berk\{ζ}.
In particular, consider f(x) = δ(x, 0)∞ on A1

Berk. It is constant on
branches off the path [0,∞]. Give (0,∞) the arclength parametrization, so
that xt is the point corresponding to the disc B(0, qtv) for −∞ < t < ∞.
Then f(xt) = qtv. For each disc VT := B(0, qTv )−, the Laplacian ∆VT (f) is
supported on [0, xT ]. Relative to the arclength parametrization,

∆VT (f) = f ′(xT ) · δT (t)− f ′′(xt)dt
= qTv log(qv) · δT (t)− qtv(log(qv))2dt .

The total variation of these measures grows to ∞ as T →∞. Thus f(x) is
subharmonic, but not strongly subharmonic, on A1

Berk.

Example 8.29. Consider the function ψ(t) = arcsin(qtv). It is bounded,
increasing and convex on [−∞, 0), with a vertical tangent at t = 0.

Put f(x) = ψ(logv(δ(x, 0)∞)) on U := B(0, 1)−. By Lemma 8.26, f(x) is
bounded and subharmonic on U . However, it is not strongly subharmonic,
and it cannot be extended to a subharmonic function on any larger domain.

Example 8.30. For a nonzero rational function f ∈ K(T ) with divisor
div(f), the function F (x) = [f ]x is subharmonic on P1

Berk\ supp(div(f)−).
This follows from Corollary 8.27(A), taking q = qv, since logv([f ]x) is

subharmonic on the complement of supp(div(f)−).

Example 8.31. Let E ⊂ P1
Berk be a compact set of positive capacity,

and take ζ ∈ P1
Berk\E. Then for each α ≥ 1, the function G(x, ζ;E)α is

subharmonic in P1
Berk\{ζ}.

This follows from Corollary 8.27(B), taking ϕ(t) = tα, since G(x, ζ;E)
is subharmonic and non-negative on P1

Berk\{ζ}.

Example 8.32. Let f1, . . . , fm ∈ K(T ) be nonzero rational functions
with poles supported on {ζ1, . . . , ζd}, and letN1, . . . , Nm be positive integers.
Then

g(x) = max
( 1
N1

logv([f1]x), . . . ,
1
Nm

logv([fm]x)
)

is subharmonic in P1
Berk\{ζ1, . . . , ζd}.

This follows from Example 8.30 above, and Proposition 8.23(D).
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8.4. The Comparison Theorem

If f(z) and g(z) are subharmonic functions on an open set U , one can
ask for conditions which assure that f(z) ≤ g(z) on U . In the classical case,
the desired result is called the Comparison Theorem.

In order to formulate a Berkovich space version of the Comparison Theo-
rem, we need to generalize the Laplacian. So far we have only defined ∆V (f)
when V is a domain and f ∈ BDV(V ). However, the coherence properties of
the Laplacian under restriction and taking finite covers enable us to define
∆U (f) as a negative signed measure for subharmonic functions on arbitrary
open sets U .

Definition 8.33. Let U ⊂ P1
Berk be an open set, and let f ∈ SH(U).

The Laplacian ∆U (f) is the unique signed measure on U such that

∆U (f)|V = ∆V (f)

for each simple subdomain V ⊂ U .

Propositions 5.22 and 5.23 show that ∆U (f) is well-defined. It may have
finite or infinite total mass.

Proposition 8.34. (Comparison Theorem). Let U ( P1
Berk be an open

set. Suppose f and g are subharmonic on U , and
(A) for each q ∈ ∂U , lim sup

z→q
z∈U

(f(z)− g(z)) ≤ 0 ;

(B) ∆U (f) ≤ ∆U (g) on U .
Then f(z) ≤ g(z) on U .

Proof. Consider the function h(z) = f(z)− g(z) on U .
If we knew that h(z) were subharmonic on U , the result would fol-

low from the maximum principle. Indeed, for each component V of U ,
lim supz→q h(z) ≤ 0 for each q ∈ ∂V , and ∆V (h) = ∆V (f) − ∆V (g) ≤ 0.
Unfortunately, the difference of two upper semicontinuous functions need
not be upper semicontinuous, so we must go back to first principles.

Fix a simple subdomain V of U , and fix p ∈ V . As noted above, h ∈
BDV(V ) and ∆V (h)|V ≤ 0. We claim that

(8.21) h(p) ≤ max
qi∈∂V

h(qi) .

To see this, let Γ be any finite subgraph of V with ∂V ⊆ ∂Γ. Then
h|Γ ∈ BDV(Γ) and and ∆Γ(h) = (rV ,Γ)∗(∆V (h)) is supported on ∂V ⊂ ∂Γ.
By Proposition 3.13(C), h|Γ achieves its maximum value on rV ,Γ(∂V ) = ∂V ,
so that h(x) ≤ maxqi∈∂V h(qi) for all x ∈ Γ.

If p ∈ HBerk, we may choose Γ so that p ∈ Γ, and thus (8.21) is satisfied
in this case.

If p ∈ P1(K), let y = rV ,Γ(p), and consider the path [y, p] ⊂ V . We have
just shown that h(x) ≤ maxqi∈∂V h(qi) for all x ∈ [y, p). But in (8.19), we
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saw that
f(p) = lim

x→p
x∈[y,p)

f(x) , g(p) = lim
x→p
x∈[y,p)

g(x) .

Thus h(p) = lim
x→p
x∈[y,p)

h(x) ≤ max
qi∈∂V

h(qi), which verifies (8.21) in all cases.

Now let p ∈ U , and let Vα be the directed system of all simple subdo-
mains of U containing p. For each α, choose a point xα ∈ ∂Vα such that
h(p) ≤ h(xα). This defines a net 〈xα〉 in V . Since U is compact, there is a
subnet 〈yβ〉 of 〈xα〉 converging to a point q ∈ U . As

⋃
α Vα = U , it follows

that q ∈ ∂U . But then h(p) ≤ limβ h(yβ) ≤ lim supz→q h(z) ≤ 0, as desired.
�

As a special case, the Comparison Theorem gives:

Corollary 8.35. Let U ⊂ P1
Berk be an open set with nonempty bound-

ary. Suppose f and g are subharmonic functions on U such that
(A) for each q ∈ ∂U , −∞ < lim sup

z→q
z∈U

f(z) ≤ lim inf
z→q
z∈U

g(z) <∞, and

(B) ∆U (f) ≤ ∆U (g) on U .
Then f(z) ≤ g(z) on U .

The proof of the Comparison Theorem yields the following useful crite-
rion for equality of subharmonic functions.

Corollary 8.36. Let U ⊂ P1
Berk be a domain, and let V be a simple

subdomain of U . Suppose f and g are subharmonic on U with ∆V (f) =
∆V (g) and f(x) = g(x) on ∂V . Then f(z) ≡ g(z) on V .

Proof. By symmetry, it suffices to show that f(z) ≤ g(z). Put h(z) =
f(z)−g(z). The proof of Proposition 8.34 shows that for all z ∈ V , we have

h(z) ≤ max
qi∈∂V

h(qi) = 0 .

Thus f(z) ≤ g(z) as desired. �

8.5. The Riesz Decomposition Theorem

Let U be an open set in P1
Berk, and let V ⊂ U be a simple subdomain.

Suppose f is subharmonic in U . By Lemma 8.10, f ∈ BDV(V ). Put ν =
−∆V (f), i.e., ν = −∆V (f)|V . Then ν ≥ 0. Fix ζ /∈ V , and consider the
potential function

uν(z, ζ) =
∫
− logv(δ(x, y)ζ) dν(y) .

Proposition 8.37. (Riesz Decomposition Theorem)
Let V be a simple subdomain of an open set U ⊂ P1

Berk. Fix ζ ∈ P1
Berk\V .

Suppose f is subharmonic on U , and let ν be the positive measure ν =
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−∆V (f). Then there is a continuous function h(z) on V whose restriction
to V is harmonic, such that

f(z) = h(z)− uν(z, ζ) for all z ∈ V .

Proof. Define F (z) = −uν(z, ζ). By Example 5.18, F (z) ∈ BDV(P1
Berk)

and
∆P1

Berk
(F ) = ν(P1

Berk)δζ(x)− ν .
Let Γ be the finite graph which is the closure of the main dendrite of V .
By the retraction property of the Laplacian, ∆Γ(f) = (rV ,Γ)∗(∆V (f)), and
similarly for ∆Γ(F ). It follows that ∆Γ(F ) − ∆Γ(f) is a discrete measure
supported on ∂Γ = ∂V .

Define h(x) = f(x)−F (x) on Γ, and extend h(z) to V by setting h(z) =
h ◦ rV ,Γ(z) for all z ∈ V . Then h(z) is harmonic on V , since it is continuous
on V and ∆V (h) = ∆Γ(F ) − ∆Γ(f) is supported on ∂V . Now consider
the functions f(z) and h(z) + F (z). By construction, both functions are
subharmonic on V and satisfy ∆V (f) = ∆V (h+F ) = −ν. In addition, they
agree on ∂V ⊂ Γ. By Corollary 8.36, f(z) ≡ h(z) + F (z). �

For future applications, it is useful to know that if f is continuous and
subharmonic on U , and if ν = −∆V (f), then the potential function uν(z, ζ)
is continuous everywhere.

Proposition 8.38. Suppose f is continuous and subharmonic on an
open set U ⊂ P1

Berk. Let V be a simple subdomain of U , and fix ζ ∈ P1
Berk\V .

Put ν = −∆V (f)|V = −∆V (f). Then uν(z, ζ) is continuous on all of P1
Berk.

Proof. By Proposition 8.37, there is a continuous function h(z) on
V , harmonic on V , such that uν(z, ζ) = h(z) − f(z) on V . In particular,
uν(z, ζ) is continuous on V . Since supp(ν) ⊂ V , uν(z, ζ) is also continuous
on P1

Berk\V by Proposition 6.11 (which includes continuity at ζ). It remains
to show that uν(z, ζ) is continuous on the finite set ∂V .

Fix xi ∈ ∂V . Since f and h are continuous on V ,

lim
z→xi
z∈V

uν(z, ζ) = uν(xi, ζ) .

Now consider the behavior of uν(z, ζ) on each connected component of
P1

Berk\{xi}, as z → xi. Each such component is an open disc with xi as
its boundary point. One component contains V ; we have already dealt with
it.

Suppose W is a component which does not contain V . If W contains
ζ, choose a point p on the interior of the path from xi to ζ; otherwise, let
p ∈ U\P1(K) be arbitrary. Put Γ = [xi, p]. Since uν(z, ζ) ∈ BDV(P1

Berk), its
restriction to Γ belongs to BDV(Γ), hence is continuous on Γ. Thus

(8.22) lim
z→xi
z∈Γ

uν(z, ζ) = uν(xi, ζ) .
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If W is a component which does not contain ζ, then uµ(z, ζ) is harmonic on
the open disc W , hence constant. By (8.22), uν(z, ζ) ≡ uν(xi, ζ) on W for
such a component. If W is the component containing ζ, put W0 = r−1

Γ (Γ0);
then W0 is a simple subdomain of P1

Berk contained in W\{ζ}, and uν(z, ζ) is
harmonic on W0. The main dendrite of W0 is Γ0. Since harmonic functions
are constant on branches off the main dendrite,

(8.23) lim
z→xi
z∈W

uν(z, ζ) = lim
z→xi
z∈Γ

uν(z, ζ) = uν(xi, ζ) .

Combining all cases, we see that uν(z, ζ) is continuous at xi. �

The proof of the Riesz Decomposition Theorem also gives interesting
information about the structure of functions in BDV(U). Definition 5.8
asserts that f ∈ BDV(U) iff f |Γ ∈ BDV(Γ) for every finite subgraph Γ ⊂ U ,
and there is a uniform bound B for the measures |∆Γ(f)|(Γ) for all Γ ⊂ U .
Nothing else is said about f .

Proposition 8.39. Let U ⊂ P1
Berk be a domain, and let f ∈ BDV(U).

For any simple subdomain V ⊂ U , there are subharmonic functions g1, g2

on V such that f(z) = g1(z)− g2(z) for all z ∈ V ∩HBerk.

Proof. Since f ∈ BDV(U), we also have f ∈ BDV(V ). Put ν =
∆V (f), and let ν+, ν− be the positive and negative measures in the Jordan
decomposition of ν, so ν = ν+ − ν−. As ν has total mass zero, we have
ν+(V ) = ν−(V ) = M for some M ≥ 0. Fix ζ ∈ P1

Berk\V , and put

g−(z) = −uν−(z, ζ) , g+(z) = −uν+(z, ζ) .

Then g− and g+ are subharmonic in P1
Berk\{ζ} and belong to BDV(P1

Berk),
with ∆P1

Berk
(g−) = Mδζ(x)− ν− and ∆P1

Berk
(g+) = Mδζ(x)− ν+. Thus

∆V (g− − g+) = ν+ − ν− = ν .

Set F (z) = f(z) − (g− − g+). Then F ∈ BDV(V ) and ∆V (F ) ≡ 0.
It follows from Example 5.13 that F ≡ C is constant on V ∩ HBerk. Set
g1 = g− + C and g2 = g+. �

8.6. Convergence of Laplacians

Let U be a domain in P1
Berk, and let 〈fα〉α be a net of subharmonic

functions on U which converges to a subharmonic function F . One can ask
under what conditions the net of measures 〈∆U (fα)〉 converges to ∆U (F ).

Proposition 8.40. Let U ⊂ P1
Berk be a domain, and let 〈fα〉α∈A be a

net of subharmonic functions on U . Suppose one of the following conditions
holds:

(A) The fα(z) converge uniformly to F (z) on each finite subgraph Γ ⊂ U ;
(B) The fα(z) decrease monotonically to F (z) on each finite subgraph

Γ ⊂ U , and F (z) 6≡ −∞ on U ;
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(C) The fα(z) increase monotonically on each finite subgraph Γ ⊂ U ,
and the family {fα} is locally bounded above. Put f(z) = limα fα(z) and let
F (z) = f∗(z) be the upper semicontinuous regularization of f(z).

Then F (z) is subharmonic on U , and the measures ∆V (fα) converge
weakly to ∆V (F ) for each simple subdomain V ⊂ U .

Proof. In all three cases, Proposition 8.23 shows that F (z) is subhar-
monic. Only the convergence of the measures needs to be established.
Proof of (A). Let V ⊂ U be a simple subdomain.

We first claim that the measures |∆V (fα)| have uniformly bounded total
mass. This depends on the fact that V can be enlarged within U .

Let W be a simple subdomain of U containing containing V , and let
Γ ⊂ Γ̃ ⊂ W be finite subgraphs with Γ ⊂ Γ̃0, ∂W ⊆ ∂Γ̃ and ∂V ⊆ ∂Γ.
Write ∂V = {x1, . . . , xm}. When xi is regarded as a point of Γ, it has a
unique tangent vector ~vi leading into Γ. As in (8.16) in the proof of Lemma
8.10, for each α ∈ A we have

|∆Γ(fα)|(V ) = |∆Γ(fα)|(Γ) = 2 ·
m∑
i=1

|d~vifα(xi)| .

Thus, to bound the |∆V (fα)|(V ), it suffices to show that the |d~vifα(xi)| are
uniformly bounded, for all i and α.

Fix xi ∈ ∂V . When xi is regarded as a point of Γ̃, it will have several
tangent vectors ~vi,j , j = 1, . . . , ni, with each ni ≥ 2. Without loss, we
can assume the ~vij are indexed so that ~vi = ~vi1 for each i. Fix T > 0 small
enough that for each i, j, the point qi,j = xi+t~vij lies on the edge emanating
from xi in the direction ~vij .

Consider the limit function F , and fix ε > 0. Since the fα converge
uniformly to F on Γ̃, there is an α0 such that |fα(qij) − F (qij)| < ε and
|fα(xi) − F (xi)| < ε for all α ≥ α0 and all i, j. It follows that for such i, j
and α, we have

(8.24)
fα(qij)− fα(xi)

T
≤ (F (qij) + ε)− (F (xi)− ε)

T
.

Since each fα is convex on edges of Γ̃, for each i, j

(8.25) d~vijfα(xi) ≤
fα(qij)− fα(xi)

T
.

Thus (8.24) provides an upper bound Bij for each d~vijfα(xi) which is inde-
pendent of α.

Since xi is an interior point of Γ̃ and ni ≥ 2, Proposition 8.22 gives
0 ≥ ∆Γ̃(fα)(xi) = −

∑ni
j=1 d~vijfα(xi), so

(8.26) d~vi1fα(xi) ≥ −
ni∑
j=2

d~vijfα(xi) ≥ −
ni∑
j=2

Bij .
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Since d~vifα(xi) = d~vi1fα(xi), we have shown that |d~vifα(xi)| is uniformly
bounded for all i and all α ≥ α0. In particular, there exists B > 0 such that
|∆V (fα)|(V ) ≤ B for all α ≥ α0.

We will now show the net of measures ∆V (fα) converges weakly to a
measure µ on V . Recall that by Proposition 5.4(B), as Γ ranges over all finite
subgraphs of V and G ranges over all functions in CPA(Γ), the functions
g(x) = G ◦ rΓ(x) are dense in C(V ). For each subgraph Γ′ ⊃ Γ, each g(x),
and each fα, Lemma 3.13(D) gives∫

Γ′
g∆Γ′(fα) =

∫
Γ′
fα ∆Γ′(g) =

∫
Γ
fα ∆Γ(G) ,

where the last equality holds because ∆Γ′(g)|Γ = ∆Γ(G). Passing to the
limit over all finite subgraphs Γ ⊂ V , we find that

(8.27)
∫
V
g∆V (fα) =

∫
V
fα ∆V (g) =

∫
Γ
fα ∆Γ(G) .

Since the fα converge uniformly to F on Γ, we can define a linear functional

(8.28) ΛF (g) = lim
α

∫
V
fα ∆V (g) =

∫
V
F ∆V (g) =

∫
Γ
F ∆Γ(G)

on the dense space of functions g(x) = G ◦ rΓ(x) in C(V ).
On the other hand, by (8.27), we have

(8.29) ΛF (g) = lim
α

∫
V
g∆V (fα) .

Since the measures |∆V (fα)|(V ) are uniformly bounded, ΛF extends to a
bounded linear functional on C(V ). By the Riesz Representation theorem,
there is a unique measure µ such that

ΛF (g) =
∫
V
g(x) dµ(x) .

for all g ∈ C(V ). This measure is the weak limit of the ∆V (fα).
To complete the proof, we must show that µ = ∆V (F ). Since ∆V (F ) is

a bounded measure on V , it suffices to check that

ΛF (g) =
∫
V
g∆V (F )(x)

on the dense space of functions considered above. This follows immediately
from (8.27), with fα replaced by F . This proves (A).

For (B), fix a finite subgraph Γ ⊂ U . By part (A), it suffices to show
that fα converges uniformly to F on Γ. This follows from Dini’s lemma
(Lemma A.7), together with the observation that by Proposition 8.21, the
restriction to Γ of a subharmonic function on U is continuous.

For (C), a similar argument shows that since F (z) = f∗(z) is subhar-
monic on U , for each finite subgraph Γ ⊂ U the restriction of F (z) to Γ is
continuous. By Proposition 8.23(E), F (z) coincides with f(z) = limα fα(z)
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on U ∩HBerk. Hence f |Γ = F |Γ is continuous, and the fα converge uniformly
to F on Γ by Dini’s lemma. �

We augment Proposition 8.40 with two simple results which deal with
other cases in Proposition 8.23. The first is immediate by the linearity of
the Laplacian.

Proposition 8.41. Let U ⊂ P1
Berk be open. Suppose f, g ∈ SH(U), and

0 ≤ α, β ∈ R. Then ∆U (αf + βg) = α ·∆U (f) + β ·∆U (g) .

Proposition 8.42. Let U ⊂ P1
Berk be open. Suppose f(z) and g(z) are

continuous subharmonic functions on U , with f(z) > g(z) outside a compact
subset Z ⊂ U . Put h(z) = max(f(z), g(z)). Then

(A) ∆U (h)|U\Z ≡ ∆U (f)|U\Z , and
(B) ∆U (h)(Z) = ∆U (f)(Z) .

Proof. We can assume without loss that U is a domain, since the result
holds if and only if it holds for each component of U .

The proof of (A) is simple. For each x ∈ U\Z, there is a simple subdo-
main W ⊂ U such that x ∈ W and W ∩ Z = ϕ. We have h(z) = f(z) on
W , so ∆W (h) = ∆W (f), and

∆U (f)|W = ∆W (f)|W = ∆W (h)|W = ∆U (h)|W .

Since U\Z can be covered by such W , the result follows.

For part (B), using that Z is compact, choose a simple subdomain V ⊂ U
with Z ⊂ V . By Lemma 8.10, the restrictions of f , g and h to V belong to
BDV(V ). Note that ∂V is compact. Fix ζ ∈ Z, and cover ∂V with a finite
number of balls B(xi, ri)−ζ , where the closure of each B(xi, ri)−ζ is disjoint
from Z. Without loss, we can assume the B(xi, ri)−ζ are pairwise disjoint.
Let pi be the unique boundary point of B(xi, ri)−ζ ; it belongs to V \Z. Put
Vi = V ∩ B(xi, ri)−ζ ; then h(z) = f(z) on Vi, and ∂Vi ⊂ ∂V ∪ {pi}.

By the retraction formula for Laplacians,

(rV ,V i)∗(∆V (f)) = ∆V i
(f) = ∆V i

(h) = (rV ,V i)∗(∆V (h)) .

Since rV ,V i(x) is the identity map on V i\{pi} and rV ,V i(V \Vi) = {pi},

∆V (f)|V i\{pi} = ∆V (h)|V i\{pi} .

Combined with the result from (A), this gives ∆V (f)|V \Z = ∆V (h)|V \Z .
Since both ∆V (f) and ∆V (h) have total mass 0,

∆V (f)(Z) = −∆V (f)(V \Z) = −∆V (h)(V \Z) = ∆V (h)(Z) .

�
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8.7. Smoothing

In the classical theory over the complex numbers, each subharmonic
function f is locally a decreasing limit of C∞ subharmonic functions. These
functions are obtained by convolving f with a certain smoothing kernel.

Here there seems to be no smoothing kernel, but nonetheless each sub-
harmonic function can be approximated by continuous subharmonic func-
tions of a special form. The “nicest” functions we have encountered on P1

Berk
are those of the form f(z) = F ◦ rΓ(z), where Γ is a finite subgraph and
F ∈ CPA(Γ). We deem them to be the smooth functions on P1

Berk. More
generally, we make the following definition:

Definition 8.43. Let U ⊆ P1
Berk be a domain, and let f : U → R be a

real-valued function. We say that f is smooth if there exists a finite subgraph
Γ ⊂ U and a function F ∈ CPA(Γ) such that f = F ◦ rU,Γ.

Lemma 8.44. Let U ⊆ P1
Berk be a domain. If f ∈ BDV(U) is continuous

on U , then f is smooth if and only if ∆U (f) is a discrete measure supported
on U ∩HBerk.

Proof. If f = F ◦ rU,Γ is smooth, then ∆U (f) = ∆Γ(F ) is a discrete
measure supported on Γ ⊂ U ∩ HBerk since F ∈ CPA(Γ). On the other
hand, suppose ∆U (f) is a discrete measure supported on U ∩ HBerk, and
choose a finite subgraph Γ ⊂ U containing supp(∆U (f)). Then ∆Γ(f) =
(rU,Γ)∗∆U (f) = ∆U (f) is a discrete measure supported on Γ. If F := f |Γ,
then F ∈ CPA(Γ). Since ∆U (F ◦ rU,Γ) = ∆U (f) and f = F ◦ rU,Γ on Γ,
it follows that f = F ◦ rU,Γ on U ∩ HBerk. Since f is continuous on U ,
f = F ◦ rU,Γ on all of U and therefore f is smooth. �

Proposition 8.45. Let U ⊂ P1
Berk be a domain, and let f be subhar-

monic in U . Then for every simple subdomain V of U , there is a net 〈fα〉
of smooth subharmonic functions on V such that fα → f pointwise on V ,
and fα → f uniformly on each finite subgraph Γ of V . Moreover, the net of
discrete measures 〈∆V (fα)〉 converges weakly to ∆V (f).

Proof. Let {Γα} be the set of finite subgraphs Γ ⊂ V which are well-
oriented with respect to V : that is, rΓ(∂V ) ⊆ ∂Γ. The collection {Γα} is
cofinal in the set of all finite subgraphs of V . Let it be partially ordered by
containment.

For each α, choose a number εα > 0 in such a way that limα εα = 0. For
example, take

εα = inf
z∈Γα

ρ(z, ∂V ) ,

where ρ is the path-distance metric on HBerk. For each α, using that Γα is
a compact metric space under the path distance ρ(x, y), choose a finite set
Σα = {pα,1, . . . , pα,Mα} ⊂ Γα containing ∂Γα such that given z ∈ Γα, there
exists i with ρ(pα,i, z) ≤ εα. Then, for each α, define Fα ∈ CPA(Γα) to
be the function on Γα whose values at pα,i are given by Fα(pα,i) = f(pα,i),
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and which interpolates linearly on the intervening segments. Put fα(z) =
Fα ◦ rΓα(z), so fα(z) is constant on branches off Γα.

We claim that the fα converge pointwise to f on V , and the convergence
is uniform on each finite subgraph Γ ⊂ V .

Given a finite subgraph Γ ⊂ V , the functions fα(x) converge uniformly
to f(x) on Γ, since Γ ⊂ Γα for all sufficiently large α, εα → 0, and f |Γ
is uniformly continuous. Since each z ∈ V ∩ HBerk belongs to some finite
subgraph Γ ⊂ V , clearly fα(z) → f(z) pointwise on V ∩ HBerk. Similarly,
if p ∈ V ∩ P1(K), then since the Γα exhaust V \P1(K), it follows from the
continuity of f that fα(p) = f(rV ,Γα(p)) converges to f(p).

We now show that each fα is subharmonic on V . We have

∆V (fα) = ∆Γα(Fα) =
∑

cα,iδpα,i

with cα,i ∈ R. By hypothesis, rV ,Γα(∂V ) ⊆ ∂Γα. Fix pα,i ∈ Σα\rV ,Γα(∂V ).
We claim that cα,i ≤ 0. By Proposition 8.22, ∆Γα(f) ≤ 0 on Γα\rV ,Γα(∂V ).
In particular, for each pα,i /∈ rV ,Γα(∂V )

−
∑

~v∈Tpα,i

d~vf(pα,i) = ∆Γαf(pα,i) ≤ 0 .

By Proposition 8.11(A), f is convex upward on each edge of Γα\rV ,Γα(∂V ),
so d~vFα(pα,i) ≥ d~vf(pα,i) for each ~v. This shows that cα,i = ∆Γα(Fα)(pα,i) ≤
0. Since fα(z) is constant on branches off Γα,

∆V (fα) = ∆Γα(Fα) =
Mα∑
i=1

cα,iδpα,i(x) .

In particular ∆V (fα) ≤ 0. By construction fα is continuous. By Lemma
8.10, fα is subharmonic on V .

The final assertion, that the measures ∆V (fα) converge weakly to ∆V (f),
follows from Proposition 8.40(A). �

Remark 8.46. When the set of type II points in P1
Berk,K is countable

(for example, when K = Cp), one can modify the argument above to show
that there is a decreasing sequence f1 ≥ f2 ≥ · · · of smooth subharmonic
functions on V such that fn → f pointwise on V , and fn → f uniformly on
each finite subgraph Γ of V . (In particular, the sequence of discrete measures
∆V (fα) converges weakly to ∆V (f).) We omit the argument, since we will
not need this result in the sequel.

8.8. The Energy Minimization Principle

In this section we will introduce a class of generalized potential ker-
nels which arise naturally in the study of dynamics of rational functions on
P1

Berk. We call them called ‘Arakelov-Green’s functions’ by analogy with
the functions introduced by Arakelov in arithmetic geometry. We show that
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the potential functions obtained from them satisfy analogues of Maria’s and
Frostman’s theorems, as well as an Energy Minimization principle (Theorem
8.52), which is one of the key results used in ([6]) to prove a nonarchimedean
equidistribution theorem for points of small dynamical height.

Recall that for each ζ ∈ P1
Berk, the Hsia kernel is defined by

(8.30) δ(x, y)ζ =
‖x, y‖

‖x, ζ‖ ‖y, ζ‖
and that ‖x, y‖ = δ(x, y)ζGauss

.

Definition 8.47. A probability measure µ on P1
Berk is log-continuous,

if for some (hence every) ζ ∈ HBerk, the potential function

uµ(z, ζ) =
∫
− logv(δ(z, w)ζ) dµ(w)

is continuous and bounded on P1
Berk.

For us, the most important example of a log-continuous probability mea-
sure will be the canonical measure attached to a rational function ϕ(T ) ∈
K(T ) with deg(ϕ) ≥ 2, constructed in §10.1. Here are some other examples:

Example 8.48. Let Γ ⊂ P1
Berk be any finite subgraph, and let µ be

any probability measure supported on Γ. Then µ is log-continuous. To see
this, we can assume without loss that ζ = ζGauss and that ζ ∈ Γ. Then
δ(z, w)ζ = ‖z, w‖ and for each w ∈ Γ,

− logv(‖z, w‖) = jζ(rΓ(z), w) .

Since jζ(x,w) is continuous and bounded for x,w ∈ Γ, it follows that uµ(z, ζ)
is continuous and bounded on P1

Berk.
In particular, if µ = δζ(z) for some ζ ∈ HBerk, then µ is log-continuous.

Example 8.49. TakeK = Cp and introduce coordinates so that P1(K) =
Cp ∪{∞}. Let L/Qp be a finite extension and let OL be its ring of integers.
If µ is additive Haar measure on OL, and OL is viewed as a subset of P1

Berk,
then µ is log-continuous.

This follows from ([72], Example 4.1.24, p.213), where an explicit for-
mula is given for uµ(z,∞) on P1(Cp). This formula extends to P1

Berk and
shows that uµ(z,∞) is continuous. An easy modification of the construction
shows that uµ(z, ζGauss) = max(0, uµ(z,∞)), so uµ(z, ζGauss) is continuous
and bounded.

Proposition 8.50. Let µ be a positive measure on P1
Berk for which −µ

is locally the Laplacian of a continuous subharmonic function. Then µ is
log-continuous.

Proof. Fix x ∈ P1
Berk, and let V ⊂ P1

Berk be a neighborhood on which
−µ|V = ∆V (f) for some continuous subharmonic function f . After shrink-
ing V if necessary, we can that assume V is a simple domain, and that f is
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bounded and strongly subharmonic on V . Fix ζ ∈ HBerk\V . Put µV = µ|V ,
and consider the potential function

uµV (z, ζ) =
∫
− logv(δ(x, y)ζ) dµV (y) .

By Proposition 8.38, uµV (z, ζ) is continuous on all of P1
Berk. It is bounded

since ζ /∈ P1(K).
Now replace ζ by ζGauss. By (4.27), there is a constant C > 0 such that

for all x, y ∈ HBerk,

δ(x, y)ζGauss
= C ·

δ(x, y)ζ
δ(x, ζGauss)ζδ(y, ζGauss)ζ

.

Since logv(δ(x, ζGauss)ζ) is a continuous, bounded function of x, it follows
that uµV (z, ζGauss) is continuous and bounded as well.

As P1
Berk is compact, a finite number of such simple domains Vi cover

P1
Berk. It is easy to see that the assertions made for the restriction of µ to

the Vi hold also for its restriction to their intersections Vi1 ∩ · · · ∩ Vir . By
inclusion-exclusion, uµ(z, ζGauss) is continuous on P1

Berk. �

Given a log-continuous probability measure µ, define the normalized
Arakelov-Green’s function gµ(x, y) by

(8.31) gµ(x, y) =
∫

P1
Berk

− logv(δ(x, y)ζ) dµ(ζ) + C ,

where the normalizing constant C is chosen so that

(8.32)
∫∫

gµ(x, y) dµ(x)dµ(y) = 0 .

Using (8.30) one sees that C =
∫∫
− logv(‖x, y‖) dµ(x)dµ(y), that

(8.33) gµ(x, y) = − logv(‖x, y‖)− uµ(x, ζGauss)− uµ(y, ζGauss) + C ,

and that gµ(x, y) is valued in [M,∞] for some M ∈ R. When ζ ∈ HBerk

and µ = δζ(z), then gµ(x, y) = − logv(δ(x, y)ζ) +C. Thus Arakelov-Green’s
functions may be viewed as potential kernels whose ‘poles’ have been spread
out over the support of µ.

Since uµ(z, ζGauss) is continuous, gµ(x, y) inherits the following proper-
ties from − logv(‖x, y‖) (see Proposition 4.7 and Examples 5.15 and 8.5):

Proposition 8.51. Let µ be a log-continuous probability measure on
P1

Berk. As a function of two variables, the Arakelov-Green’s function gµ(x, y)
is symmetric, lower semicontinuous everywhere, continuous off the diagonal
and on the type I diagonal, and bounded from below. For each fixed y, the
function Gy(x) = gµ(x, y) is continuous and belongs to BDV(P1

Berk); it is
subharmonic in P1

Berk\{y} and satisfies ∆P1
Berk

(Gy(x)) = δy(x)− µ.
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Given a probability measure ν on P1
Berk, define the generalized potential

function

(8.34) uν(x, µ) =
∫
gµ(x, y) dν(y) ,

and the µ-energy integral

(8.35) Iµ(ν) =
∫∫

gµ(x, y) dν(x)dν(y) =
∫
uν(x, µ) dν(x) .

Our goal is to prove the following energy minimization principle:

Theorem 8.52. Let µ be a log-continuous probability measure on P1
Berk.

Then
(A) Iµ(ν) ≥ 0 for each probability measure ν on P1

Berk, and
(B) Iµ(ν) = 0 if and only if ν = µ.

The proof rests on analogues of Maria’s theorem and Frostman’s theorem
for the function f(x) = uν(x, µ). We begin by showing that generalized
potential functions have the same properties as the ones studied in §6.3.

Proposition 8.53. Let µ be a log-continuous probability measure on
P1

Berk, and let ν be an arbitrary probability measure on P1
Berk. Then uν(z, µ)

is lower semicontinuous everywhere, and is continuous at each z /∈ supp(ν).
For each z ∈ P1

Berk, as t approaches z along any path [y, z],

lim
t→z
t∈[y,z]

uν(t, µ) = uν(z, µ) .

Moreover, uν(x, µ) belongs to BDV(P1
Berk), and ∆P1

Berk
(uν(x, µ)) = ν − µ.

Proof. Note that since ‖x, y‖ = δ(x, y)ζGauss
,

uν(x, µ) =
∫∫ (

− logv(‖x, y‖) + logv(‖x, ζ‖)

+ logv(‖y, ζ‖) + C
)
dµ(ζ)dν(y)

= uν(x, ζGauss)− uµ(x, ζGauss) + C ′

where C ′ is a finite constant. Since uµ(x, ζGauss) is bounded and continuous,
the assertions about continuity, semicontinuity, and path limits follow from
the analogous facts for uν(x, ζGauss) proved in Proposition 6.11.

We have also seen in Example 5.18 that uν(x, ζGauss) and uµ(x, ζGauss)
belong to BDV(P1

Berk). By the computations of the Laplacians there,

∆(uν(x, µ)) = (ν − δζGauss
(x))− (µ− δζGauss

(x)) = ν − µ .

�

The following result is an analogue of Maria’s theorem from classical
potential theory:
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Proposition 8.54. Let µ be a log-continuous probability measure on
P1

Berk, and let ν be a probability measure on P1
Berk. If there is a constant

M < ∞ such that uν(z, µ) ≤ M on supp(ν), then uν(z, µ) ≤ M for all
z ∈ P1

Berk.

Proof. Put E = supp(ν), and let U be a component of P1
Berk\E. By

Proposition 8.53, uν(z, µ) is continuous on U and ∆U (uν(z, µ)) ≤ 0. Hence
uν(z, µ) is subharmonic on U .

Let f(z) = uν(z, µ). Suppose there exists p0 ∈ U with f(p0) > M . As
f is continuous on U and points of HBerk are dense in U , we may assume
without loss of generality that p0 ∈ HBerk. Fix σ > 0 with f(p0) ≥ M + σ.
By Proposition 8.15, there exists a point q ∈ ∂U and a path Λ from p0 to q
such that f is non-decreasing along Λ. In particular, f(z) ≥ M + σ for all
z ∈ Λ0 and

(8.36) lim
x→q
x∈Λ0

f(x) ≥ M + σ .

By Proposition 8.53 the limit on the left-hand side of (8.36) equals f(q).
Therefore f(q) ≥M +σ. But q ∈ ∂U ⊆ supp(ν), contradicting the assump-
tion that f(z) ≤M on supp(ν). �

Define the ‘µ-Robin constant’ to be

Vµ(P1
Berk) = inf

ν
prob meas

Iµ(ν) = inf
ν

prob meas

∫∫
gµ(x, y) dν(x)dν(y) ,

where ν runs over all probability measures supported on P1
Berk. For compact-

ness of notation, we will write V (µ) for Vµ(P1
Berk). Trivially V (µ) > −∞,

since gµ(x, y) is bounded below, and V (µ) ≤ 0, since Iµ(µ) = 0 by the
normalization of gµ(x, y). Taking the weak limit of a sequence of measures
ν1, ν2, . . . for which Iµ(νn) → V (µ) and applying the same argument used
to prove the existence of an equilibrium measure, one obtains a probability
measure ω for which Iµ(ω) = V (µ).

Proposition 8.55. (Frostman) Let µ be a log-continuous probability
measure on P1

Berk, and let ω be a probability measure for which Iµ(ω) = V (µ).
Then the generalized potential function uω(z, µ) satisfies

uω(z, µ) ≡ V (µ) on P1
Berk .

Proof. In outline, the proof, which is modeled on the classical one,
will be as follows. First, using a quadraticity argument, we will show that
uω(z, µ) ≥ V (µ) for all z ∈ P1

Berk except possibly on a set f of capacity 0.
Then, we will show that uω(z, µ) ≤ V (µ) on supp(ω). By Maria’s theorem,
uω(z, µ) ≤ V (µ) for all z ∈ P1

Berk. Since a set of capacity 0 is necessarily
contained in P1(K), it follows that uω(z, µ) = V (µ) on HBerk. Finally, if
p ∈ P1(K), let z → p along a path [y, p]. Proposition 8.53 gives uω(p, µ) =
V (µ).
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Put

f = {z ∈ P1
Berk : uω(z, µ) < V (µ)} ,

fn = {z ∈ P1
Berk : uω(z, µ) < V (µ)− 1/n} , for n = 1, 2, 3, . . ..

Since uω(z, µ) is lower semicontinuous, each fn is closed, hence compact. By
Corollary 6.16, f has capacity 0 if and only if each fn has capacity 0.

Suppose fn has positive capacity for some n; then there is a probability
measure σ supported on fn such that

IζGauss
(σ) :=

∫∫
− logv(‖x, y‖) dσ(x)dσ(y) < ∞ .

Since gµ(x, y) differs from − log(‖x, y‖) by a bounded function, Iµ(σ) < ∞
as well. Furthermore, since

V (µ) =
∫∫

gµ(x, y) dω(x)dω(y) =
∫
uω(x, µ) dω(x) ,

there is a point q ∈ supp(ω) with uω(q, µ) ≥ V (µ). Since uω(z, µ) is lower
semicontinuous, there is a neighborhood U of q on which uω(z, µ) > V (µ)−
1/(2n). After shrinking U if necessary, we can assume its closure U is
disjoint from fn. Since q ∈ supp(ω), it follows that M := ω(U) > 0. Define
a measure σ1 of total mass 0 by

σ1 =


M · σ on fn ,
−ω on U ,
0 elsewhere .

We claim that Iζ(σ1) is finite. Indeed

Iζ(σ1) = M2 ·
∫∫

fn×fn
gµ(x, y) dσ(x)dσ(y)

−2M ·
∫∫

fn×U
gµ(x, y) dσ(x)dω(y)

+
∫∫

U×U
gµ(x, y) dω(x)dω(y) .

The first integral is finite by hypothesis. The second is finite because fn and
U are disjoint, so gµ(z, w) is bounded on fn×U . The third is finite because
Iµ(ω) is finite and gµ(z, w) is bounded below.

For each 0 ≤ t ≤ 1, ωt := ω + tσ1 is a probability measure. By an
expansion like the one above,

Iµ(ωt)− Iµ(ω) = 2t ·
∫
fn∪U

uω(z, µ) dσ1(z) + t2 · Iµ(σ1)

≤ 2t · ((V (µ)− 1/n)− (V (µ)− 1/(2n)) ·M + t2 · Iµ(σ1)

= (−M/n) · t+ Iµ(σ1) · t2 .
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For sufficiently small t > 0, the right side is negative. This contradicts the
fact that ω minimizes the energy integral. It follows that fn has capacity 0,
and hence f =

⋃∞
n=1 fn has capacity 0 by Corollary 6.16.

Since a set of capacity 0 is necessarily contained in P1(K), it follows that
uω(z, µ) ≥ V (µ) for all z ∈ HBerk.

The second part requires showing that uω(z, µ) ≤ V (µ) for all z ∈
supp(ω). If uω(z, µ) > V (µ) for some q ∈ supp(ω), let ε > 0 be small enough
that uω(q, µ) > V (µ)+ε. The lower semicontinuity of uω(z, µ) shows there is
a neighborhood U of q on which uω(z, µ) > V (µ) + ε. Then T := ω(U) > 0,
since q ∈ supp(ω). On the other hand, by Lemma 6.15, ω(f) = 0 since
Iµ(ω) <∞ implies that IζGauss

(ω) <∞. Since uω(z, µ) ≥ V (µ) for all z /∈ f ,

V (µ) =
∫
U
uω(z, µ) dω(z) +

∫
P1

Berk\U
uω(z, µ) dω(z)

≥ T · (V (µ) + ε) + (1− T ) · V (µ) = V (µ) + Tε

which is impossible. Hence uω(z, µ) ≤ V (µ) on supp(ω), and Maria’s theo-
rem implies that uω(z, µ) ≤ V (µ) for all z ∈ P1

Berk.
Combining the first and second parts, we find that uω(z, µ) = V (µ)

for all z ∈ HBerk. As noted at the beginning of the proof, the fact that
uω(p, µ) = V (µ) for each p ∈ P1(K), now follows from Proposition 8.53. �

We can now complete the proof of Theorem 8.52:

Proof. Suppose ω minimizes the energy integral Iµ(ν). By Proposition
8.55, uω(z, µ) is constant. It follows that ∆(uω(z, µ)) ≡ 0. On the other
hand, by Proposition 8.53, ∆(uω(z, µ)) = ω − µ. Hence ω = µ.

However, Iµ(µ) = 0 by the normalization of gµ(x, y), so V (µ) = 0. It
follows that Iµ(ν) ≥ 0 for all ν, and if Iµ(ν) = 0, then ν = µ. �

8.9. Notes and further references

Thuillier ([77]) has given a definition of subharmonicity on arbitrary
Berkovich curves. He uses subharmonic functions in the context of nonar-
chimedean Arakelov theory.





CHAPTER 9

Multiplicities

Given a rational map ϕ ∈ K(T ), in this chapter we develop a theory
of multiplicities for ϕ at points of P1

Berk, with properties analogous to the
classical algebraic multiplicities. We establish a number of formulas relating
multiplicities to geometric properties of ϕ. We prove a Berkovich space
analogue of the open mapping theorem and study how ϕ affects the path
distance metric on HBerk. We give a proof of Rivera-Letelier’s theorem that
the image of a finite graph is a finite graph, and we give conditions for the
image of a disc or an annulus under ϕ to be a disc or annulus. We then define
pullback and pushforward measures under ϕ, and establish some of their
functorial properties. We conclude by showing that the pullback by ϕ of a
subharmonic function is again subharmonic, and use this to derive pullback
formulas for arbitrary functions in BDV(U), and for Green’s functions.

9.1. An analytic construction of multiplicities

Let ϕ ∈ K(T ) be a nonconstant rational function of degree d. For
classical points a, b ∈ P1(K) with ϕ(a) = b, write mϕ(a) = mϕ,b(a) for
the (classical algebraic) multiplicity of ϕ at a. For a, b with ϕ(a) 6= b, put
mϕ,b(a) = 0. Thus for each b ∈ K,

div(ϕ(T )− b) =
∑
ϕ(a)=b

mϕ,b(a)δa −
∑

ϕ(a)=∞

mϕ,∞(a)δa ,

and for each b ∈ P1(K), ∑
a∈P1(K)

mϕ,b(a) = d .

We seek multiplicities on P1
Berk which share these properties.

Below we will give an analytic construction of such multiplicities using
the theory of subharmonic functions. Rivera-Letelier ([65], §2, or [68],§12)
has given a different construction based on local mapping properties of ϕ(T );
he calls the multiplicity the “local degree”. This terminology is explained by
Corollary 9.17 below. Thuillier ([77], §3.2.3) and Favre and Rivera-Letelier
([39], §2.2) have given algebraic constructions using lengths of modules.
Favre and Rivera-Letelier ([39]) also give a characterization of multiplicities
which shows that all the constructions yield the same result.

After constructing multiplicities, we establish formulas expressing them
in terms of various geometric properties of ϕ. We then apply these formulas

193
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to give insight into the action of ϕ on P1
Berk, proving an open mapping

theorem and related results.

For each b, ζ ∈ P1
Berk with b 6= ζ, put

hb,ζ(x) = logv(δ(ϕ(x), b)ζ) .

This is a measure of the proximity of ϕ(x) to b. The motivation for our
definition of multiplicities is the following computation:

Lemma 9.1. If b, ζ ∈ P1(K), then hb,ζ ∈ BDV(P1
Berk) and

(9.1) ∆P1
Berk

(hb,ζ) =
∑

ϕ(a)=ζ

mϕ,ζ(a)δa −
∑
ϕ(a)=b

mϕ,b(a)δa .

Proof. After making a change of coordinates, we can assume without
loss of generality that ζ =∞.

Write P1
Berk = A1

Berk ∪ {∞}, and as in §2.1, identify A1
Berk with the set

of multiplicative seminorms on K[T ] which extend the absolute value on K.
Extend each such seminorm to its local ring Rx. By Corollary 4.2, for each
y ∈ A1

Berk we have δ(y, b)∞ = [T −b]y. By formula (2.10), for each f ∈ K(T )
belonging to the local ring Rϕ(x), we have f ◦ϕ ∈ Rx and [f ]ϕ(x) = [f ◦ϕ]x.
If ϕ(x) 6=∞ it follows that

(9.2) δ(ϕ(x), b)∞ = [T − b]ϕ(x) = [ϕ(T )− b]x .

By Example 5.16, hb,∞(x) ∈ BDV(P1
Berk), and formula (9.1) holds. �

In Proposition 9.5 below, we will see that a similar result holds for each
b ∈ P1

Berk, and we will use this to define multiplicities for ϕ.

Lemma 9.2. For each b ∈ P1
Berk and each ζ ∈ P1(K) with b 6= ζ, we have

hb,ζ(x) ∈ BDV(P1
Berk).

Proof. As before, by making a change of coordinates we can assume
that ζ = ∞. Put U = P1

Berk\ϕ−1({∞}). When b ∈ P1(K), formula (9.1)
yields (9.5) and shows that hb,∞(x) ∈ SH(U).

We start by showing that hb,∞(x) ∈ SH(U) for all b.
First assume b is of type II or type III. Identifying P1

Berk with A1
Berk∪{∞},

let b correspond to a disc D(β, r) under Berkovich’s classification theorem
(Theorem 2.2), with β ∈ K and r > 0. Recall that we write D(β, r) =
{z ∈ K : |z − β| ≤ r} for the ‘classical’ disc, and D(β, r) = {z ∈ A1

Berk :
δ(z, β)∞ ≤ r} for the corresponding Berkovich disc. Let � be the partial
order on A1

Berk such that p � q iff q lies on the path from p to ∞. Recall
from §4.1 that p∨∞ q, the point where the paths [p,∞] and [q,∞] first meet,
is the least element for which p, q � p ∨∞ q. For each y ∈ A1

Berk, we have
δ(y, b)∞ = diam∞(y∨∞b). If y ∈ D(β, r) then y∨∞b = b and δ(y, b)∞ = r. If
y /∈ D(β, r), then y∨∞β = y∨∞b � b so δ(y, b)∞ = δ(y, β)∞ > r. Combining
these, we find that δ(y, b)∞ = max(δ(y, β)∞, r). Hence if ϕ(x) 6= ∞, then
δ(ϕ(x), b)∞ = max(δ(ϕ(x), β)∞, r) and

(9.3) hb,∞(x) = max(hβ,∞(x), logv(r)) .
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It follows from Proposition 8.23(D) that hb,∞(x) ∈ SH(U).
If b is of type IV, let b correspond to a sequence of nested discsD(β1, r1) ⊃

D(β2, r2) ⊃ · · · with empty intersection, under Berkovich’s classification
theorem. Here βi ∈ K, and ri > 0. For each i, let bi ∈ A1

Berk be the point cor-
responding to D(βi, ri); note that each bi is of type II or III, limi→∞ bi = b,
and the ri = diam∞(bi) decrease monotonically to r = diam∞(b) > 0. We
claim that the hbi,∞(x) converge uniformly to hb,∞(x) on U . To see this,
fix ε > 0 and let N be large enough that logv(rN ) < logv(r) + ε. Take
i, j > N with i < j. Since bj ∈ D(βi, ri), for each y /∈ D(βi, ri) we have
δ(y, bi) = δ(y, bj) > ri. Hence if x ∈ U is such that ϕ(x) /∈ D(βi, ri),
then hbi,∞(x) = hbj ,∞(x). On the other hand, if ϕ(x) ∈ D(βi, ri), then
log(rN ) > log(ri) = hbi,∞(x) and

log(ri) ≥ log(max(δ(ϕ(x), bj)∞, rj) = hbj ,∞(x) > log(r) .

In either case we have |hbi,∞(x)−hbj ,∞(x)| < ε. It follows from Proposition
8.23(C) that hb,∞(x) ∈ SH(U).

We can now show that hb,∞(x) ∈ BDV(P1
Berk). Write

∂U = ϕ−1({∞}) = {a1, . . . , ar} ⊂ P1(K) .

Fixing b, for each ai choose a ball Ui = B(ai, δi)− which contains ai but does
not meet the closed set ϕ−1({b}). After shrinking the Ui if necessary, we
can assume that U1, . . . , Ur are pairwise disjoint. The construction above
shows there is a β ∈ P1(K) such that hb,∞(x) = hβ,∞(x) on each Ui. Since
hβ,∞(x) ∈ BDV(P1

Berk), by Proposition 5.22 for each i we have hb,∞(x)|Ui ∈
BDV(Ui), and

(9.4) ∆Ui(hb,∞) = ∆Ui(hβ,∞) = mϕ(ai)δai .

Next, for each ai choose a connected closed affinoid neighborhood Wi of
ai in Ui, and put U0 = P1

Berk\(
⋃r
i=1Wi). Then U0 is a simple subdomain

of U . Since hb,∞(x) ∈ SH(U), Proposition 8.10(B) shows that hb,∞(x) ∈
BDV(U0).

Since U0, U1, . . . , Ur form a finite open cover of P1
Berk, Proposition 5.23

gives hb,∞(x) ∈ BDV(P1
Berk). �

We next show that for each b ∈ P1
Berk, there is a measure ωϕ,b supported

on ϕ−1(b) which behaves as if it were the polar divisor of hb,ζ . In Proposition
9.5 we will see that it is discrete.

Lemma 9.3. For each b ∈ P1
Berk there is a positive measure ωϕ,b of total

mass d, supported on ϕ−1({b}) and independent of ζ ∈ P1(K) with ζ 6= b,
for which

(9.5) ∆P1
Berk

(hb,ζ) =
∑

ϕ(a)=ζ

mϕ,ζ(a)δa − ωϕ,b .

When b ∈ P1(K), then ωϕ,b =
∑

ϕ(a)=bmϕ,b(a)δa.
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Proof. As in the preceding two proofs, we can assume without loss of
generality that ζ =∞. Write U = P1

Berk\ϕ−1({∞}). In the proof of Lemma
9.2 it was shown that hb,ζ ∈ SH(U).

We first show that ∆U (hb,∞) is supported on ϕ−1({b}). When b ∈ K
this is trivial.

If b is of type II or type III, let b correspond to D(β, r) under Berkovich’s
classification theorem, and write hb,ζ(x) = max(hβ,ζ(x), logv(r)) as in (9.3).
Let V be a connected component of U\ϕ−1({b})). If ϕ(V ) ⊆ D(β, r), then
hb,∞(x) ≡ logv(r) on V , and Proposition 5.22 shows that ∆U (hb,∞)|V =
∆V (hb,∞) = 0. If ϕ(V ) ⊂ A1

Berk\D(β, r), then hb,∞(x) = hβ,∞(x) on V
and since hβ,∞(x) is harmonic on V , we again have ∆U (hb,∞)|V = 0. Thus
∆U (hb,∞) is supported on ϕ−1({b}) in this case.

Finally, suppose b is of type IV, and let the bi and D(βi, ri) be as in
the proof of Lemma 9.2. As we have just seen, each hbi,∞(x) is harmonic
on the open set U\ϕ−1(D(βi, ri)). Since these sets form an exhaustion of
U\ϕ−1({b}), and the hbi,∞(x) converge uniformly to hb,∞(x) on U , it follows
that hb,∞(x) is harmonic in U\ϕ−1({b}). Thus again ∆U (hb,∞) is supported
on ϕ−1({b}).

Since ∆U (hb,∞) ≤ 0, we can write

(9.6) ∆U (hb,∞) = −ωϕ,b
where ωϕ,b is non-negative (but might depend on the point ζ = ∞). We
will see that below this dependence does not occur. Let U0, U1, . . . , Ur be as
in the proof of Lemma 9.2. By (9.4), (9.6) and the restriction formulas in
Proposition 5.23, we have

(9.7) ∆P1
Berk

(hb,∞) =
r∑
i=1

mϕ(ai)δai − ωϕ,b .

Since ∆P1
Berk

(hb,∞) has total mass 0, ωϕ,b necessarily has total mass d.

Lastly, we show that ωϕ,b is independent of ζ ∈ P1(K). For this part of
the proof, we drop our simplifying assumption that ζ =∞, and temporarily
write ωϕ,b,ζ for the measure associated to b and ζ by the construction above.
The key is the identity

(9.8) δ(x, y)ζ = Cζ,∞ ·
δ(x, y)∞

δ(x, ζ)∞δ(y, ζ)∞
,

which holds for each ζ 6= ∞ and all x, y ∈ P1
Berk\{∞}, with Cζ,∞ =

‖ζ,∞‖−2. (This is a special case of formula (4.27).) Recall that the Lapla-
cian of a function in BDV(P1

Berk) depends only on the function’s restriction
to HBerk.

Replacing x by ϕ(x) and y by b in (9.8), then taking logarithms, we see
that

hb,ζ(x) = hb,∞(x)− hζ,∞(x) + C ′ .
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Taking Laplacians and using (9.1), (9.7), we obtain∑
ϕ(a) = ζ

mϕ(a)δa − ωϕ,b,ζ =
∑

ϕ(a)=ζ

mϕ(a)δa − ωϕ,b,∞ .

Thus ωϕ,b,ζ = ωϕ,b,∞.
The formula for ωϕ,b when b ∈ P1(K) follows from Lemma 9.1. �

In order to show that ωϕ,b is a discrete measure for each b ∈ P1
Berk, which

we will deduce from the known case for b ∈ P1(K), we need the following
‘continuity’ lemma:

Lemma 9.4. Given b ∈ P1
Berk, if 〈bα〉 is a net in P1

Berk converging to b,
the net of measures 〈ωϕ,bα〉 converges weakly to ωϕ,b.

Proof. Without loss of generality, we can assume that there is a simple
domain V containing b and all the bα. Fix a point ζ ∈ P1(K)\V , and write

hα(x) = hbα,ζ (x), h(x) = hb,ζ(x) .

Let να = ∆P1
Berk

(hα) and ν = ∆P1
Berk

(h). By Lemma 9.3, to show that the
net 〈ωϕ,bα〉 converges weakly to ωϕ,b, it suffices to show that the net 〈να〉
converges weakly to ν. Since |να|(P1

Berk) = 2d for each α, by Proposition 5.30
it suffices in turn to show that for each sufficiently large finite subgraph Γ
of P1

Berk,
hα|Γ → h|Γ

uniformly on Γ.
By formula (4.24), for each ξ ∈ HBerk there is a constant Cξ such that

for all y, z ∈ P1
Berk

logv(δ(y, z)ζ) = −jξ(y, z) + jξ(y, ζ) + jξ(z, ζ) + Cξ .

Expanding hα(x) = logv(δ(ϕ(x), bα)ζ) and h(x) = logv(δ(ϕ(x), b)ζ), we find
that

(9.9) |hα(x)− h(x)| ≤ |jξ(ϕ(x), bα)− jξ(ϕ(x), b)|+ |jξ(bα, ζ)− jξ(b, ζ)| .

Let Γ be any finite subgraph of P1
Berk. There are now two cases to

consider, according as b /∈ ϕ(Γ) or b ∈ ϕ(Γ):
If b /∈ ϕ(Γ), then since ϕ(Γ) is compact and connected we can choose

ξ ∈ HBerk so that ϕ(Γ) and b belong to different components of P1
Berk\{ξ}.

In this situation, the first term on the right in (9.9) is 0, and the second can
be made as small as we wish by taking bα sufficiently near b, since jξ(z, ζ) is
a continuous function of z (Proposition 4.10(A)). Thus, given ε > 0, there
is a neighborhood W of b such that |hα(x)− h(x)| < ε for all x ∈ Γ and all
bα ∈W .

If b ∈ ϕ(Γ), take ξ = b. Since jb(y, z) ≥ 0 and jb(z, b) = 0 for all y, z,
(9.9) becomes

(9.10) |hα(x)− h(x)| ≤ jb(ϕ(x), bα) + jb(bα, ζ) .
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We now make use of the fact, proved in Proposition 9.31 in §9.2 below, that
the topology on ϕ(Γ) induced by the path distance metric ρ(z, w) coincides
with the relative topology induced from P1

Berk. This implies that given ε >
0, there exists a simple domain W0 containing b for which W0 ∩ ϕ(Γ) ⊆
B̂ϕ(Γ)(b, ε), where B̂ϕ(Γ)(b, ε) = {z ∈ ϕ(Γ) : ρ(z, b) < ε}.

For each x ∈ Γ, if c is the point where the paths [ϕ(x), b] and [bα, b] first
meet, then

jb(ϕ(x), bα) = ρ(b, c) .
If bα ∈ W0, then c ∈ W0 ∩ ϕ(Γ) since W0 and ϕ(Γ) are uniquely path-
connected. Hence jb(ϕ(x), bα) = ρ(b, c) < ε. By the continuity of jb(z, ζ),
there is also a neighborhood W1 of b such that jb(z, ζ) < ε for all z ∈ W1.
It follows that |hα(x) − h(x)| < 2ε for all x ∈ Γ and all α such that bα ∈
W0 ∩W1. �

We can now show that ωϕ,b is a discrete measure:

Proposition 9.5. For each b ∈ P1
Berk, the measure ωϕ,b is positive and

discrete, with total mass d = deg(ϕ). Furthermore, supp(ωϕ,b) = ϕ−1({b})
is finite, and there are integers mϕ,b(a) > 0 such that

(9.11) ωϕ,b =
∑
ϕ(a)=b

mϕ,b(a)δa .

For each b, ζ ∈ P1
Berk with b 6= ζ, we have hb,ζ ∈ BDV(P1

Berk) and

(9.12) ∆P1
Berk

(hb,ζ) =
∑

ϕ(a)=ζ

mϕ,ζ(a)δa −
∑
ϕ(a)=b

mϕ,b(a)δa .

For the proof, we will need the so-called “Portmanteau theorem” con-
cerning convergence of nets of measures. It is proved as Theorem A.13 in
Appendix A.7:

Theorem 9.6 (Portmanteau Theorem). Let X be a locally compact
Hausdorff space, and let 〈ωα〉α∈I be a net of positive Radon measures, each
of total mass M > 0, converging weakly to a positive Radon measure ω on
X. Then:

(A) ωα(A)→ ω(A) for every Borel set A ⊆ X with ω(∂A) = 0.
(B) More generally, for every Borel set A ⊆ X and every ε > 0, there

exists α0 ∈ I such that

ω(A◦)− ε ≤ ωα(A) ≤ ω(A) + ε

for all α ≥ α0.

Proof of Proposition 9.5. Fix b, and write ω = ωϕ,b. We already
know from Lemma 9.3 that ω is a positive measure of total mass d.

We first show that ω is a discrete measure. Choose a net 〈bα〉 in P1(K)
converging to b. If we set ωα = ωϕ,bα , then by Lemma 9.3 ωα is a discrete,
positive measure with integer coefficients and total mass d. Lemma 9.4
shows that ωα converges weakly to ω.
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To see that ω is discrete, we proceed as follows. Fix a ∈ supp(ω). By
assumption, for each open neighborhood U of a we have ω(U) > 0. Choose
ε with 0 < ε < ω(U). The Portmanteau theorem shows that there exists α0

such that for α ≥ α0, we have

ωα(U) ≥ ω(U)− ε > 0 .

Since ωα(U) ∈ Z for all α, we must in fact have ωα(U) ≥ 1 for all α ≥ α0.
Another application of the Portmanteau theorem shows that for all ε > 0
and α sufficiently large, we have

ω(U) ≥ ωα(U)− ε ≥ 1− ε .

Therefore ω(U) ≥ 1. Since this is true for every open neighborhood U of
a, we conclude that ω({a}) ≥ 1. Since ω is positive with total mass d, and
ω({a}) ≥ 1 for each a ∈ supp(ω), it follows that supp(ω) is finite. Thus ω
is a discrete measure as claimed.

Now that we know that ω is discrete, it follows that for each x ∈ P1
Berk,

there exists an open neighborhood U of x such that ω({x}) = ω(U) and
ω(∂U) = 0. Put mϕ,b(x) = ω({x}). By the Portmanteau theorem, we
have ωα(U) → ω(U), and therefore ω(U) is a nonnegative integer. Hence
0 ≤ mϕ,b(x) ∈ Z.

We next show that that for a, b ∈ P1
Berk, mϕ,b(a) > 0 if and only if

ϕ(a) = b. For this, choose a net 〈aα〉 in P1(K) converging to a. Also, note
that everything we have said so far applies to any net 〈bα〉 in P1(K) which
converges to b.

Suppose that ϕ(a) = b. Then by continuity, ϕ(aα) → b. Taking bα =
ϕ(aα), we see that for any sufficiently small neighborhood U of a, we have
ωα(U) → ω(U) = mϕ,b(a). But ωα(U) is the number of preimages of bα
lying in U , which by construction is at least 1 for α sufficiently large, since
aα → a ∈ U . Thus mϕ,b(a) ≥ 1.

Suppose conversely that ϕ(a) 6= b. Then there exist open neighborhoods
U of a and V of b such that U ∩ ϕ−1(V ) = ∅. (To see this, note that
since ϕ(a) 6= b and P1

Berk is a compact Hausdorff space, there exists an open
neighborhood V of b such that ϕ(a) 6∈ V . Since a is in the complement
of the closed set ϕ−1(V ), there is an open neighborhood U of a disjoint
from ϕ−1(V ).) For this open neighborhood U of a, and for any net 〈bα〉 in
P1(K) converging to b, there exists α0 such that bα ∈ V for α ≥ α0. By
construction, there are no preimages of bα lying in U when bα ∈ V . It follows
that ωα(U) = 0 for α ≥ α0, and thus ω(U) = 0 as well, i.e., mϕ,b(a) = 0.

Finally, we show (9.12). Take b, ζ ∈ P1
Berk with b 6= ζ, and choose

ξ ∈ P1(K) with ξ 6= b, ζ. By (4.27), the identity

(9.13) δ(x, y)ζ = Cζ,ξ ·
δ(x, y)ξ

δ(x, ζ)ξδ(y, ζ)ξ
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holds for each ζ 6= ξ and all x, y ∈ P1
Berk\{ξ}, with Cζ,ξ = ‖ζ, ξ‖−2. Replac-

ing x by ϕ(x) and y by b in (9.13), then taking logarithms, we see that

hb,ζ(x) = hb,ξ(x)− hζ,ξ(x) + C .

Since hb,ξ, hζ,ξ ∈ BDV(P1
Berk), it follows that hb,ζ ∈ BDV(P1

Berk). Taking
Laplacians and using Lemma 9.3 we obtain (9.12). �

Definition 9.7. For a, b ∈ P1
Berk, if ϕ(a) = b we define the multiplicity

mϕ,b(a) to be coefficient of δa in ωϕ,b from (9.11), and if ϕ(a) 6= b we set
mϕ,b(a) = 0. Thus, mϕ,b(a) is the weight of a in the Laplacian of the
proximity function hb,ζ(x), for any ζ 6= b.

If b = ϕ(a), we call mϕ(a) := mϕ,b(a) the multiplicity of ϕ at a.

The following theorem summarizes the properties of multiplicities estab-
lished above:

Theorem 9.8. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
Then for all a, b ∈ P1

Berk, the multiplicities mϕ(a), mϕ,b(a) satisfy the fol-
lowing properties:

(A) mϕ(a) ∈ Z, with 1 ≤ mϕ(a) ≤ deg(ϕ).
(B) mϕ,b(a) > 0 if and only if ϕ(a) = b, in which case mϕ,b(a) = mϕ(a).
(C)

∑
ϕ(a)=bmϕ(a) = deg(ϕ) .

(D) For points a of type I, mϕ(a) coincides with the usual algebraic
multiplicity.

Later in this section we will give formulas for our multiplicities which
explain their geometric meaning. However, first we note some properties of
ϕ which follow from their existence.

As an immediate consequence of Theorem 9.8, we find:

Corollary 9.9. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
Then ϕ : P1

Berk → P1
Berk is surjective, and for each b ∈ P1

Berk there are at
most d = deg(ϕ) points a with ϕ(a) = b.

We also obtain a Berkovich space analogue of the “open mapping theo-
rem” from complex analysis:

Corollary 9.10 (Open Mapping Theorem). Let ϕ(T ) ∈ K(T ) be a
nonconstant rational function. Then ϕ : P1

Berk → P1
Berk is open in the

Berkovich topology.

Proof. Suppose U ⊂ P1
Berk is an open set for which ϕ(U) is not open.

Then there exists a ∈ U and a net 〈bα〉 converging to b = ϕ(a) such that
bα 6∈ ϕ(U) for all α. By Lemma 9.4, the measures ωα = ωϕ,bα converge
weakly to ω = ωϕ,b. And by Theorem 9.8, a ∈ supp(ω). But each ωα is
supported on the compact set U c = P1

Berk\U , and therefore ω is supported
on U c as well. This contradicts the fact that a ∈ U ∩ supp(ω). �

From the open mapping theorem, we obtain the following corollary:
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Corollary 9.11. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
If U ⊂ P1

Berk is a domain, and V = ϕ(U), then V is a domain and ∂V ⊆
ϕ(∂U). If U is a simple domain, then V is also a simple domain.

Proof. If U ⊂ P1
Berk is a domain, then by the open mapping theorem,

V = ϕ(U) is connected and open, so it is a domain. If y is a boundary point
of V , take a net 〈yα〉α∈A in V converging to y. For each yα choose an xα ∈ U
with ϕ(xα) = yα. Since U is compact, the generalized Bolzano-Weierstrass
theorem (Proposition A.6) shows that the net 〈xα〉α∈A has a (cofinal) subnet
〈xα〉α∈B converging to a point x ∈ U . By continuity ϕ(x) = y. If x ∈ U , then
y ∈ V , which contradicts that V is open. Hence x ∈ ∂U , so ∂V ⊆ ϕ(∂U).

Finally, by Proposition 2.15, ϕ takes HR
Berk to itself. If U is a simple

domain, it follows that ϕ(U) is a domain with finitely many boundary points,
and whose boundary points belong to HR

Berk, so it is a simple domain. �

Remark 9.12. One can also prove Corollary 9.11 using nonarchimedean
analysis, then use this to give another proof of Corollary 9.10.

We also note the following complement to Corollary 9.11:

Lemma 9.13. Let ϕ(T ) ∈ K(T ) be a rational function of degree d =
deg(ϕ). If U ⊂ P1

Berk is domain, then each component W of ϕ−1(U) is
a domain with ∂W ⊆ ϕ−1(∂U), and ϕ maps W surjectively onto U and
∂W surjectively onto ∂U . In particular, ϕ−1(U) has at most d components.
Furthermore, if U is a simple domain, then each component of ϕ−1(U) is a
simple domain.

Proof. As ϕ is continuous, ϕ−1(U) is open. Let W be a component
of ϕ−1(U) and take x ∈ ∂W . Since W is open, x /∈ W . We claim that
ϕ(x) ∈ ∂U . By continuity, ϕ(x) ∈ U . If ϕ(x) ∈ U , then there would be
a neighborhood V of x with ϕ(V ) ⊂ U . We can assume V is connected,
since the connected neighborhoods of a point in P1

Berk are cofinal in all
neighborhoods. Therefore V ∪W is connected, and ϕ(V ∪W ) ⊆ U . From
the maximality of W , we conclude that V ⊆W , so x ∈W , a contradiction.
Thus ϕ(∂W ) ⊆ ∂U . Since ∂U ⊆ ϕ(∂W ) by Corollary 9.11, we get that
ϕ(∂W ) = ∂U .

Next, we claim that W maps surjectively onto U . Suppose not; then
there exists a point z ∈ U\ϕ(W ). Fix t ∈ ϕ(W ), and consider the path [t, z].
Since U is uniquely path connected, [t, z] ⊂ U . Since [t, z] (for its induced
topology) is homeomorphic to a real interval, with t ∈ ϕ(W ), z /∈ ϕ(W ),
there is a point y ∈ [t, z] such that each neighborhood of y contains points
of ϕ(W ) and U\ϕ(W ). Thus, y ∈ ∂(ϕ(W )). By Corollary 9.10, ϕ(W ) is
open, so y /∈ ϕ(W ).

Choose a net 〈yα〉α∈A in ϕ(W ) converging to y. For each yα, take an
xα ∈ W with ϕ(xα) = yα. Since W is compact, the generalized Bolzano-
Weierstrass theorem shows that the net 〈xα〉α∈A has a subnet 〈xα〉α∈B con-
verging to a point x ∈ W . By continuity, ϕ(x) = y. If x ∈ W , then
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y ∈ ϕ(W ), a contradiction. Thus x /∈ W . On the other hand, since
ϕ(x) = y ∈ U , by continuity there is a neighborhood V of x such that
ϕ(V ) ∈ U . Without loss we can assume V is connected, so W ∪ V is con-
nected. Since ϕ(W ∪ V ) ⊂ U , the maximality of W shows that V ⊆ W .
This contradicts that x /∈W . We conclude that ϕ(W ) = U .

By Corollary 9.9 each y ∈ U has at most d preimages, so ϕ−1(U) has at
most d components.

Finally, if U is a simple domain, then ∂U is finite and contained in HR
Berk.

By Corollary 9.9, ϕ−1(∂U) is finite, and by Proposition 2.15 it is contained in
HR

Berk. Hence each component of ϕ−1(U) has at most finitely many boundary
points, all of which belong to HR

Berk, so it is a simple domain. �

Another useful consequence of Lemma 9.4 and Theorem 9.8 is the fol-
lowing result:

Proposition 9.14. If f : P1
Berk → R is continuous, then so is the func-

tion ϕ∗f : P1
Berk → R defined by

(ϕ∗f)(y) =
∑

ϕ(z)=y

mϕ,y(z)f(z) .

Proof. If 〈yα〉 is a net converging to y, we need to show that (ϕ∗f)(yα)→
(ϕ∗f)(y). Since

(ϕ∗f)(yα) =
∫

P1
Berk

f dωϕ,yα

and

(ϕ∗f)(y) =
∫

P1
Berk

f dωϕ,y ,

the result follows from the fact that the net 〈ωϕ,yα〉 converges weakly to ωϕ,y
by Lemma 9.4. �

As a consequence, we can show that if U ⊂ P1
Berk is a domain, then ϕ

has a well-defined local degree on each connected component of ϕ−1(U):

Corollary 9.15. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function
of degree d = deg(ϕ). If U is a domain in P1

Berk and W is a connected
component of ϕ−1(U), then there exists an integer n = degW (ϕ) with 1 ≤
n ≤ deg(ϕ), called the local degree of ϕ on W , such that every point in U
has exactly n preimages in W , counting multiplicities..

Proof. By Lemma 9.13, ϕ−1(U) has only finitely many components
W1, . . . ,Wr, each of which maps surjectively onto U . Let them be labeled
in such a way that W = W1.

We first give the proof under the assumption that W 1, . . . ,W r are pair-
wise disjoint. Since P1

Berk is a compact Hausdorff space, it is normal and
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there is a continuous function fW : P1
Berk → [0, 1] satisfying (fW )|W 1

= 1
and (fW )|W i

= 0 for i = 2, . . . , r. Define a function nW : U → R by

nW (b) =
∑
a∈W

mϕ,b(a) .

Then nW = (ϕ∗fW )|U . By Proposition 9.14, ϕ∗fW is continuous, so nW (x)
is continuous. Since nW (x) takes positive integer values and U is connected,
we conclude that nW (x) is constant on U .

In the general case, using Corollary 7.11, choose an exhaustion of U by
a sequence of simple subdomains Uj with U j ⊂ Uj+1 for each j. If j <
k, then each connected component of ϕ−1(Uj) is contained in a connected
component of ϕ−1(Uk), which in turn is contained in a connected component
of ϕ−1(U). On the other hand, by Lemma 9.13 each component of ϕ−1(Uk)
surjects onto Uk, so it contains at least one component of ϕ−1(Uj). Since
each ϕ−1(Uj) has finitely many components, the number of components of
ϕ−1(Uj) decreases monotonically with j, and eventually stabilizes at the
number of components of ϕ−1(U). Thus without loss we can assume that
each ϕ−1(Uj) has the same number of components as ϕ−1(U), and that for
each j, each component of ϕ−1(U) contains a unique component of ϕ−1(Uj).

Fix j and let Wj,1, . . . ,Wj,r be the components of ϕ−1(Uj), labeled in
such a way that Wj,i ⊂ Wi for i = 1, . . . , r. Since U j ⊂ U , it follows that
W j,i ⊂Wi, so W j,1, . . . ,W j,r are pairwise disjoint. By what has been shown
above, ϕ has a well-defined local degree on each Wj,i.

The Wj,1 exhaust W , so ϕ has a well-defined local degree on W . �

We will say that a domain U is ϕ-saturated if U is a connected component
of ϕ−1(ϕ(U)). Recall that if X and Y are topological spaces, a map ψ : X →
Y is closed if it takes closed sets to closed sets.

Proposition 9.16. Let ϕ(T ) ∈ K(T ) be a nonconstant rational func-
tion. Let U ⊂ P1

Berk be a domain, and put V = ϕ(U). The following are
equivalent:

(A) U is ϕ-saturated;
(B) ϕ(∂U) = ∂V ;
(C) ϕ(∂U) ⊆ ∂V ;
(D) The map ϕ|U : U → V is closed.

Under these conditions, the local degree degU (ϕ) is well-defined.

Proof. (A) ⇒ (B) is part of Lemma 9.13. (B) ⇒ (C) is trivial.
(C) ⇒ (D). Let X ⊂ U be relatively closed in U , and let X be the

closure of X in P1
Berk. Then ϕ(X) is compact, hence closed in P1

Berk. On the
other hand, X ⊂ X ∪ ∂U , so ϕ(X) ⊂ ϕ(X) ∪ ϕ(∂U). Since ϕ(∂U) ⊆ ∂V
by hypothesis, it follows that ϕ(X) ∩ V = ϕ(X). Thus ϕ(X) is relatively
closed in V , and ϕ|U : U → V is closed.

(D)⇒ (A). Suppose ϕ|U : U → V is closed, and let U0 be the connected
component of P1

Berk\ϕ−1(∂V ) containing U . If U 6= U0, there is a point
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a ∈ ∂U ∩ U0. Put b = ϕ(a), and choose a closed neighborhood X of a in
P1

Berk for which X ∩ ϕ−1({b}) = {a}. This can be done because ϕ−1({b})
is finite. Then X ∩ U is closed in U , but ϕ(X ∩ U) is not closed in V

because b /∈ ϕ(X ∩U), yet b ∈ ϕ(X ∩ U)∩V . This contradiction shows that
U = U0. �

For each a ∈ P1
Berk, we claim that the ϕ-saturated neighborhoods are

cofinal in the set of all neighborhoods of a. To see this, let W be any
neighborhood of a, and let V ⊂ W be a simple domain containing a, none
of whose boundary points belongs to the finite set ϕ−1({ϕ(a)}). Put S =
ϕ−1(ϕ(∂V )); then S is a finite set of points of type II or III. Let U be the
connected component of P1

Berk\S containing a. Clearly U ⊂ V ⊂ W . Let
Ũ be the connected component of ϕ−1(ϕ(U)) containing U ; we will show
that Ũ = U . Since the boundary points of U belong to S, the boundary
points of ϕ(U) belong to ϕ(S), and hence the boundary points of Ũ belong
to ϕ−1(ϕ(S)) = S. Since U is a connected component of P1

Berk\S, it must
be that Ũ = U .

We will say that a neighborhood W of a is ϕ-small relative to a if

W ∩ ϕ−1({ϕ(a)}) = {a} .
Since ϕ−1({ϕ(a)}) is finite, ϕ-small neighborhoods of a certainly exist.
Clearly any subneighborhood of a ϕ-small neighborhood is itself ϕ-small.

If U is a ϕ-saturated, ϕ-small neighborhood of a, and b = ϕ(a), the local
degree degU (ϕ) of ϕ on U is equal to the multiplicitymϕ(a) = mϕ,b(a) of ϕ at
a. We therefore obtain a purely topological interpretation of multiplicities,
which explains their intrinsic meaning:

Corollary 9.17 (Topological characterization of multiplicities). For
each a ∈ P1

Berk, and for each sufficiently small ϕ-saturated neighborhood
U of a, the multiplicity mϕ(a) is equal to the number of preimages in U
(counting multiplicities) of each α ∈ ϕ(U) ∩ P1(K).

Remark 9.18. IfK has characteristic zero, then ϕ has only finitely many
critical values in P1(K), and therefore all but finitely many type I points
of ϕ(U) will have exactly mϕ(a) distinct preimages in U for any ϕ-small,
ϕ-saturated neighborhood U of a.

Corollary 9.17 shows that our multiplicities coincide with the multiplic-
ities defined by Rivera-Letelier (see for example [65]).

We will now give formulas relating multiplicities to other geometric prop-
erties of ϕ(T ), and note some of their consequences.

Take a ∈ P1
Berk, and put b = ϕ(a). By Proposition 2.15, b has the same

type (I, II, III, or IV) as a. In Appendix B.6 , we associate to a the set
Ta of formal tangent vectors (or tangent directions) ~v at a, whose elements
are the equivalence classes of paths starting at a which share a common
initial segment. If a is of type I or IV, then Ta has one element; if a is of
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type III, then Ta has two elements. If a is of type II, then Ta has infinitely
many elements, which are in one-to-one correspondence with the elements
of P1(k), where k is the residue field of K. If Γ ⊂ P1

Berk is a subgraph, and
a ∈ Γ, we identify the tangent directions to a in Γ (see §3.1) with a subset
of Ta.

The tangent directions ~v at a are in one-to-one correspondence with the
components of P1

Berk\{a}; similarly for b. Recall that we write Ba(~v)− for
the component of P1

Berk\{a} corresponding to ~v.
Given a tangent direction ~v at a, consider the component V = Ba(~v)−.

Since ϕ−1({ϕ(x)}) is finite, for each x1 ∈ V sufficiently near x we have
ϕ(x1) 6= ϕ(x). If x1, x2 ∈ V and ϕ(x1), ϕ(x2) belong to different compo-
nents of P1

Berk\{b}, then since ϕ is continuous and P1
Berk is uniquely path

connected, the segment [x1, x2] must contain a point x3 with ϕ(x3) = b.
Hence there is a unique component W of P1

Berk\{b} such that ϕ(x) ∈W for
all x ∈ V sufficiently near a. If ~w is the tangent direction at b corresponding
to W , we will write ϕ∗(~v) = ~w.

Let [a, c] be a segment with initial tangent vector ~v, and as usual let
ρ(x, y) denote the path distance metric on HBerk. If a ∈ HBerk, we define

(9.14) rϕ(a,~v) = d~v(ρ(ϕ(x), b))(a) = lim
x→a
x∈[a,c]

ρ(ϕ(x), b)
ρ(x, a)

,

while if a ∈ P1(K) we define

(9.15) rϕ(a,~v) = d~v(ρ(ϕ(x), b))(a) = lim
x,y→a
x,y∈[a,c]
x 6=y

ρ(ϕ(x), ϕ(y))
ρ(x, y)

,

provided the limits (9.14), (9.15) exist. In the following proposition, we will
see that the limits exist; we call rϕ(a,~v) the rate of repulsion of ϕ(x) at a,
in the direction ~v. Since any two segments with the same initial point and
tangent direction share an initial segment, they depend only on ϕ, a, and ~v
(and not on c).

The following formula, due to Rivera-Letelier ([68], Proposition 3.1),
expresses mϕ(a) as a sum of the rates of repulsion of ϕ(x) in the tangent
directions at a that map to a given direction at b.

Theorem 9.19 (Repulsion Formula). Let ϕ(T ) ∈ K(T ) be a nonconstant
rational function. Let a ∈ P1

Berk, and put b = ϕ(a). Then:
(A) For each tangent vector ~v at a, the rate of repulsion rϕ(a,~v) is a

well-defined integer m in the range 1 ≤ m ≤ deg(ϕ), and
(B) For each tangent direction ~w at b,

(9.16) mϕ(a) =
∑
~v∈Ta

ϕ∗(~v)=~w

rϕ(a,~v) .
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Proof. Let ~w be a tangent direction at b, and let W = Bb(~w)− be the
corresponding component of P1

Berk\{b}.
Fix ζ ∈ W , and consider the function hb,ζ(x) = logv(ρ(ϕ(x), b)ζ). By

Proposition 9.5, hb,ζ ∈ BDV(P1
Berk). Let a1, . . . , ad, ζ1, . . . , ζd ∈ P1

Berk be the
solutions to ϕ(ai) = b and ϕ(ζi) = ζ, listed with their multiplicities; let the
ai be labeled so that a = a1. Put

(9.17) f(x) =
d∑
i=1

logv(δ(x, ai)ζi) .

By Example 5.15, f(x) ∈ BDV(P1
Berk) and

(9.18) ∆P1
Berk

(f) =
d∑
i=1

δζi −
d∑
i=1

δai = ∆P1
Berk

(hβ,ζ) .

Both hb,ζ(x) and f(x) are continuous and belong to BDV(P1
Berk). Since their

difference is a function whose Laplacian is identically 0, Lemma 5.20 shows
that hβ,ζ(x) = f(x) + C, for some constant C.

First suppose a ∈ HBerk, and let Γ be a finite subgraph of P1
Berk which

contains the points ai and is large enough that the retractions of distinct ζj
to Γ are different from each other and from the ai. Since the restriction to
Γ of each term logv(δ(x, ai)ζi) in (9.17) belongs to CPA(Γ), the restriction
of hb,ζ(x) = f(x) + C to Γ belongs to CPA(Γ). Moreover, since each term
logv(δ(x, ai)ζi) has slope 1, 0, or −1 in every tangent direction at every point
of HBerk, formula (9.17) shows that the slopes of hb,ζ |Γ are integers in the
interval [−d, d].

The retraction map rΓ fixes the ai, and

∆Γ(hb,ζ) = rΓ(∆P1
Berk

(hb,ζ)) ,

so we can compute mϕ,b(a) using the formula

(9.19) mϕ,b(a) = ωϕ,b({a}) = −∆Γ(hb,ζ)({a}) =
∑

~v∈Ta(Γ)

(d~vhb,ζ)(a) ,

where the sum ranges over all tangent directions at a in the finite metrized
graph Γ.

We claim that the set of tangent directions ~v in Ta for which ϕ∗(~v) = ~w
is contained in the set of directions at a in Γ. To see this, note that hb,ζ(x)
is constant on branches of P1

Berk off Γ at a, because f(x) has this property.
Thus d~v(h(b, ζ))(a) = 0 for each ~v ∈ Ta which is not a tangent direction in
Γ. On the other hand, if ~v is a direction a for which ϕ∗(~v) = ~w, and if V
is the component of P1

Berk\{a} corresponding to to ~v, then ϕ(x) lies in the
component of P1

Berk\{b} containing ζ for each x ∈ V sufficiently near a, so
if ϕ(x) ∨ζ b is the point where the paths [ϕ(x), ζ] and [b, ζ] first meet, then

(9.20) δ(ϕ(x), b)ζ = diamζ(ϕ(x) ∨ζ b) > diamζ(b) = δ(ϕ(a), b)ζ .
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Since
hb,ζ(x) = logv(δ(ϕ(x), b)ζ) ,

and in any case d~v(hb,ζ)(a) is an integer, it follows that d~v(hb,ζ)(a) > 0.
Thus ~v must be a direction at a in Γ.

In fact (9.20) shows that d~v(hb,ζ)(a) > 0 if and only if ϕ∗(~v) = ~w.
We have just seen that if ϕ∗(~v) = ~w then d~v(hb,ζ)(a) > 0. Conversely, if
d~v(hb,ζ)(a) > 0 then by the previous paragraph ~v must be a tangent direction
to a in Γ; let [a, c] be the edge of Γ emanating from a in the direction ~v.
For x ∈ [a, c] sufficiently near a, we have hb,ζ(x) > hb,ζ(a), so by (9.20),
δ(ϕ(x), b)ζ > diamζ(b). This means that ϕ(x) belongs to the component
W = Bb(~w)− of P1

Berk\{b} containing ζ, so ϕ∗(~v) = ~w.
Let ~v be a direction with ϕ∗(~v) = ~w, and let e be the edge of Γ with initial

point a and direction ~v. Put m = d~v(hb,ζ)(a). By the discussion above, m
is an integer in the range [1, d]. Since hb,ζ |Γ ∈ CPA(Γ), (9.20) shows that
δ(ϕ(x), b)ζ is monotonically increasing on an initial segment [a, c′] ⊂ e. It
follows that ϕ([a, c′]) is a segment with initial point b = ϕ(a) and direction
~w. Since any two paths with the same initial point and direction must share
an initial segment, after shrinking [a, c′] we can assume that ϕ([a, c′]) ⊂ [b, ζ].
Hence for each x ∈ [a, c′] we have ϕ(x) ∨ζ b = ϕ(x), which means that

hb,ζ(x) = logv(diamζ(ϕ(x))) = ρ(ϕ(x), b) + diamζ(b) .

Thus

(9.21) m = d~v(hb,ζ)(a) = d~v(ρ(ϕ(x), b))(a) ,

and (9.16) follows from (9.19). By the linearity of the path distance on
segments, we have ϕ([a, c′]) = [ϕ(a), ϕ(c′)] and for all x, y ∈ [a, c′],

ρ(ϕ(x), ϕ(y)) = m · ρ(x, y) .

The arguments above show that rϕ(a,~v) = d~v(ρ(ϕ(x), b))(a) is a well-
defined integer in the range 1 ≤ m ≤ d for each ~v with ϕ∗(~v) = ~w, proving
the existence of the limit (9.14). Fixing ~v and putting ~w = ϕ∗(~v), we see that
it is well-defined for each ~v. As noted before, the quantity rϕ(a,~v) depends
only on ϕ, a, and ~v, since any two paths with initial tangent direction ~v
share an initial segment. This establishes the Proposition in this case.

Next suppose a ∈ P1(K). Then there is a neighborhood V of a and a
point c ∈ HR

Berk such that the restriction of hb,ζ(x) to [a, c] has constant
slope m = mϕ(a) on [a, c] ∩ V . By an argument similar to the one above,
for all x, y ∈ [a, c] ∩ V with x 6= y,

ρ(ϕ(x), ϕ(y))
ρ(x, y)

= m .

This clearly shows the existence of the limit (9.15), and since there is only
one tangent vector ~v at a, it also yields the assertions in the Proposition. �
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Corollary 9.20. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
Suppose a ∈ HBerk, and put b = ϕ(a). Then ϕ∗ maps the tangent space Ta
surjectively onto the tangent space Tb, and there are at most d = deg(ϕ)
tangent directions at a which are taken to a given tangent direction at b.

If a is of type I, III or IV, then ϕ induces a one-to-one correspondence
between the tangent directions at a and b, and mϕ(a) = rϕ(a,~v) for each
tangent direction ~v at a.

Proof. The first assertion is immediate from Theorem 9.19; the second
follows because there are exactly two tangent directions at a point of type
III, and exactly one at a point of type I or IV. �

We also record for future use the following fact, established in the proof
of Theorem 9.19:

Corollary 9.21. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
Take a ∈ P1

Berk, and put b = ϕ(a). Let ~v be a tangent direction at a.
Then there is a segment [a, c′] with initial point a, representing the tangent
direction ~v, for which ϕ([a, c′]) is the segment [ϕ(a), ϕ(c′)], and such that for
all x, y ∈ [a, c′],

ρ(ϕ(x), ϕ(y)) = rϕ(a,~v) · ρ(x, y) .

Fix a ∈ P1
Berk and let ~v be a tangent vector at a. We will now define an

integer mϕ(a,~v) called the multiplicity of ϕ at a in the direction ~v, and we
will show that mϕ(a,~v) = rϕ(a,~v).

Let [a, c] be a segment with initial tangent direction ~v. Parametrize
[a, c] by a segment [0, L] and for each 0 ≤ t ≤ L, let bt be the point of [a, c]
corresponding to t. Recall that a (generalized open) annulus in P1

Berk is a
domain with exactly two boundary points. If t > 0, let At(~v) = r−1

[a,bt]
((a, bt))

be the annulus with boundary points a, bt. By Corollary 9.11, the image
ϕ(At(~v)) has 0, 1, or 2 boundary points, and hence is either P1

Berk, an open
disc, or another generalized open annulus. We claim that ϕ(At(~v)) is an
annulus for all sufficiently small t. If not, then since the image is decreasing
with t, for sufficiently small t the image would either be P1

Berk or a fixed disc.
But this would violate the continuity of ϕ, since for each neighborhood V
of a, there is a δ > 0 such that At(~v) ⊆ V when 0 < t < δ.

If ϕ(At(~v)) is an annulus, then At(~v) is ϕ-saturated by Proposition
9.16(B), and the local degree degAt(~v)(ϕ) is a well-defined positive inte-
ger. It is non-increasing as t → 0, so it eventually stabilizes at an integer
1 ≤ m ≤ d. We define this integer to be mϕ(a,~v). It is independent of
the segment [a, c], since any two segments with the same initial point and
tangent vector must share an initial segment.

Theorem 9.22. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
Fix a ∈ P1

Berk, and put b = ϕ(a). Then
(A) For each tangent direction ~v at a,

(9.22) mϕ(a,~v) = rϕ(a,~v) ;
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(B) For each tangent direction ~v at a, there is a segment [a, c′′] with
initial point a and tangent direction ~v, such that mϕ(z) = mϕ(a,~v) for each
z ∈ (a, c′′), and such that if A is the annulus with boundary points a, c′′,
then ϕ(A) is the annulus with boundary points ϕ(a), ϕ(c′′);

(C) (Directional Multiplicity Formula) For each tangent vector ~w at b,

(9.23) mϕ(a) =
∑
~v∈Ta

ϕ∗(~v)=~w

mϕ(a,~v) .

Proof. Fix a ϕ-saturated neighborhood V of a with mϕ(V ) = mϕ(a).
Let ~w be a tangent vector at b, and consider the tangent vectors ~vi at

a for which ϕ∗(~vi) = ~w. By Corollary 9.21, for each such ~vi we can find a
segment [a, c′i] with initial tangent vector ~vi, such that

(9.24) ρ(ϕ(x), ϕ(y)) = mi · ρ(x, y)

for all x, y ∈ [a, c′i], where mi = rϕ(a,~vi). After replacing [a, c′i] with an
initial subsegment of itself if necessary, we can assume that the annulus Ai
with boundary points a, c′i is ϕ-saturated, contained in V , and small enough
that mϕ(Ai) = mϕ(a,~vi).

We claim that for each z ∈ (a, c′i),

(9.25) mϕ(z) ≥ d~vi(ρ(x), b))(a) .

Indeed, fix such a z and put bz = ϕ(z). Let ~v be one of the tangent vectors
to z in [a, c′i]. Equation (9.24) shows that d~v(ρ(ϕ(x), bz))(z) = mi. Hence
(9.25) follows from Theorem 9.19.

For each ~vi, (9.24) also shows that ϕ([a, c′i]) is a segment [b, qi] with initial
tangent vector ~w. All of these segments share a common initial segment [b, q].
For each i, let c′′i be the point in [a, c′i] for which ϕ(c′′i ) = q. Fix y ∈ (b, q),
and let zi ∈ [a, c′′i ] be the point with ϕ(zi) = y.

The equation ϕ(x) = y has degAi(ϕ) ≥ mϕ(zi) solutions in Ai, and it
has degV (ϕ) = mϕ(a) solutions in V . Since the Ai are pairwise disjoint and
contained in V , Theorem 9.19 and the discussion above show that∑

i

d~vi(ρ(ϕ(x), b))(a) = mϕ(a) ≥
∑
i

degAi(ϕ)(9.26)

≥
∑
i

mϕ(zi) ≥
∑
i

d~vi(ρ(ϕ(x), b))(a) .

Hence equality must hold throughout.
Formula (9.26) implies, first, that for each ~vi,

mϕ(a,~vi) = degAi(ϕ) = d~vi(ρ(ϕ(x), b))(a) = rϕ(a,~vi) .

It also shows that mϕ(zi) = mϕ(a, ~vi) for each zi. As y runs over (b, q), the
zi run over (a, c′′i ). Hence for each ~vi, we conclude that mϕ(z) = mϕ(a, ~vi)
for all z ∈ (a, c′′i ). Finally, formula (9.26) shows that mϕ(a) =

∑
imϕ(a, ~vi).

Letting ~w vary over all tangent directions at b, we obtain the theorem.
�
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Next suppose a is of type II or III, and put b = ϕ(a). Then P1
Berk\{b}

has at least two components. Let β, ζ ∈ P1
Berk be points in different compo-

nents of P1
Berk\{b}, and let β1, . . . , βd, ζ1, . . . , ζd be the solutions to ϕ(βi) =

β, ϕ(ζi) = ζ, listed with their multiplicities. For each component V of
P1

Berk\{a}, let Nβ(V ) be the number of βi in V (counted with multiplici-
ties), and let Nζ(V ) be the number of ζi in V (counted with multiplicities).
Put N+

ζ,β(V ) = max(0, Nζ(V )−Nβ(V )).
The following formula relates multiplicities to global solvability of equa-

tions:

Theorem 9.23. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
Suppose a ∈ P1

Berk is of type II or type III, and put ϕ(a) = b. Let ζ, β ∈ P1
Berk

belong to different components of P1
Berk\{b}. Then

(A) (Imbalance Formula)

(9.27) mϕ(a) =
∑

components V
of P1

Berk\{a}

N+
ζ,β(V ) ;

(B) (Directional Imbalance Formula) If ~w is the tangent direction at b
for which ζ ∈ Bb(~w)−, then for each tangent direction ~v at a with ϕ∗(~v) = ~w,

(9.28) mϕ(a,~v) = Nζ(Ba(~v)−)−Nβ(Ba(~v)−) = N+
ζ,β(Ba(~v)−) .

Remark 9.24. If we take ζ, β ∈ P1(K), then (9.27) gives another char-
acterization of mϕ(a) for points of type II or III.

Proof. The proof is based on further study of the formula (9.3) for
hb,∞(x) obtained in Lemma 9.2.

Since b lies on the path [β, ζ], if r = δ(b, β)ζ , then by a mild generaliza-
tion of formula (9.3), the function hb,ζ(x) = logv(δ(ϕ(x), b)ζ) satisfies

(9.29) hb,ζ(x) = max(hβ,ζ(x), logv(r)) .

Since ϕ(a) = b, we have hb,ζ(a) = logv(r). Let β1, . . . , βd, ζ1, . . . , ζd ∈ P1
Berk

be the solutions to ϕ(βi) = β and ϕ(ζi) = ζ, listed with multiplicities. Put

(9.30) f(x) =
d∑
i=1

logv(δ(x, βi)ζi) .

By the same argument as in the proof of Theorem 9.19, hβ,ζ(x) = f(x) +C
for some constant C.

As in the proof of Theorem 9.19, there is a finite subgraph Γ of P1
Berk

containing ϕ−1({b}) for which the retractions of the ζi to Γ are distinct from
the points ai ∈ ϕ−1({b}). In particular, a ∈ Γ.

Since the restriction of each term in (9.30) to Γ belongs to CPA(Γ),
the restrictions of hβ,ζ and hb,ζ to Γ belong to CPA(Γ). As in the proof of
Theorem 9.19,

mϕ(a) = ωϕ,b({a}) = −∆Γ(hb,ζ)({a}) =
∑

~v∈Ta(Γ)

d~vhb,ζ(a) ,
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where ∆P1
Berk

(hb,ζ) = ωϕ,ζ − ωϕ,b, d~vhb,ζ(a) ≥ 0 for all ~v, and d~vhb,ζ(a) > 0
if and only if ϕ∗(~v) = ~w.

Given a tangent direction ~v at a in Γ, let V = Ba(~v)− be the corre-
sponding component of P1

Berk\{a}. The directional derivative d~vhβ,ζ(a) is
the sum of the terms d~v(logv(δ(x, βi)ζi) for i = 1, . . . , d. Such a term is +1 if
ζi ∈ V , is −1 if βi ∈ V , and is 0 if neither βi nor ζi belongs to V . It follows
that d~vhβ,ζ(a) = Nζ(V ) − Nβ(V ). Since hb,ζ(x) = max(hβ,ζ(x), logv(r))
and hb,ζ(a) = logv(r), if d~vhβ,ζ(a) > 0 then d~vhb,ζ(a) = d~vhβ,ζ(a); oth-
erwise d~vhb,ζ(a) = 0. Thus d~vhb,ζ(a) = N+

ζ,β(V ), and if ϕ∗(~v) = ~w then
d~vhb,ζ(a) = Nζ(V ) − Nβ(V ). Comparing this with (9.21) and (9.22) gives
(9.28).

For the components V of P1
Berk\{a} not meeting Γ, we automatically

have Nβ(V ) = Nζ(V ) = 0. Hence

(9.31) mϕ(a) =
∑
~v∈Ta

d~vhb,ζ(a) =
∑
V

N+
ζ,β(V ) .

�

For points a of type II, formulas (9.27) and (9.28) have an algebraic
interpretation. Applying Proposition 2.13 to the map ϕ : P1

Berk → P1
Berk, we

may choose coordinates on the source in such a way that a = ζGauss, and we
may choose coordinates on the target in such a way that b = ϕ(a) = ζGauss as
well. Then ϕ(T ) can be written as a quotient of polynomials P (T ), Q(T ) ∈
O[T ], having no common factors, such that at least one coefficient of each
belongs to O×. Let K̃ be the residue field of K, and let ϕ̃(T ) ∈ K̃(T ) be the
rational function of degree at most d obtained by canceling common factors
in the reductions P̃ (T ), Q̃(T ). The map ϕ̃(T ) is called the reduction of ϕ(T )
relative to a and b.

Since a = ζGauss, there is a natural 1−1 correspondence between tangent
directions at a and points α ∈ P1(K̃). Let ~vα be the tangent direction cor-
responding to α, and let mϕ̃(α) denote the (classical algebraic) multiplicity
of ϕ̃(T ) at α.

The polynomials P̃ (T ) and Q̃(T ) have a common factor exactly when
ϕ(T ) has a zero and a pole belonging to the same component of V of
P1

Berk\{a}. If we take ζ = 0 and β = ∞ in (9.27), then
∑

V N
+
0,∞(V )

coincides with the degree of the positive part of the divisor of ϕ̃(T ), which
is the same as the degree of ϕ̃(T ). A corresponding local assertion holds for
each directional multiplicity mϕ(a,~vα). Thus we obtain the following result,
due to Rivera-Letelier ([65], Proposition 3.3):

Corollary 9.25 (Algebraic Reduction Formula). Let ϕ(T ) ∈ K(T ) be
a nonconstant rational function, and let a ∈ P1

Berk be a point of type II. Put
b = ϕ(a), and let ϕ̃(T ) be the reduction of ϕ(T ) relative to a and b. Then

(9.32) mϕ(a) = deg(ϕ̃(T )) ,
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and for each α ∈ P1(K̃), if ~vα ∈ Ta is the associated tangent direction, then

(9.33) mϕ(a,~vα) = mϕ̃(α) .

For purposes of reference, we summarize Theorems 9.19, 9.22, 9.23 and
Corollaries 9.20 and 9.25 as follows:

Theorem 9.26. Let ϕ(T ) ∈ K(T ) have degree deg(ϕ) ≥ 2. Then for
each a ∈ P1

Berk,
(A) For each ~v ∈ Ta, mϕ(a,~v) = rϕ(a,~v). If a is of type II or III, if

ζ ∈ Bϕ(a)(ϕ∗(~v))− and if β ∈ Bϕ(a)(~w)− for some ~w ∈ Tϕ∗(a) with ~w 6= ϕ∗(~v),
then

mϕ(a,~v) = Nζ(Ba(~v)−)−Nβ(Ba(~v)−) = N+
ζ,β(Ba(~v)−) .

If a is of type II, if ϕ̃(T ) is the reduction of ϕ(T ) relative to a and ϕ(a),
and if ~v = ~vα where α ∈ P1(K̃), then mϕ(a,~v) = mϕ̃(α).

(B) For each ~w ∈ Tϕ(a),

mϕ(a) =
∑

ϕ∗(~v)=~w

rϕ(a,~v) =
∑

ϕ∗(~v)=~w

mϕ(a,~v) .

If a is of type II or III, and ζ and β belong to different components of
P1

Berk\{ϕ(a)}, then mϕ(a) =
∑

V N
+
ζ,β(V ), where V runs over all compo-

nents of P1
Berk\{a}. If a is of type II, and if ϕ̃(T ) is the reduction of ϕ(T )

relative to a and ϕ(a), then mϕ(a) = deg(ϕ̃). If a is of type I, III, or IV,
then mϕ(a) = mϕ(a,~v) for each ~v ∈ Ta.

We close this section by studying mϕ(x) as x varies. The following
properties of mϕ(x) are due to Favre and Rivera-Letelier ([39]):

Proposition 9.27. Let ϕ(T ) ∈ K(T ) be a nonconstant rational func-
tion. Then mϕ(x) takes integer values in the range 1 ≤ m ≤ deg(ϕ), and

(A) mϕ(x) is upper semicontinuous;
(B) If mϕ(x) = 1 then ϕ is locally injective at x, and if char(K) = 0,

the converse holds;
(C) If ψ(T ) ∈ K(T ) is another nonconstant rational function, then

(9.34) mψ◦ϕ(x) = mϕ(x) ·mψ(ϕ(x)) .

Proof. Theorem 9.8 shows that mϕ(x) takes integer values in the range
1 ≤ m ≤ deg(ϕ). Assertions (A), (B), and (C) all follow from the existence
of the local degree (Corollary 9.15) and the topological characterization of
multiplicities (Corollary 9.17).

For (A), fix a ∈ P1
Berk and let V be a ϕ-small, ϕ-saturated neighborhood

of a. Then V is a component of ϕ−1(ϕ(V )). By Corollary 9.15, for each
x ∈ V , ∑

y∈V
ϕ(y)=ϕ(x)

mϕ(y) = mϕ(a) .
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In particular, mϕ(x) ≤ mϕ(a) for each x ∈ V . Thus mϕ(x) is upper semi-
continuous.

For (B), note that if mϕ(a) = 1, then by Corollary 9.15, for any ϕ-small,
ϕ-saturated neighborhood V of a we have mϕ(x) = mϕ(a) = 1 for all x ∈ V ,
which means that for each x ∈ V there are no other points x′ in U with
ϕ(x′) = ϕ(x). Conversely, if ϕ is one-to-one on a neighborhood V of a
and char(K) = 0, then the type I points in V all have multiplicity 1. By
Corollary 9.17, mϕ(a) = 1 for all a ∈ V .

For (C), fix a, let V be a ψ ◦ ϕ-small, ψ ◦ ϕ-saturated neighborhood of
a, and put W = ϕ(V ). Then W is a ψ-small, ψ-saturated neighborhood of
ϕ(a), and ψ(W ) = ψ ◦ϕ(V ). By Corollary 9.17, each α ∈ ψ(W )∩P1(K) has
preciselymψ(ϕ(a)) preimages inW (counted with multiplicities), and each of
these has mϕ(a) preimages in V (counted with multiplicities). Hence (9.34)
follows from another application of Corollary 9.17 and the multiplicativity
of the usual algebraic multiplicities. �

Define the “ramification function” Rϕ : P1
Berk → Z≥0 by

(9.35) Rϕ(x) = mϕ(x)− 1 .

Corollary 9.28. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function.
The ramification function Rϕ(x) is upper semicontinuous, and takes integer
values in the range 0 ≤ n ≤ deg(ϕ)− 1. Furthermore, if char(K) = 0, then
Rϕ(a) = 0 if and only if ϕ is locally injective at a.

Example 9.29. Suppose K has characteristic 0. Then it is well known
that there are only finitely many points in P1(K) where ϕ(T ) is ramified.
However, the situation is very different on Berkovich space.

Consider ϕ(T ) = T 2. For a point x ∈ A1
Berk corresponding to a disc

D(a, r) (i.e. for a point of type II or III), ϕ is ramified at x (that is, Rϕ(x) ≥
1) if and only if there are distinct points a1, a2 ∈ D(a, r) for which ϕ(a1) =
ϕ(a2), that is, a2

1 = a2
2, so a1 = −a2. It follows that x is ramified if and

only if r ≥ |a1 − (−a1)| = |2a1| for some a1 ∈ B(a, r). If r ≥ |2a1| for some
a1 ∈ D(a, r), then r ≥ |a − a1| ≥ |2| · |a − a1| = |2a − 2a1|, so r ≥ |2a| by
the ultrametric inequality. Conversely, if r ≥ |2a|, then −a ∈ D(a, r). Thus
ϕ is ramified at x if and only if r ≥ |2a|.

If the residue characteristic of K is not 2, then |2a| = |a|, so ϕ is ramified
at the point corresponding to D(a, r) if and only r ≥ |a|, or equivalently,
if and only if D(a, r) = D(0, r). These are the points corresponding to the
interior of the path [0,∞] in P1

Berk. One sees easily that ϕ is not ramified at
any points of type IV. On the other hand, the classical ramification points
of ϕ in P1(K) are 0 and ∞. Thus, the ramification locus of ϕ(T ) is [0,∞].

If the residue characteristic of K is 2, then |2a| = |a|/2 (assuming |x| is
normalized so that it extends the usual absolute value on Q2). In this case, ϕ
is ramified at a point x corresponding to a discD(a, r) if and only if r ≥ |a|/2.
A little thought shows that this is a much larger set than [0,∞]: for each
a ∈ K×, it contains the line of discs {D(a, t) : |a|/2 ≤ t ≤ |a|}, which is a
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path leading off [0,∞]. The union of these paths gives an infinitely branched
dendritic structure whose interior is open in the path metric topology. If
one views P1

Berk as A1
Berk∪{∞}, the ramification locus of ϕ can be visualized

as an “inverted Christmas tree”.

9.2. Images of segments and finite graphs

In this section, we investigate the effect of a non-constant rational map
ϕ ∈ K(T ) on paths and finite subgraphs in HBerk.

We first establish the assertions concerning the path distance topology
on ϕ(Γ) needed to complete the proof of Lemma 9.4 in the construction
of multiplicities. These are contained in Proposition 9.31, and will be a
consequence of continuity properties of ϕ on HBerk which are of independent
interest. (The reader will note that nothing beyond Lemma 9.1 is used in
the proof of Proposition 9.31.) Then, using the theory of multiplicities,
we establish the stronger result, due to Rivera-Letelier ([66, §4]), that the
image ϕ(Γ) of a finite subgraph Γ of P1

Berk is itself a finite graph. We also use
these ideas to show that ϕ is Lipschitz continuous with respect to the metric
d(x, y) discussed in §2.7, and we prove Rivera-Letelier’s “Incompressibility
Lemma”, which shows that ϕ : HBerk → HBerk is an open map for the path
distance topology.

Consider HBerk, equipped with the path distance topology. Let ρ(x, y)
be the path distance metric; it is finite for all x, y ∈ HBerk.

Lemma 9.30. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function of
degree d = deg(ϕ). Then ϕ acts on HBerk and for all a, c ∈ HBerk

ρ(ϕ(a), ϕ(c)) ≤ d · ρ(a, c) .

In particular, ϕ is Lipschitz continuous on HBerk relative to the path distance
metric.

Proof. We know that ϕ takes HBerk to itself by Proposition 2.15. For
the assertion about path distances, we use ideas from §9.1.

As ρ(x, y) is continuous on HBerk, it suffices to show that d(ϕ(a), ϕ(c)) ≤
d·ρ(a, c) when a, c are of type II or III. Fix a, c ∈ HR

Berk and consider the finite
subgraph Γ = [ϕ(a), ϕ(c)] ⊂ HBerk. Fix β, ζ ∈ P1(K) with rΓ(β) = ϕ(a),
rΓ(ζ) = ϕ(c), so ϕ(a) and ϕ(c) lie on the path [β, ζ]. It follows that

(9.36) ρ(ϕ(a), ϕ(c)) = | logv(δ(ϕ(a), β)ζ)− logv(δ(ϕ(c), β)ζ)| .

However, by Proposition 5.24 and Lemma 9.1, hβ,ζ(x) = logv(δ(ϕ(x), β)ζ)
is also given by

hβ,ζ(x) =
d∑
i=1

logv(δ(x, βi)ζi) + C
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where the βi and ζi are the pre-images of β and ζ, listed with multiplicities.
Inserting this in (9.36) gives

(9.37) ρ(ϕ(a), ϕ(c)) ≤
d∑
i=1

| logv(δ(a, βi)ζi)− logv(δ(c, βi)ζi)| .

For each ξ ∈ HBerk the representation (4.24) of the Hsia kernel in terms of
jξ(z, w) gives

logv(δ(a, βi)ζi)− logv(δ(c, βi)ζi)
= (−jξ(a, βi) + jξ(a, ζi) + jξ(βi, ζi) + Cξ)

−(−jξ(c, βi) + jξ(c, ζi) + jξ(βi, ζi) + Cξ)
= jξ(a, ζi)− jξ(a, βi) + jξ(c, βi)− jξ(c, ζi) .

Now take ξ = a; then ja(a, βi) = ja(a, ζi) = 0, so

| logv(δ(a, βi)ζi)− logv(δ(c, βi)ζi)| = |ja(c, βi)− ja(c, ζi)| .
Here ja(c, ζi) = ρ(a, t), where t ∈ [a, c] is the point where the paths [c, a]
and [ζi, a] first meet. Likewise, ja(c, βi) = ρ(a, u), where u ∈ [a, c] is the
point where the paths [c, a] and [βi, a] first meet. Since t, u ∈ [a, c],

| logv(δ(a, βi)ζi)− logv(δ(c, βi)ζi)| = ρ(t, u) ≤ ρ(a, c) .

Inserting this in (9.37) gives the result. �

The bound in the lemma is sharp, as shown by the example ϕ(T ) = T d,
which takes the point x ∈ [0,∞] corresponding to D(0, r) (under Berkovich’s
classification theorem) to the point ϕ(x) ∈ [0,∞] corresponding to D(0, rd).
Using the definition of the path length, we see that ρ(ϕ(a), ϕ(b)) = d ·ρ(a, b)
for each a, b ∈ (0,∞).

Write `(Γ) for the total path length of a finite subgraph Γ ⊂ P1
Berk. For

any connected subset Z ⊂ P1
Berk, define its length to be

`(Z) = sup
finite subgraphs

Γ⊆Z

`(Γ) .

Proposition 9.31. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function
of degree d = deg(ϕ), and let Γ ⊂ P1

Berk be a finite subgraph. Then
(A) ϕ(Γ) is compact and connected for the path distance topology on

HBerk.
(B) `(ϕ(Γ)) ≤ d · `(Γ) .
(C) The path distance topology on ϕ(Γ) coincides with the induced topol-

ogy from the Berkovich topology on P1
Berk.

Proof. Assertion (A) is trivial, since ϕ is continuous for the path dis-
tance topology, and Γ is compact and connected in the path distance topol-
ogy.

For (B), let Γ̃ be an arbitrary finite subgraph of ϕ(Γ). Choose a finite
set of points X = {x1, . . . , xm} ⊂ Γ such that all the endpoints and branch
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points of Γ are among the xi, and such that for each endpoint or branch
point p of Γ̃, there is an xi ∈ X with ϕ(xi) = p. Let A be the set of pairs
(i, j) such that xi and xj are adjacent in Γ, and put

Γ′ =
⋃

(i,j)∈A

[ϕ(xi), ϕ(xj)] .

(Note that we are taking the segments [ϕ(xi), ϕ(xj)], not the path images
ϕ([xi, xj ])). Then Γ′ is a finite subgraph of ϕ(Γ) which contains all the
endpoints and branch points of Γ̃, and hence contains Γ̃. For each (i, j) ∈ A,
Lemma 9.30 gives ρ(ϕ(xi), ϕ(xj)) ≤ d · ρ(xi, xj). Hence

`(Γ̃) ≤ `(Γ′) ≤
∑

(i,j)∈A

ρ(ϕ(xi), ϕ(xj)) ≤ d · `(Γ) .

Taking the sup over all finite subgraphs shows that `(ϕ(Γ)) ≤ d · `(Γ).
For (C), we introduce the following notation. Given a connected subset

Z ⊂ HBerk and a point b ∈ Z, put

rad(b, Z) = sup
z∈Z

ρ(b, z) .

We will show that for each b ∈ ϕ(Γ), and for each ε > 0, there are a finite
number of points p1, . . . , pm ∈ ϕ(Γ) distinct from b, such that if Z is the
connected component of ϕ(Γ)\{p1, . . . , pm} containing b, then rad(b, Z) < ε.
We will construct the points pi inductively. Put Z0 = ϕ(Γ). If rad(b, Z0) < ε,
there is nothing to show. Otherwise, let q1 ∈ Z0 be a point with ρ(b, q1) ≥
2ε/3. Let p1 be the midpoint of [b, q1] and let Z1 be the connected component
of Z0 containing b. Then `(Z1) ≤ `(ϕ(Γ)) − ε/3. Inductively suppose Zn
has been constructed with `(Zn) ≤ `(ϕ(Γ))− n · ε/3. If rad(b, Zn) < ε, put
Z = Zn. Otherwise, let qn ∈ Zn be a point with ρ(b, qn) ≥ 2ε/3, and let pn
be the midpoint of [b, qn]. Let Zn+1 be the connected component of Zn\{pn}
containing b. Then `(Zn+1) ≤ `(ϕ(Γ)) − (n + 1) · ε/3. This process must
terminate, since `(ϕ(Γ)) ≤ d · `(Γ) is finite by part (B).

Let U be the connected component of P1
Berk\{p1, . . . , pm} containing b.

Then U is open in P1
Berk, and ϕ(Γ) ∩ U = Z. Since rad(b, Z) < ε by

construction, we have

Z ⊆ B̂ϕ(Γ)(b, ε)
− = {z ∈ ϕ(Γ) : ρ(b, z) < ε} .

From this, we see that each set Z ⊂ ϕ(Γ), which is open for the path
distance topology, is open for the relative Berkovich topology. Conversely,
if Z ⊂ ϕ(Γ) is open for the relative Berkovich topology and b ∈ V , let
W ⊂ P1

Berk be a simple domain containing b for which W ∩ϕ(Γ) ⊆ Z. Write
∂W = {x1, . . . , xm}, and put ε = minj(ρ(b, xj)). Then B̂ϕ(Γ)(b, ε)− is an
open neighborhood of b in ϕ(Γ) which is contained in Z. �

In the results above, we have not used the theory of multiplicities, so
the proof of Lemma 9.4 is complete and our construction of multiplicities is
valid.



9.2. IMAGES OF SEGMENTS AND FINITE GRAPHS 217

We will now use the theory of multiplicities to strengthen Proposition
9.31 and show that ϕ(Γ), which is compact, connected, and has finite length,
but could conceivably have infinitely many branch points, is in fact a finite
subgraph.

For this, we need a lemma originally proved by Rivera-Letelier ([65],
Proposition 3.1) using the theory of Newton Polygons.

Lemma 9.32. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function of
degree d = deg(ϕ), and let [a, c] ⊂ P1

Berk be a segment with initial tangent
vector ~v. Put m = mϕ(a,~v). Then 1 ≤ m ≤ d, and for each a′ ∈ (a, c]
sufficiently near a,

(A) ϕ([a, a′]) is the segment [ϕ(a), ϕ(a′)] with initial tangent vector ϕ∗(~v);
(B) mϕ(x) = m for each x ∈ (a, a′);
(C) ρ(ϕ(x), ϕ(y)) = m · ρ(x, y) for all x, y ∈ [a, a′];
(D) If A is the annulus with boundary points a, a′, then ϕ(A) is the

annulus with boundary points ϕ(a), ϕ(a′).

Proof. Note that (A) follows from (C). Since any two segments with
the same initial point and tangent direction have a common initial segment,
the result follows by combining Corollary 9.21 and Theorem 9.22. �

Remark 9.33. In Proposition 9.45 below, we will see that (A), (B), and
(C) all follow from (D). For this reason, we will call a segment [a, a′] with
the properties in Lemma 9.32 annular.

The following important result is due to Rivera-Letelier ([68], Corollaries
4.7, 4.8):

Theorem 9.34. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function of
degree d = deg(ϕ), and let [a, c] ⊂ P1

Berk be a segment. Then
(A) There is a finite partition {a0, . . . , an} of [a, c], with a0 = a, an = c,

and with a1, . . . , an−1 of type II, such that for each i = 1, . . . , n the segment
[ai−1, ai] is annular. In particular, for each i = 1, . . . , n there is an integer
1 ≤ mi ≤ d such that:

(1) ϕ([ai−1, ai]) is the segment [ϕ(ai−1), ϕ(ai)];
(2) mϕ(x) = mi is constant on (ai−1, ai);
(3) ρ(ϕ(x), ϕ(y)) = mi · ρ(x, y) for all x, y ∈ [ai−1, ai].

(B) If a, c ∈ HBerk, then

(9.38) ρ(ϕ(a), ϕ(c)) ≤
∫

[a,c]
mϕ(t) dt ,

where the integral is taken relative to the path distance. Equality holds if
and only if ϕ is injective on [a, c].

Proof. We need only prove (A), since (B) follows trivially from (A).
Using a compactness argument, we will first establish (A) without the con-
dition that a1, . . . , an−1 are of type II. We will then eliminate points of type
III from the partition.
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For each x ∈ [a, c], we associate a (relatively) open neighborhood of
x in [a, c] as follows. If x = a, then by Lemma 9.32 there is an annular
segment [a, a′′] ⊂ [a, c]; associate the half-open interval [a, a′′) to a. If x is
an interior point of [a, c], then by Lemma 9.32 (applied first to the reversed
interval [x, a] and then to the interval [a, c]), there are points x′ ∈ [a, x)
and x′′ ∈ (x, c] such that each of the segments [x′, x] and [x, x′] is annular.
Associate to x the open interval (x′, x′′). Likewise, if x = c, there is an
annular segment [c′, c]; associate to c the half-open interval (c′, c].

By compactness, a finite number of these intervals cover [a, c]. Let
{a0, . . . , an} be the corresponding endpoints. Since the intersection or union
of two overlapping annuli is again an annulus, we obtain a partition with
the required properties, except that some of a1, . . . an−1 might be of type
III.

If ai is of type III, let ~v1 and ~v2 be the two tangent directions at ai. By
Corollary 9.20,

mϕ(ai, ~v1) = mϕ(ai) = mϕ(ai, ~v2) ,

so mi−1 = mi. The linearity of the path distance on segments shows
that properties (1)–(3) hold for [ai−1, ai+1]. Furthermore, the union of
ai and the annuli associated to (ai−1, ai) and (ai, ai+1) is the annulus as-
sociated to (ai−1, ai+1). Its image under ϕ is the annulus associated to
(ϕ(ai−1), ϕ(ai+1)), since ϕ(ai) is of type III, and by Corollary 9.20 the tan-
gent vectors ϕ∗(~v1), ϕ∗(~v2) are distinct. Hence ai can be eliminated from
the partition. �

As an easy consequence, we obtain the promised strengthening of Propo-
sition 9.31:

Corollary 9.35. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function,
and let Γ ⊂ HBerk be a finite subgraph. Then the image ϕ(Γ) is itself a finite
subgraph.

In the rest of this section we will give applications of the results above.
We first show that the action of ϕ on P1

Berk is Lipschitz continuous relative to
the metric d(x, y) from §2.7. This was used without proof in ([38]), ([39]).

Proposition 9.36. Let ϕ(T ) ∈ K(T ) have degree d ≥ 1. Then there is
a constant M > 0, depending only on ϕ, such that for all x, y ∈ P1

Berk

(9.39) d(ϕ(x), ϕ(y)) ≤ M · d(x, y) .

Proof. Fix a coordinate system on P1/K, and let ‖x, y‖ be the asso-
ciated spherical metric. Let α1, . . . , αm ∈ P1(K) be the zeros and poles of
ϕ(T ). Fix a number R0 satisfying

0 < R0 < min
i 6=j
‖αi, αj‖ .

In particular, R0 < 1. Consider the rational functions ϕ1(T ) = ϕ(T ),
ϕ2(T ) = ϕ(1/T ), ϕ3(T ) = 1/ϕ(T ), and ϕ4(T ) = 1/ϕ(1/T ). We can write
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each ϕi(T ) as a quotient of polynomials Pi(T ), Qi(T ) ∈ K(T ) having no com-
mon roots, such that Qi(T ) is monic. Let B be the maximum of the absolute
values of the coefficients of the Pi(T ), Qi(T ). Fix a number 0 < R1 ≤ R0

small enough that BR1/R
d
0 < 1.

Recall from (2.20), (4.31) that

d(x, y) = (diam(x ∨ y)− diam(x)) + (diam(x ∨ y)− diam(y)) ,

ρ(x, y) = − logv
(diam(x ∨ y)

diam(x)

)
− logv

(diam(x ∨ y)
diam(y)

)
,

where x∨ y is the point where the paths [x, ζGauss] and [y, ζGauss] first meet.
For each 0 < t ≤ u ≤ 1 we have − logv(u/t) ≥ (u− t)/ log(qv), so

(9.40) d(x, y) ≤ log(qv) · ρ(x, y) .

On the other hand, if R > 0 and C(R) = 1/(R log(qv)) is the Lipschitz con-
stant for− logv(t) on the interval [R, 1], then for x, y with diam(x), diam(y) ≥
R we have

(9.41) ρ(x, y) ≤ C(R) · d(x, y) .

To prove the proposition, we will consider three cases.
First suppose that there is a ball B(a,R1) = {z ∈ P1

Berk : ‖z, a‖ ≤ R1}
such that x, y ∈ B(a,R1), where a ∈ P1(K) and ‖z, a‖ = δ(x, y)ζGauss

is the
extension of the spherical distance to P1

Berk discussed in §4.3. Let B(a,R1) =
{z ∈ P1(K) : ‖z, a‖ ≤ R1} be the associated classical ball.

Since R1 ≤ R0 < 1, after replacing ϕ(T ) by ϕ2(T ), ϕ3(T ), or ϕ4(T ) if
necessary, we can assume that B(a,R1) = D(a,R1) ⊆ D(a,R0) ⊆ D(0, 1)
and that ϕ(T ) has no poles in D(a,R0). Since points of type II are dense in
P1

Berk for the strong topology, we can assume without loss that x and y are of
type II. Noting that d(x, y) = d(x, x∨y)+d(x∨y, y), and replacing y by x∨y
if necessary, we can assume that y lies on the path [x, ζGauss]. Thus x and
y correspond to discs D(b, r), D(b, R) under Berkovich’s classification, and
0 < r ≤ R ≤ R1. Finally, after changing the center of D(a,R1) if necessary,
we can assume that b = a. Since ϕ(T ) has no poles in D(a,R0), Corollary
A.18 of Appendix A.10 shows that the images ϕ(D(a, r)) and ϕ(D(a,R))
are discs, with ϕ(D(a, r)) ⊆ ϕ(D(a,R)). We will now estimate their radii.

Write ϕ(T ) = P (T )/Q(T ) where P (T ), Q(T ) ∈ K[T ] have no common
factors and Q(T ) is monic. Expand

P (T ) = b0 + b1(T − a) + · · ·+ bm(T − a)m ,

Q(T ) = c0 + c1(T − a) + · · ·+ (T − a)n .

Since |a| ≤ 1, and P (T ) = Pi(T ), Q(T ) = Qi(T ) for some i, we must
have max(|bj |) ≤ B. Since Q(T ) has no zeros in D(a,R0), we also have
|c0| > Rd0. By Corollary A.18, for each 0 < s ≤ R1, the image of D(a, s)
under ϕ(T ) is a disc of radius f(s) where f(s) = maxj≥1 |bj |sj/|c0|. Here
maxj≥1 |bj |sj ≤ Bs ≤ BR1 and |c0| > Rd0, so f(s) < BR1/R

d
0 < 1.
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Thus ϕ(D(a, r)) has radius f(r) and ϕ(D(a,R)) has radius f(R), and
both discs are contained in D(0, 1). It follows that

d(ϕ(x), ϕ(y)) = diam(y)− diam(y) = f(R)− f(r) .

Let J be an index with |bJ |RJ = maxj≥1 |bj |Rj . Then |bJ |rJ ≤ maxj≥1 |bj |rj
and

RJ − rJ = (R− r)
( ∑
k+`=J−1

Rkr`
)
≤ (R− r) · d ,

giving

f(R)− f(r) ≤ (|bJ |RJ − |bJ |rJ)/|c0| ≤ B · (R− r) · d/Rd0 .
Here d(x, y) = R− r, so d(ϕ(x), ϕ(y)) ≤M1 · d(x, y), where M1 = Bd/Rd0.

Second, suppose that diam(x), diam(y) ≥ R2
1. Then by Lemma 9.30,

(9.40) and (9.41),

d(ϕ(x), ϕ(y)) ≤ log(qv) · ρ(ϕ(x), ϕ(y))
≤ log(qv) · d · ρ(x, y) ≤ log(qv) · d · C(R2

1) · d(x, y) .

Put M2 = log(qv) · d · C(R2
1) = d/R2

1.
Third, suppose that neither case above applies. Then diam(x ∨ y) >

R1 since x and y do not belong to any ball B(a,R1). In addition, either
diam(x) < R2

1 or diam(y) < R2
1. It follows that d(x, y) > R1 − R2

1. On the
other hand, trivially d(ϕ(x), ϕ(y)) ≤ 2. Thus d(ϕ(x), ϕ(y)) ≤ M3 · d(x, y),
where M3 = 2/(R1 −R2

1).
Taking M = max(M1,M2,M3), we obtain the Proposition. �

Next we will show that ϕ : HBerk → HBerk is an open map in the strong
topology. For this, we will need a lemma, which is also used later in §10.6.

Lemma 9.37. Let ϕ(T ) ∈ K(T ) be nonconstant, and let U ⊆ P1
Berk

be a ϕ-saturated domain. Take a ∈ U ∩ HBerk, and put b = ϕ(a). Let
b′ ∈ ϕ(U)∩HBerk be a point with b′ 6= b. Let ~w be the tangent vector to [b, b′]
at b, and let ~v ∈ Ta be a tangent vector with ϕ∗(~v) = ~w.

Then there is a segment [a, a′] ⊂ U with initial tangent vector ~v, such that
ϕ maps [a, a′] homeomorphically onto [b, b′]. Furthermore, ρ(a, a′) ≤ ρ(b, b′).

Proof. Put a0 = a, b0 = b. We will construct [a, a′] by transfinite
induction.

Suppose that for some ordinal ω, we have constructed aω, bω with aω ∈
U , bω = ϕ(aω) ∈ [b, b′], and if ω > 0 then [a, aω] ⊂ U has initial tangent
vector ~v and ϕ maps [a, aω] homeomorphically onto [b, bω] ⊆ [b, b′]. If bω = b′,
then taking a′ = aω we are done.

Otherwise, we proceed as follows.
If ω = 0, put ~v0 = ~v and ~w0 = ~w. If ω > 0, let ~wω be the tangent vector

to bω in [b, b′] in the direction of b′, and let ~w0
ω be the tangent vector to bω

in [b, b′] in the direction of b. By Corollary 9.20 there is a tangent vector
~vω at aω for which ϕ∗(~vω) = ~wω. Let ~v0

ω be the tangent vector to [a, aω] at
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aω in the direction of a. Since ~wω 6= ~w0
ω and ϕ∗(~v0

ω) = ~w0
ω, it follows that

~vω 6= ~v0
ω.

Let ω + 1 be the successor ordinal to ω. By Corollary 9.21 there is a
segment [aω, aω+1] with initial tangent vector ~vω such that ϕ maps [aω, aω+1]
homeomorphically onto a segment [bω, bω+1] with initial tangent vector ~wω.
Since [bω, bω+1] and [bω, b′] both have initial tangent vector ~wω, they share a
common initial segment. Hence after moving aω+1 closer to aω, if necessary,
we can assume that [bω, bω+1] ⊆ [bω, b′] and that [aω, aω+1] ⊂ U . Since
~vω and ~v0

ω are distinct, [a, aω+1] = [a, aω] ∪ [aω, aω+1]. Similarly [b, bω+1] =
[b, bω]∪ [bω, bω+1], and by induction ϕ maps [a, aω+1] homeomorphically onto
[b, bω+1].

Next suppose that λ is a limit ordinal, and that for each ω < λ we have
constructed aω, bω with the properties above. Since [b, b′] has finite total
length, the sequence {bω}ω<λ is a Cauchy net relative to the path distance
metric. For each ω, τ < λ, Theorem 9.34 shows that ρ(aω, aτ ) ≤ ρ(bω, bτ )
Thus {aω}ω<λ is a also Cauchy net relative to the path distance metric. By
Proposition 2.28, it has a unique limit point aλ ∈ HBerk. Put bλ = ϕ(aλ).

Clearly aλ ∈ U . We claim that aλ ∈ U . Suppose to the contrary
that aλ ∈ ∂U . Then bλ ∈ ∂(ϕ(U)), since U is ϕ-saturated. However, by
continuity bλ = limω bω. Since each bω ∈ [b, b′] and [b, b′] is closed, it follows
that bλ ∈ [b, b′]. Furthermore, [b, b′] ⊂ ϕ(U), since ϕ(U) is connected. In
particular, bλ ∈ ϕ(U) which is open (Corollary 9.10), which means that
bλ /∈ ∂(ϕ(U)). Thus aλ ∈ U . Since the [a, aω] for ω < λ are strictly
increasing, and since ϕ(T ) maps each [a, aω] homeomorphically onto [b, bω],
it maps [a, aλ] homeomorphically onto [b, bλ].

Since there are ordinals of arbitrarily high cardinality, but the map ω 7→
bω ∈ [b, b′] is injective on the ordinals with bω 6= b′, it must be that bω = b′

for some ω. Finally, the fact that ρ(a, a′) ≤ ρ(b, b′) follows from Theorem
9.34(B). �

Given a ∈ HBerk and r > 0, write

B̂(a, r)− = {x ∈ HBerk : ρ(x, a) < r} .

The following result from ([68]), which Rivera-Letelier calls the “Incom-
pressibility Lemma”, shows that ϕ is an open map on HBerk relative to the
path distance topology.

Corollary 9.38 (Incompressibility Lemma). Let ϕ(T ) ∈ K(T ) be non-
constant, and let a ∈ HBerk. Then for each r > 0,

ϕ(B̂(a, r)−) ⊆ B̂(ϕ(a), r)− .

Proof. Put b = ϕ(a), and take U = P1
Berk in Lemma 9.37. By that

Lemma, for each b′ with ρ(b, b′) < r, there is an a′ with ρ(a, a′) < r such
that ϕ(a′) = b′. �
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9.3. Images of discs and annuli

In this section, we will study the images of discs and annuli under a
rational map ϕ(T ) ∈ K(T ). We establish the key mapping properties of discs
and annuli used by Rivera-Letelier in his theory of dynamics on P1

Berk, and
we characterize when the images are ϕ-saturated, in terms of multiplicities.

Recall that by a generalized open Berkovich disc, we mean a domain
B ⊂ P1

Berk with exactly one boundary point ζ (Definition 2.24). Thus, B is a
connected component of P1

Berk\{ζ}. Explicitly, if ~v is the tangent direction
corresponding to B, then B = Bζ(~v)−. If r = diamζ(ζ), then B = B(α, r)ζ
for each α ∈ B. Here r is finite if ζ ∈ HBerk and r = ∞ if ζ ∈ P1(K). We
say that B is capped (or is simply an open Berkovich disc) if ζ is of type II
or III, and that B is strict if ζ is of type II.

Proposition 9.39. Let ϕ(T ) ∈ K(T ) be a nonconstant rational func-
tion. If B ⊂ P1

Berk is a generalized open Berkovich disc, then ϕ(B) is either
another generalized open Berkovich disc, or is all of P1

Berk.
Furthermore, B is ϕ-saturated iff ϕ(B) is a generalized open Berkovich

disc. If B is ϕ-saturated, then ϕ(B) is capped (resp. strict) if and only if B
is capped (resp. strict).

Proof. By Corollary 9.11, for any domain V , ∂(ϕ(V )) ⊆ ϕ(∂V ), and
by Corollary 9.16, V is ϕ-saturated if and only if ϕ(∂V ) = ∂(ϕ(V )). Hence
ϕ(B) has 0 or 1 boundary points, and B is ϕ−saturated if and only if ϕ(B)
is a disc. If ϕ(B) is a disc, then by Proposition 2.15 its boundary point has
the same type as the boundary point of B. �

The following fundamental fact is due to Rivera-Letelier ([65], Lemma
2.1):

Proposition 9.40. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function
of degree d = deg(ϕ). Let B be a generalized open Berkovich disc with
boundary point ζ, and let ~v be the tangent vector at ζ which points into
B. Put ξ = ϕ(ζ), and put ~w = ϕ∗(~v). Then ϕ(B) always contains the
generalized open Berkovich disc B′ = Bξ(~w)−, and either ϕ(B) = B′ or
ϕ(B) = P1

Berk. Put m = mϕ(ζ,~v).
(A) If ϕ(B) = B′, then for each y ∈ B′ there are degB(ϕ) = m solutions

to ϕ(x) = y in B (counted with multiplicities).
(B) If ϕ(B) = P1

Berk, there is an integer N ≥ m (with N > m if B is
strict), such that for each y ∈ B′, there are N solutions to ϕ(x) = y in B
(counted with multiplicities), and for each y ∈ P1

Berk\B′ there are N − m
solutions to ϕ(x) = y in B (counted with multiplicities).

Proof. Part (A) follows from Corollary 9.15 and the fact that B is
ϕ-saturated.

Part (B) is trivial when ζ is of type I or IV: if we take N = d, then
the assertions about points in B′ are trivial, and the assertions about points
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in P1
Berk\B′ are vacuous. Suppose ζ is of type II or III. Fix τ ∈ B′, and

let N = Nτ (B) be the number of solutions to ϕ(x) = τ in B, counted with
multiplicities. Let β ∈ P1

Berk\B′ be arbitrary. By Theorem 9.23(B),

(9.42) Nτ (B)−Nβ(B) = mϕ(ζ,~v) = m ,

so there are N −m solutions to ϕ(x) = β in B. Fixing β, let τ vary over B′.
By (9.42), for each τ there are N solutions to ϕ(x) = τ in B. �

The following result illustrates the strong influence multiplicities have
on the local mapping properties of ϕ.

Theorem 9.41. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function,
and let B be a generalized open Berkovich disc with boundary point ζ. Then
ϕ(B) is a generalized open Berkovich disc if and only if for each c ∈ B, the
multiplicity function mϕ(x) is non-increasing on [ζ, c].

For the proof, we will need a lemma:

Lemma 9.42. Let a ∈ HBerk, and suppose ~v is a tangent direction at a
for which mϕ(a,~v) < mϕ(a). Then ϕ(P1

Berk\Ba(~v)−) = P1
Berk.

Proof. Put b = ϕ(a). By Corollary 9.20 ϕ maps the tangent directions
at a surjectively onto the tangent directions at b. Since mϕ(a,~v) < mϕ(a),
it follows from Theorem 9.22 that there is a tangent vector ~v′ 6= ~v at a
for which ϕ∗(~v′) = ϕ∗(~v). Hence ϕ induces a surjection from the tangent
vectors at a, distinct from ~v, onto the tangent vectors at b.

By Proposition 9.40, if ~v is a tangent vector at a and ϕ∗(~v) = ~w, then
ϕ(Ba(~v)−) contains Bb(~w)−. Since ϕ(a) = b and

P1
Berk = {b} ∪

⋃
~w∈Tb

Bb(~w)− ,

the image under ϕ of P1
Berk\Ba(~v)− is all of P1

Berk. �

Proof of Theorem 9.41. Fix c ∈ B and consider the segment [ζ, c] ⊂
B. By Theorem 9.34, there is a finite partition {a0, . . . , an} of [ζ, c], with
a0 = ζ and an = c, such that mϕ(x) takes a constant value mi on each open
segment (ai−1, ai), and ϕ stretches distances on [ai−1, ai] by the factor mi.

First suppose ϕ(B) is a generalized open Berkovich disc. Since mϕ(x) is
upper semicontinuous (Proposition 9.27(A)), for each subsegment [ai−1, ai]
we have mϕ(ai−1) ≥ mi and mϕ(ai) ≥ mi. Suppose mϕ(ai) > mi, and let
~vi,− be the tangent vector at ai in the direction of ai−1. By Lemma 9.42,
ϕ(P1

Berk\Bai(~vi,−)−) = P1
Berk. Since P1

Berk\Bai(~v
−
i,−) ⊆ B, this contradicts

the assumption that ϕ(B) is a disc. Hence mϕ(ai) = mi, and it follows
inductively that mϕ(x) is non-increasing on [ζ, c].

Conversely, suppose mϕ(x) is non-increasing on [ζ, c]. We claim that
ϕ is injective on [ζ, c]. If not, then since P1

Berk is uniquely path-connected,
it would have to back-track. Since ϕ is injective on each [ai−1, ai], the
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backtracking would take place at some ai, 1 ≤ i ≤ n − 1. Let ~vi,− and
~vi,+ be the tangent directions to ai in [a, c]. Then ϕ∗(~vi,−) = ϕ∗(~vi,+).
Since mϕ(ai, ~vi,−) = mi−1 and mϕ(ai, ~vi,+) = mi, Theorem 9.22 implies
that mϕ(ai) ≥ mi−1 + mi > mi. This contradicts the assumption that
mϕ(x) is non-increasing.

Let ~v be the tangent vector at ζ for which B = Bζ(~v)−, and put b = ϕ(ζ)
and ~w = ϕ∗(~v). Since ϕ on is injective [ζ, c] and ϕ([ζ, c]) has initial tangent
vector ~w, we conclude that c ∈ Bb(~w)−. This holds for each c ∈ B ∩ HBerk,
and ϕ(B) is either a disc or all of P1

Berk, so it follows by continuity that
ϕ(B) = Bb(~w)−. �

Recall that by a generalized open Berkovich annulus in P1
Berk, we mean a

domain A = Aa,c ⊂ P1
Berk with two boundary points a, c (DefinitionBerkAn-

nulusDefn). Thus, A is the connected component of P1
Berk\{a, c} containing

the open segment (a, c). The modulus of A is defined to be

Mod(A) = ρ(a, c) .

If a, c ∈ HBerk, then Mod(A) <∞; if either a ∈ P1(K) or c ∈ P1(K), then
Mod(A) =∞. We will say that A is capped (or is simply an open Berkovich
annulus) if a and c are of type II or III (they need not be of the same type),
and we will say that A is strict if a and c are both of type II.

Proposition 9.43. Let ϕ(T ) ∈ K(T ) be a nonconstant rational func-
tion. If A ⊂ P1

Berk is a generalized open Berkovich annulus, then ϕ(A) is
either another generalized open Berkovich annulus, or is a generalized open
Berkovich disc, or is all of P1

Berk.
Furthermore, A is ϕ-saturated if ϕ(A) is a generalized open Berkovich

annulus, or is a generalized oepn Berkovich disc and both boundary points of
A are mapped to the unique boundary point of the disc. If A is ϕ-saturated,
then ϕ(A) is capped (resp. strict) if and only if A is capped (resp. strict).

Proof. By Corollary 9.11, for any domain V , ∂(ϕ(V )) ⊆ ϕ(∂V ). Hence
if V = A is a generalized open Berkovich annulus, ϕ(A) has 0, 1 or 2
boundary points.

By Corollary 9.16, V is ϕ-saturated if and only if ϕ(∂V ) = ∂(ϕ(V )).
Thus A is ϕ-saturated if and only if ϕ(A) is an annulus, or if ϕ(A) = B is
a disc and both boundary points of A are mapped to the boundary point
of B. If A is ϕ-saturated, Proposition 2.15 shows that ϕ(A) is strict if and
only if A is strict. �

If A is a generalized open Berkovich annulus, and a is one of its boundary
points, then A has an “initial sub-annulus” with boundary point a whose
image under ϕ is a generalized open Berkovich annulus. This basic property
of annuli is due to Rivera-Letelier, and was stated as a part of Lemma 9.32.
It was proved in the discussion preceding Theorem 9.22 as a consequence of
the open mapping theorem and the continuity of ϕ.
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Lemma 9.44. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function, and
let A = Aa,c be any generalized open Berkovich annulus. Then there is
a point a′ ∈ (a, c) such that the image of the generalized open Berkovich
annulus Aa,a′ under ϕ is another generalized open Berkovich annulus.

The following theorem characterizes when ϕ(A) is a generalized open
Berkovich annulus, and shows that if ϕ(A) is a generalized open Berkovich
annulus, then assertions (A)–(C) of Lemma 9.32 hold automatically:

Theorem 9.45. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function,
and let A = Aa,c be a generalized open Berkovich annulus. Then ϕ(A) is
a generalized open Berkovich annulus iff the multiplicity function mϕ(x) is
constant on the open segment (a, c), and is non-increasing on paths off (a, c).

In this situation, if mϕ(x) = m on (a, c), then A is ϕ-saturated and
(A) ϕ(A) = Aϕ(a),ϕ(c);
(B) If ~va (resp. ~vc) is the tangent vector to a (resp. c) in [a, c], then

degA(ϕ) = mϕ(a,~va) = mϕ(c,~vc) = m;
(C) ϕ([a, c]) = [ϕ(a), ϕ(c)], ρ(ϕ(x), ϕ(y)) = m·ρ(x, y) for all x, y ∈ [a, c],

and Mod(ϕ(A)) = m ·Mod(A).

Proof. (⇒) Suppose ϕ(A) is an annulus. Then A is ϕ-saturated, and
ϕ(A) has two boundary points. Since ∂(ϕ(A)) = ϕ(∂A) by Proposition
9.16, it follows that ϕ(A) = Aϕ(a),ϕ(c).

We first show that ϕ is injective on [a, c] and that ϕ([a, c]) = [ϕ(a), ϕ(c)].
Parametrize [a, c] by an interval [0, L], and for each 0 ≤ t ≤ L let bt ∈ [a, c]
be the point corresponding to t. Consider the set

S = {t ∈ [0, L] : ϕ is injective on [0, bt] and ϕ([0, bt]) ⊂ [ϕ(a), ϕ(c)]} .
Put T = supt∈S t. Since ϕ((a, c)) ⊂ Aϕ(a),ϕ(c), Lemma 9.32 shows that
T > 0. By continuity, T ∈ S. Suppose T < L, and put b = bT . Let
~v− and ~v+ be the tangent directions to b in [a, c] pointing toward a and
c, respectively. Likewise, let ~w− and ~w+ be the tangent directions uo ϕ(b)
in [ϕ(a), ϕ(c)] pointing toward ϕ(a) and ϕ(c), respectively. Since T ∈ S,
ϕ∗(~v−) = ~w−. However, ϕ∗(~v+) 6= ~w+; otherwise, by Lemma 9.32, there
would be a T1 > T with T1 ∈ S. Since ϕ gives a surjection from the
tangent directions at b onto the tangent directions at ϕ(b), there is a tangent
direction ~v at b, with ~v 6= ~v+, ~v 6= ~v−, for which ϕ∗(~v) = ~w+. By Proposition
9.40, ϕ(Bb(~v)−) contains Bϕ(b)(~w+)−. However, this is a contradiction, since
Bb(~v)− ⊂ A and ϕ(c) ∈ Bϕ(b)(~w+)−, while ϕ(c) /∈ ϕ(A).

By Theorem 9.34, there is a finite partition {a0, . . . , an} of [a, c], with
a0 = a, an = c, with the property that for each subsegment [ai−1, ai] there
is an integer 1 ≤ mi ≤ deg(ϕ) such that ϕ stretches distances on [ai−1, ai]
by the factor mi, and such that mϕ(x) = mi for all x ∈ (ai−1, ai). Consider
ai, 1 ≤ i ≤ n − 1. Let ~vi,− be the tangent vector to ai in [a, c] point-
ing toward a, and let ~vi,+ be the tangent vector pointing toward c. Let
~wi,−, ~wi,+ be the corresponding tangent vectors at ϕ(b). By the stretching
property and Theorem 9.22(A), mϕ(ai, ~vi,−) = mi−1. By Theorem 9.22(C),



226 9. MULTIPLICITIES

mϕ(ai) ≥ mϕ(ai, ~vi,−). Suppose mϕ(ai) > mϕ(ai, ~vi,−). Then there would
be another tangent direction ~v at ai with ϕ∗(~v) = ϕ∗(~vi,−). By Proposi-
tion 9.40, ϕ(Bai(~v)−) contains Bϕ(ai)(~wi,−)−. However, the latter contains
ϕ(a), which is impossible because Bai(~v)− ⊂ A, while ϕ(a) /∈ ϕ(A). Thus
mϕ(ai) = mϕ(ai, ~vi,−) = mi−1

In a similar way, we find mϕ(ai) = mϕ(ai, ~vi,+) = mi. Setting m = m1,
and proceeding inductively, we find that mi = m for all i, and ϕ(x) = m for
all x ∈ (a, c). From the distance-stretching property of ϕ on each [ai−1, ai]
and the additivity of the path distance, we see that ρ(ϕ(x), ϕ(y)) = m·ρ(x, y)
for all x, y ∈ [a, c]. In particular, Mod(ϕ(A)) = m ·Mod(A) and mϕ(A) =
mϕ(a,~va) = mϕ(c,~vc) = m.

Finally, consider an arbitrary b ∈ (a, c). Let ~v−, ~v+ be the two tangent
vectors to b in [a, c] and let ~v be any other tangent vector at b. Since
Bb(~v)− ⊂ A and ϕ(A) is an annulus, ϕ(Bb(~v)−) must be a disc and not all
of P1

Berk. By Theorem 9.41, mϕ(x) is non-increasing on paths off b in Bb(~v)−.

(⇐) Suppose mϕ(x) = m is constant on (a, c), and mϕ(x) is non-
increasing on paths off (a, c) in A. We wish to show that ϕ(A) is the
annulus Aϕ(a),ϕ(c).

Considering a partition {a0, . . . , an} of [a, c] with the properties in The-
orem 9.34, and arguing as before, we see that ϕ stretches distances on
[a, c] by a factor of m, and consequently that ϕ is injective on [a, c] and
ϕ([a, c]) = [ϕ(a), ϕ(c)].

Clearly ϕ((a, c)) ⊂ Aϕ(a),ϕ(c); let b ∈ (a, c) be arbitrary, and let ~v+, ~v−
be the tangent directions at b in [a, c]. Put ~w+ = ϕ∗(~v+) and ~w− = ϕ∗(~v−).
Then ~w+ and ~w− are the tangent directions at ϕ(b) in [ϕ(a), ϕ(b)]. If b
is of type II, let ~v be a tangent direction at b which is different from ~v+,
~v−. Since mϕ(b) = mϕ(b,~v+) = mϕ(b,~v−), it must be that ~w := ϕ∗(~v)
is different from ~w+, ~w−. Since mϕ(x) is non-increasing on paths off b in
Bb(~v)−, Theorem 9.41 shows that ϕ(Bb(~v)−) is the disc Bϕ(b)(~w)−, which is
contained in Aϕ(a),ϕ(c).

Thus ϕ(A) ⊆ Aϕ(a),ϕ(c). Since both ϕ(a), ϕ(c) ∈ ∂(ϕ(A)), it must be
that ϕ(A) = Aϕ(a),ϕ(c). �

Similarly, the following result characterizes when A is ϕ-saturated and
ϕ(A) is a disc. We omit the proof, which is similar to the previous one:

Theorem 9.46. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function,
and let A = Aa,c be a generalized open Berkovich annulus. Suppose A is
ϕ-saturated. Then ϕ(A) is a generalized open Berkovich disc if and only

(A) a and c both have the same type (I, II, III, or IV), and ϕ(a) = ϕ(c);
(B) There are a point b ∈ (a, c) (which is the midpoint of (a, c) if ρ(a, c)

is finite), and an integer 1 ≤ m ≤ deg(ϕ)/2, such that mϕ(x) = m for all
x ∈ (a, b) ∪ (b, c) and mϕ(b) = 2m;

(C) mϕ(x) is non-increasing on paths off (a, c).
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We now interpret the results above in terms of “classical” annuli in
P1(K).

Definition 9.47. An open annulus A in P1(K) is any set obtained by
taking a proper open disc in P1(K), and removing a proper closed subdisc
from it. The annulus A is rational if the radii of both discs belong to |K×|.

After a change of coordinates by a suitable Möbius transformation, any
open annulus can be put in the form

(9.43) Ar,R(α) = {z ∈ K : r < |z − α| < R} = D(α,R)−\D(α, r)

where α ∈ K and 0 < r < R < ∞. In particular, for 0 < r < 1, we define
the standard open annulus Ar of height r to be

Ar = {z ∈ K : r < |z| < 1} = D(0, 1)−\D(0, r) .

If A ⊂ P1(K) is an open annulus, there is a unique open Berkovich annu-
lus A = Aa,c for which A = A ∩ P1(K); it is obtained by taking the closure
of A in P1

Berk and removing its boundary points a, c, which are necessarily
of type II or III. When A = D(α,R)−\D(α, r), then a = ζα,r and c = ζα,R
are the points corresponding to D(a, r) and D(a,R) under Berkovich’s clas-
sification theorem. In that case, Mod(A) = ρ(a, c) = logv(R/r).

Since the path distance is invariant under change of coordinates (Propo-
sition 2.29), the ratio R/r in (9.43) is independent of the choice of coordi-
nates. The modulus of an open annulus A in P1(K) is defined to be

Mod(A) = logv(R/r)

for any representation (9.43). In particular, for the standard open annulus
Ar of height r, we have Mod(Ar) = − logv r.

If A is a rational open annulus (i.e., if the boundary points a, c of A
are Type II), then it is an elementary exercise to show that there exists
a Möbius transformation taking A to a standard open annulus Ar, whose
height r is uniquely determined:

Proposition 9.48. Let A,A′ be rational open annuli in P1(K). Then
there exists a Möbius transformation taking A to A′ iff Mod(A) = Mod(A′).

Proof. By Corollary 2.13(B) there is a Möbius transformation taking
any rational annulus to a standard open annulus. Hence it suffices to show
that if ϕ is a Möbius transformation taking Ar to As, then r = s. Since ϕ
extends to a function Ar → As, where Ar = D(0, 1)−\D(0, r) denotes the
corresponding open Berkovich annulus, it follows easily that the function
f = − logv |ϕ| : Ar → R is harmonic and extends continuously to Ar = Ar∪
{ζ0,1, ζ0,r}. Consequently, ∆Ar(f) = dδζ0,1 − dδζ0,r for some integer d ∈ Z.
Since deg(ϕ) = 1, we have d = ±1. Applying a Möbius transformation
if necessary, we may assume without loss of generality that d = 1. As
g(x) = − logv([T ]x) has the same property, it follows that f(x) = g(x) + C ′
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for some constant C ′, and therefore that |ϕ(x)| = C · |x| for all x ∈ Ar.
Letting |x| → 1 shows that C = 1, and then letting |x| → r shows that
r = s. �

In terms of open annuli in K, Lemma 9.44 translates as follows:

Lemma 9.49. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function. If
A = {z ∈ K : r < |z| < R} is an open annulus in K with 0 < r < R,
then there is a real number s ∈ (r,R) for which the image of the annulus
A′ = {z ∈ K : r < |z| < s} under ϕ is also an open annulus in K.

Similarly, Theorem 9.45 translates in part as:

Proposition 9.50. Let A be an open annulus in K for which ϕ(A) is
also an open annulus. Then Mod(ϕ(A)) = m · Mod(A) for some integer
1 ≤ m ≤ deg(ϕ), and the map ϕ : A→ ϕ(A) has degree m.

9.4. The pushforward and pullback measures

Let ϕ(T ) ∈ K(T ) be a nonconstant rational function of degree d.
If ν is a bounded Borel measure on P1

Berk, the pushforward measure ϕ∗(ν)
is the Borel measure defined by

ϕ∗(ν)(U) = ν(ϕ−1(U))

for all Borel subsets U ⊂ P1
Berk. Here ϕ−1(U) is a Borel set because ϕ is

continuous for the Berkovich topology.
The pullback of a function f on P1

Berk is defined by

ϕ∗(f)(x) = f(ϕ(x)) .

When ν is positive, then for each non-negative Borel measurable f , one has
the usual identity

(9.44)
∫
f(y) d(ϕ∗(ν))(y) =

∫
ϕ∗(f)(x) dν(x) =

∫
f(ϕ(x)) dν(x) .

This follows from the definition of ϕ∗(ν) when f is the characteristic function
of a Borel set, and the general case follows by taking limits.

If ν is a bounded signed measure, then (9.44) holds for all Borel mea-
surable functions f for which the integrals in (9.44) are finite. In particular,
it holds for continuous functions.

The pullback measure ϕ∗(ν) is more complicated to define. If g is a
continuous real-valued function on P1

Berk, then as in the statement of Propo-
sition 9.14, we define ϕ∗(g) by

ϕ∗(g)(y) =
∑

ϕ(x)=y

mϕ(x) · g(x) .

By Proposition 9.14, the function ϕ∗(g) is continuous. The definition of
ϕ∗(g) shows that ‖ϕ∗(g)‖ ≤ d · ‖g‖, where ‖g‖ = supx∈P1

Berk
|g(x)|.
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The pullback measure ϕ∗(ν) is the measure representing the bounded
linear functional Λ : C(P1

Berk) → R defined by Λ(g) =
∫
ϕ∗(g)(y) dν(y).

Thus

(9.45)
∫
g(x) dϕ∗(ν)(x) =

∫
ϕ∗(g)(y) dν(y) .

In particular, the measures ωϕ,b(x) have an interpretation as pullbacks:

Proposition 9.51. Let ϕ(T ) ∈ K(T ) be a nonconstant rational func-
tion. Then for each b ∈ P1

Berk,

ϕ∗(δb) = ωϕ,b .

Proof. For any continuous function g on P1
Berk,∫

g(x) dωϕ,b(x) =
∑
ϕ(a)=b

mϕ,b(a)g(a)

=
∫
ϕ∗(g)(x) δb(x) =

∫
g(x) dϕ∗(b)(x) .

�

The pushforward and pullback measures satisfy the expected functorial
properties.

Theorem 9.52. Let ϕ(T ) ∈ K(T ) be a nonconstant rational function
of degree d, and suppose ν is a signed Borel measure on a compact set
F ⊆ P1

Berk.
(A) Let 〈να〉 be a net of signed Borel measures on F which converges

weakly to ν. Then the net 〈ϕ∗(να)〉 converges weakly to ϕ∗(ν) on F .
If U = ϕ−1(ϕ(U)), then 〈ϕ∗(να)〉 converges weakly to ϕ∗(ν) on F .
(B) ϕ∗(ϕ∗(ν)) = d · ν.

Proof. The first assertion in (A) holds because for each g ∈ C(ϕ−1(F )),∫
g(x) dϕ∗(ν) =

∫
ϕ∗(g)(y) dν(y)

= lim
α

∫
ϕ∗(g)(y) dνα(y) = lim

α

∫
g(x) dϕ∗(να) .

The second holds because for each open subset V ⊂ ϕ(U), the Portmanteau
theorem (Theorem A.13) implies that

ν∗(V ) = ν(ϕ−1(V ))
= lim

α
να(ϕ−1(V )) = lim

α
ϕ∗(να)(V ) ,

and equality of two regular Borel measures on open sets implies their equality
for all Borel sets.
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Part (B) also follows from a simple computation. Formula (9.45) extends
to characteristic functions of Borel sets. For each Borel set E ⊂ P1

Berk, the
identity

∑
ϕ(x)=ymϕ,y(x) = d means that ϕ∗(χϕ−1(E)) = d · χE . Hence

ϕ∗(ϕ∗(ν))(E) = ϕ∗(ν)(ϕ−1(E))

=
∫
χϕ−1(E)(x) dϕ∗(ν)(x) =

∫
ϕ∗(χϕ−1(E))(y) dν(y)

=
∫
d · χE(y) dν(y) = d · ν(E) .

�

9.5. The pullback formula for subharmonic functions

In this section we prove a pullback formula for subharmonic functions,
and then use it to derive pullback formulas for arbitrary functions in BDV(U),
and for Green’s functions.

Recall from Lemma 9.13 that if U ⊂ P1
Berk is a domain, then ϕ−1(U)

is a finite disjoint union of domains V1, . . . , Vm. By Definition 8.33, the
Laplacian operator for subharmonic functions on ϕ−1(U) is given by

∆ϕ−1(U) =
m∑
i=1

∆Vi .

Proposition 9.53. Let ϕ(T ) ∈ K(T ) be a nonconstant rational map of
degree d. Let U ⊂ P1

Berk be a domain, and let f be subharmonic in U . Then
the function ϕ∗(f) = f ◦ ϕ is subharmonic in ϕ−1(U), and

∆ϕ−1(U)(ϕ
∗(f)) = ϕ∗(∆U (f)) .

Remark 9.54. If U ⊂ P1
Berk is an open set, then each of its components

is a domain. Since subharmonicity is a local property, and the Laplacian of
a subharmonic function is a negative signed measure, Proposition 9.53 holds
for arbitrary open sets U .

Proof of Proposition 9.53. To see that f ◦ϕ is subharmonic, we use
the Riesz Decomposition Theorem (Proposition 8.37). Let V be a simple
subdomain of U , and put ν = −∆V (f). Let ζ be an arbitrary point in
P1

Berk\V . Proposition 8.37 shows there is a harmonic function h on V such
that for all y ∈ V ,

f(y) = h(y) +
∫
V

logv(δ(y, z)ζ) dν(z) .

Composing with ϕ gives, for all x ∈ ϕ−1(V ),

f(ϕ(x)) = h(ϕ(x)) +
∫
V

logv(δ(ϕ(x), z)ζ) dν(z) .

By Corollary 7.40, h ◦ ϕ is harmonic in each component W of ϕ−1(V ). By
Lemma 9.3, for each z ∈ V the function logv(δ(ϕ(x), z)ζ) is subharmonic in
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P1
Berk\ϕ−1({ζ}), hence in particular in ϕ−1(V ). Since f ◦ϕ− h ◦ϕ is upper

semicontinuous, it follows from Proposition 8.24 that

F (x) :=
∫
V

logv(δ(ϕ(x), z)ζ) dν(z)

is subharmonic on ϕ−1(V ). (The function F (x) is not identically −∞ on
any component of ϕ−1(V ), since F (x) = f(ϕ(x))−h(ϕ(x)).) It follows that
f ◦ϕ = h ◦ϕ+F is subharmonic on ϕ−1(V ). Since subharmonicity is local,
it follows from the open mapping theorem (Corollary 9.10) that f ◦ ϕ is
subharmonic on ϕ−1(U).

We now establish the pullback formula for Laplacians. By the smooth-
ing theorem (Proposition 8.45), there is a net 〈fα〉α∈A of smooth subhar-
monic functions on W such that limα fα(z) = f(z) pointwise for all z ∈ V ,
and where the convergence is uniform on each finite subgraph Γ ⊂ V . By
smoothness, each ∆V (fα) is a discrete measure supported on a finite set of
points. We will first prove the pullback formula for the fα.

Fix α ∈ A. Since fα is smooth, there exist constants cαi ∈ R and points
pαi, ζαi ∈ V such that

fα(y) = cα0 +
Mα∑
i=1

cαi logv(δ(y, pαi)ζαi) .

Composing with ϕ gives

fα(ϕ(x)) = cα0 +
Mα∑
i=1

cαi logv(δ(ϕ(x), pαi)ζαi) .

By Proposition 9.5, each function Fαi(x) = logv(δ(ϕ(x), pαi)ζαi) belongs to
BDV(P1

Berk), and by Lemma 9.3 and Proposition 9.51

∆P1
Berk

(Fαi) = ϕ∗(δζαi − δpαi) .

Summing over all i, we find that

∆ϕ−1(V )(fα ◦ ϕ) =
Mα∑
i=1

cαiϕ
∗(δζαi − δpαi) = ϕ∗(∆V (fα)) .

The functions fα ◦ ϕ converge uniformly to f ◦ ϕ on each finite sub-
graph Γ′ ⊂ ϕ−1(V ), since ϕ(Γ′) is a finite subgraph of V by Corollary 9.35.
Therefore by Proposition 8.40(A), the measures ∆ϕ−1(V )(fα ◦ ϕ) converge
weakly to ∆ϕ−1(V )(f ◦ϕ). Proposition 8.40(A) also shows that the measures
∆V (fα) converge weakly to ∆V (f). Hence, by Theorem 9.52, the measures
ϕ∗(∆V (fα)) converge weakly to ϕ∗(∆V (f)). Thus

∆ϕ−1(V )(f ◦ ϕ) = ϕ∗(∆V (f)) .

�
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Let U be a domain. We next give a pullback formula for functions in
BDV(U). If V1, . . . , Vm are the components of ϕ−1(U), and if g|Vi ∈ BDV(Vi)
for each i, we define

∆ϕ−1(U)(g) =
m∑
i=1

∆Vi(g) .

Proposition 9.55. Let ϕ(T ) ∈ K(T ) be a nonconstant rational map.
Let U ⊂ P1

Berk be a domain, and let V1, . . . , Vm be the components of ϕ−1(U).
Take f ∈ BDV(U). Then ϕ∗(f)|Vi ∈ BDV(Vi) for each i = 1, . . . ,m, and

(9.46) ∆ϕ−1(U)(ϕ
∗(f)) = ϕ∗(∆U (f)).

Proof. First assume U 6= P1
Berk. Let Y1 ⊂ Y2 ⊂ · · · ⊂ U be an ex-

haustion of U by simple domains Yi with Y i ⊂ Yi+1 for each i, as given by
Corollary 7.11.

By Proposition 8.39, for each i, there are subharmonic functions gi, hi ∈
SH(Yi+1) such that f(x) = gi(x) − hi(x) for all x ∈ Yi+1 ∩ HBerk. By
Proposition 9.53, ϕ∗(gi) and ϕ∗(hi) are subharmonic in ϕ−1(Yi+1), and

∆ϕ−1(Yi+1)(ϕ
∗(gi)) = ϕ∗(∆Yi+1(gi)) , ∆ϕ−1(Yi+1)(ϕ

∗(hi)) = ϕ∗(∆Yi+1(hi)) .

Since ϕ is an open mapping and Y i ⊂ Yi+1, it follows that ϕ−1(Yi) =
ϕ−1(Y i) ⊂ ϕ−1(Yi+1). Hence for each component Wi,j of ϕ−1(Yi) we have
W i,j ⊂ ϕ−1(Yi+1). By Lemma 8.10, ϕ∗(gi)|Wi,j and ϕ∗(hi)|Wi,j are strongly
subharmonic in Wi,j and hence belong to BDV(Wi,j). Since the Laplacian of
a function depends only on its restriction to HBerk, it follows that ϕ∗(f)|Wi,j

belongs to BDV(Wi,j). This shows that ∆ϕ−1(Yi)(ϕ
∗(f)) is well-defined; from

Proposition 9.53 we obtain

∆ϕ−1(Yi)(ϕ
∗(f)) = ∆ϕ−1(Yi)(ϕ

∗(gi))−∆ϕ−1(Yi)(ϕ
∗(hi))

= ϕ∗(∆Yi(gi))− ϕ∗(∆Yi(hi)) = ϕ∗(∆Yi(f)) .

On the other hand, let ν+
i and ν−i be the measures in the Jordan de-

composition of ∆Yi(f). Then ϕ∗(∆Yi(f)) = ϕ∗(ν+
i )− ϕ∗(ν−i ) is the Jordan

decomposition of ϕ∗(∆Yi(f)). Since f ∈ BDV(U), there is a bound B,
independent of Yi, such that ν+

i and ν−i have mass at most B. By Propo-
sition 9.52(B), ϕ∗(ν+

i ) and ϕ∗(ν−i ) have mass at most deg(ϕ) · B. Hence
∆ϕ−1(Yi)(ϕ

∗(f)) has total mass at most 2 deg(ϕ) ·B, independent of i.
Since the ϕ−1(Yi) exhaust ϕ−1(U), it follows that ϕ∗(f)|Vi ∈ BDV(Vi)

for each component Vi of ϕ−1(U). By the compatibility of Laplacians with
restriction (Proposition 5.22), we obtain (9.46).

Now suppose U = P1
Berk. Take a finite cover of P1

Berk by simple subdo-
mains U1, . . . , Un, and apply the case above to each Ui. The components
of the ϕ−1(Ui) form a finite cover of P1

Berk, so Proposition 5.23 shows that
ϕ∗(f) ∈ BDV(P1

Berk) and that (9.46) holds. �

Finally, we give a definitive pullback formula for Green’s functions, im-
proving Proposition 7.42:
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Proposition 9.56. Suppose E ⊂ P1
Berk is compact and has positive ca-

pacity, and take ζ ∈ P1
Berk\E. Let ϕ(T ) ∈ K(T ) be a nonconstant rational

function. Write ϕ−1({ζ}) = {ξ1, . . . , ξm}, and let

ϕ∗(δζ) =
m∑
i=1

niδξi ,

where ni = mϕ(ξi). Then for each z ∈ P1
Berk,

(9.47) G(ϕ(z), ζ;E) =
m∑
i=1

niG(z, ξi;ϕ−1(E)) .

Proof. We first claim that for each ζ ∈ P1
Berk\E, there is a set e ⊂

ϕ−1(E) of capacity 0 such that (9.47) holds for all z ∈ P1
Berk\e and fails for

z ∈ e. This has already been shown for ζ ∈ P1(K) in Proposition 7.42, so
we can assume ζ ∈ HBerk.

By Proposition 7.33(A8), G(z, ζ;E) ∈ BDV(P1
Berk) and

∆P1
Berk

(G(z, ζ;E))) = δζ(z)− ωζ(z) ,

where ωζ(z) is a probability measure supported on E. By Proposition 9.55,

∆P1
Berk

(G(ϕ(z), ζ;E)) =
m∑
i=1

niδξi(z)− ϕ
∗(ωζ) .

Put

h(z) = G(ϕ(z), ζ;E)−
m∑
i=1

niG(z, ξi;ϕ−1(E)) .

Since ζ and the ξi belong to HBerk, Propositions 9.55 and 7.33(A7,A8) give
that h(z) is harmonic in each component of P1

Berk\ϕ−1(E). Now the same
argument as in Proposition 7.42 shows that (9.47) holds.

We will next show that the exceptional set e is empty. Since e has
capacity 0, it is contained in P1(K). In particular, (9.47) holds for all
z ∈ HBerk. Suppose p ∈ e, and let [p, q] be a segment. By Lemma 9.32, we
can assume that ϕ([p, q]) is a segment [ϕ(p), ϕ(q)], and that ϕ is injective on
[p, q]. Let z → p in (p, q); then ϕ(z)→ ϕ(p) in (ϕ(p), ϕ(q)). By Proposition
9.53, G(ϕ(z), ζ;E) is subharmonic in U = P1

Berk\ϕ−1({ζ}); by Example 8.8
and Proposition 8.23(A) the same is true for

∑m
i=1 niG(z, ξi;ϕ−1(E)). Since

(p, q) and (ϕ(p), ϕ(q)) are contained in HBerk, Proposition 8.11(C) and the
case treated above show that

G(ϕ(p), ζ;E) = lim
z→p
z∈(p,q)

G(ϕ(z), ζ;E) = lim
z→p
z∈(p,q)

m∑
i=1

niG(z, ξi;ϕ−1(E))

=
m∑
i=1

niG(p, ξi;ϕ−1(E)) .

This contradicts the assumption that p ∈ e, so e is empty. �
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9.6. Notes and further references

As should be clear by now, this chapter has been greatly influenced by
the work of Rivera-Letelier. Many of the results in §9.1 – §9.3 are due to him,
though we have given new proofs. Our analytic construction of multiplicities
using proximity functions is new, as are the characterizations of images of
discs and annuli in terms of multiplicities.

We have already remarked that Rivera-Letelier ([65], [68]), Favre and
Rivera-Letelier ([39]), and Thuillier ([77]) have given other constructions
of multiplicities. In particular, Thuillier defines multiplicities on Berkovich
curves in a purely algebraic way, and in a more general context than we have
done here.



CHAPTER 10

Applications to the dynamics of rational maps

In this chapter, we study the dynamics of a rational map ϕ ∈ K(T ) of
degree d ≥ 2 acting on P1

Berk, where K is a complete and algebraically closed
nonarchimedean field of characteristic 0.

We begin by showing, in §10.1, that there is a probability measure µϕ
on P1

Berk which satisfies ϕ∗(µϕ) = µϕ and ϕ∗(µϕ) = d · µϕ. By analogy with
the classical situation for P1(C) (see ([42], [56])), we call µϕ the canonical
measure associated to ϕ. Loosely speaking, the canonical measure is the
negative of the Laplacian of the Call-Silverman local height function from
([24]) (extended to P1

Berk in a natural way).
We also show that the associated Arakelov Green’s function gµϕ(x, y)

satisfies a certain energy-minimization principle. This was used in ([2]) and
([6]) to investigate properties algebraic points of small dynamical height.

In §10.2, we give an explicit formula for the Arakelov-Green’s function
gµϕ(x, y), and we establish some functorial properties satisfied by gµϕ(x, y),
including the important functional equation in Theorem 10.18.

Following Favre and Rivera-Letelier ([37, 39]), in §10.3 we prove an
equidistribution theorem for the preimages under ϕ of any non-exceptional
point of P1

Berk. This is the Berkovich space analogue of a classical result due
independently to Lyubich ([56]) and Freire-Lopes-Mañé ([42]). Our proof,
which differs from the one in ([37, 39]), makes use of properties of gµϕ(x, y).

In §10.4 – §10.7, we develop Fatou-Julia theory on P1
Berk. We recover

most of the basic facts known classically over C, as presented for example
in Milnor’s book ([57]).

The modern approach to complex dynamics was initiated by Fatou and
Julia in the early part of the twentieth century. The best understood and
most classical part of the theory concerns the iteration of a rational function
ϕ ∈ C(T ) on the complex projective line P1(C). The primary goal of the
theory is to understand the structure of the Fatou set and its complement,
the Julia set.

In p-adic dynamics, there is an analogous, more recent theory for a
rational function ϕ ∈ K(T ). The theory was initially developed for ϕ ∈
Cp(T )1 acting on P1(Cp) by Silverman, Benedetto, Hsia, and others (see,

1There are some subtle but important differences between dynamics over Cp and
dynamics over an arbitrary complete and algebraically closed nonarchimedean field K of
characteristic 0, see e.g. Example 10.53 below.

235
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e.g. [11], [12], [47], [58], [65]). One finds both striking similarities and
striking differences between rational dynamics on P1(C) and P1(Cp). (For
an overview of the “classical” results in this field, see [76].) The differences
arise for the most part from the fact that the topology on Cp is totally
disconnected and not locally compact. Even the most basic topological
questions about the Fatou and Julia sets have a completely different flavor
when working over Cp versus C. In fact, it was not a priori clear what the
Fatou and Julia sets in P1(Cp) should be, since (for example) the notions
of equicontinuity and normality do not coincide. Definitions which seemed
reasonable (such as defining the Fatou set in terms of equicontinuity of the
family of iterates {ϕ(n)}) turned out to behave differently than expected. For
example, in P1(Cp) the Julia set of any map with good reduction is empty, in
sharp contrast with the situation over C, where one of the most fundamental
facts is that the Julia set is always nonempty. It took considerable effort to
give a satisfactory definition for Fatou components in P1(Cp) ([67]).

However, as Rivera-Letelier’s thesis ([65]) and subsequent works ([66],
[67], [68], [37], [38], [39]) have made abundantly clear, a rational map
ϕ ∈ K(T ) should be thought of as acting not just on P1(K), but on P1

Berk.
One advantage of working with P1

Berk is evident in the existence of the canon-
ical probability measure µϕ. In contrast to P1(K), the compact connected
Hausdorff space P1

Berk serves naturally as a support for measures.
In §10.4 we define the Berkovich Julia set Jϕ as the support of the

canonical measure, and the Berkovich Fatou set Fϕ as the complement of
Jϕ.2 A direct consequence of this definition is that the Berkovich Julia set
is always nonempty.

In Theorem 10.40, we show that the Berkovich Fatou set of ϕ coincides
with the set of all points in P1

Berk having a neighborhood V whose forward
iterates under ϕ omit at least one non-exceptional point of P1

Berk (or, equiv-
alently, at least three points of P1(K)). This was Rivera-Letelier’s original
definition of the Berkovich Fatou set for K = Cp. We use this result to
deduce information about the topological structure of the Berkovich Julia
set, in the style of ([57]).

In §10.5, we compare our Berkovich Fatou and Julia sets with the corre-
sponding sets defined in terms of equicontinuity, and we use this comparison
to obtain structural information about the Berkovich Fatou and Julia sets.
We also show (Theorem 10.50) that for any complete, algebraically closed
nonarchimedean ground field K of characteristic 0, the intersection of the
Berkovich Fatou set with P1(K) coincides with the classical Fatou set of ϕ
in P1(K) considered by Silverman, Benedetto, Hsia and others.

2As Rivera-Letelier pointed out to us (with examples like Example 10.53 below), over
a general complete, algebraically closed nonarchimedean ground field K, pathologies arise
if one tries to define the Berkovich Julia and Fatou sets in terms of equicontinuity or
normality.



10.1. CONSTRUCTION OF THE CANONICAL MEASURE 237

Using deep results of Rivera-Letelier we prove (Theorem 10.55) that over
Cp, the Berkovich Fatou set consists of all points having a neighborhood on
which the set of iterates {ϕ(n)} is equicontinuous (in the sense of uniform
spaces, c.f. Appendix A.9). However, over a general complete, algebraically
closed nonarchimedean ground field K of characteristic 0 this is no longer
true, as shown by Example 10.53.

In §10.6, we prove that a rational map ϕ(T ) ∈ K(T ) of degree at least
two has at least one repelling fixed point in P1

Berk, and we show that the
repelling periodic points belong to and are dense in the Berkovich Julia set.
This is an analogue of a well-known result in dynamics over C.

In §10.7, we show that when ϕ(T ) ∈ K[T ] is a polynomial, the Berkovich
Julia set Jϕ coincides with the boundary of the Berkovich filled Julia set Kϕ.
This is the analogue of another well-known result over C.

In §10.8, we consider the dynamics of rational functions over Cp, which
are much better understood than over arbitrary K. We recall the main
results of Rivera-Letelier from ([66],[65],[67],[68]), and translate them into
the language of P1

Berk.
Finally, in §10.9 we give examples illustrating the theory.

10.1. Construction of the canonical measure

Let ϕ(T ) ∈ K(T ) be a rational function of degree d ≥ 2. In this section
we construct the canonical measure µϕ, the nonarchimedean analogue of the
measure constructed by Brolin for a polynomial in C[T ], and by Lyubich
([56]) and Freire-Lopes-Mañé ([42]) for a rational function in C(T ). Our
construction follows ([6]); other constructions have been given by Chambert-
Loir ([26]) and Favre–Rivera-Letelier ([37, 38, 39]).

Let f1(T ), f2(T ) ∈ K[T ] be coprime polynomials with

ϕ(T ) = f2(T )/f1(T ) ,

such that max(deg(f1), deg(f2)) = d. Homogenizing f1(T ) and f2(T ), we
obtain homogeneous polynomials F1(X,Y ), F2(X,Y ) ∈ K[X,Y ] of degree d
such that f1(T ) = F1(1, T ), f2(T ) = F2(1, T ), and where Res(F1, F2) 6= 0.

We will be interested in the dynamics of ϕ on P1
Berk, so for each n ≥ 1, let

ϕ(n) = ϕ ◦ϕ ◦ · · · ◦ϕ (n times). Similarly, let F (n) be the n-fold composition
of F with itself, and write F (n)(X,Y ) = (F (n)

1 (X,Y ), F (n)
2 (X,Y )), where

F
(n)
1 (X,Y ), F (n)

2 (X,Y ) ∈ K[X,Y ] are homogeneous polynomials of degree
dn.

For the moment, regard F1(X,Y ) and F2(X,Y ) as functions on K2 and
write F (x, y) = (F1(x, y), F2(x, y)). Let

‖(x, y)‖ = max(|x|, |y|)

be the sup norm on K2.
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Lemma 10.1. There are numbers 0 < B1 < B2 < ∞ such that for all
(x, y) ∈ K2,

(10.1) B1 · ‖(x, y)‖d ≤ ‖F (x, y)‖ ≤ B2 · ‖(x, y)‖d .

Proof. The upper bound is trivial, since if F1(X,Y ) =
∑
c1,ijX

iY j ,
F2(X,Y ) =

∑
c2,ijX

iY j , and if B2 = max(|c1,ij |, |c2,ij |), then by the ultra-
metric inequality

|F1(x, y)|, |F2(x, y)| ≤ max
i,j

(|c1,ij ||x|i|y|j) ≤ B2‖(x, y)‖d .

For the lower bound, note that since Res(F1, F2) 6= 0, Lemma 2.11 shows
that there are homogenous polynomials G1(X,Y ), G2(X,Y ) ∈ K[X,Y ] of
degree d− 1 and a number 0 6= b1 ∈ K for which

(10.2) G1(X,Y )F1(X,Y ) +G2(X,Y )F2(X,Y ) = b1X
2d−1 ,

and homogeneous polynomialsH1(X,Y ), H2(X,Y ) ∈ K[X,Y ] of degree d−1
and a number 0 6= b2 ∈ K such that

(10.3) H1(X,Y )F1(X,Y ) +H2(X,Y )F2(X,Y ) = b2Y
2d−1 .

By the upper bound argument applied to G = (G1, G2) and H = (H1, H2),
there is an A2 > 0 such that ‖G(x, y)‖, ‖H(x, y)‖ ≤ A2‖(x, y)‖d−1 for all
(x, y) ∈ K2. By (10.2), (10.3) and the ultrametric inequality,

|b1||x|2d−1 ≤ A2‖(x, y)‖d−1‖F (x, y)‖ ,
|b2||y|2d−1 ≤ A2‖(x, y)‖d−1‖F (x, y)‖ .

Writing A1 = min(|b1|, |b2|), it follows that

A1‖(x, y)‖2d−1 ≤ A2‖(x, y)‖d−1‖F (x, y)‖ .

Thus if B1 = A1/A2, then ‖F (x, y)‖ ≥ B1‖(x, y)‖d. �

Taking logarithms in (10.1), for C1 = max(| logv(B1)|, | logv(B2)|) we
have

(10.4) |1
d

logv ‖F (x, y)‖ − logv ‖(x, y)‖| ≤ C1

d
.

for all (x, y) ∈ K2\{(0, 0)}. Inserting F (x, y) for (x, y) in (10.4) and iterat-
ing, we find that for each n ≥ 1,

(10.5) | 1
dn

logv ‖F (n)(x, y)‖ − 1
dn−1

logv ‖F (n−1)(x, y)‖| ≤ C1

dn
.

Put

h
(n)
ϕ,v,(∞)(x) =

1
dn

logv max(|F (n)
1 (1, x)|, |F (n)

2 (1, x)|) .

The Call-Silverman local height for ϕ on P1(K) (relative to the point∞ and
the dehomogenization F1(1, T ), F2(1, T )) is defined for x ∈ A1(K) by

(10.6) hϕ,v,(∞)(x) = lim
n→∞

h
(n)
ϕ,v,(∞)(x) .
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The fact that the limit exists follows from (10.5), as does the bound

(10.7) |hϕ,v,(∞)(x)− logv(max(1, |x|))| ≤
∞∑
n=1

C1

dn
= C .

Taking logarithms in the identity

F (n−1)(1, ϕ(x)) = F (n−1)(1,
F2(1, x)
F1(1, x)

) =
F (n)(1, x)
F1(1, x)dn−1

and letting n→∞ gives the functional equation

(10.8) hϕ,v,(∞)(ϕ(x)) = d · hϕ,v,(∞)(x)− logv(|F1(1, x)|) ,

valid on P1(K)\({∞} ∪ ϕ−1({∞})).
The two properties (10.7), (10.8) characterize the Call-Silverman lo-

cal height: in general, given a divisor D on P1(K), a function hϕ,v,D :
P1(K)\ supp(D) → R is a Call-Silverman local height for D if it is a Weil
local height associated to D, and if there exists a rational function f ∈ K(T )
with div(f) = ϕ∗(D)− d ·D, such that

(10.9) hϕ,v,D(ϕ(z)) = d · hϕ,v,D(z)− logv(|f(z)|v)

for all z ∈ P1(K)\(supp(D)∪ supp(ϕ∗(D))). If f is replaced by cf for some
c 6= 0, then hϕ,v,D is changed by an additive constant.

We will now “Berkovich-ize” the local height. For each n, and each
x ∈ P1

Berk, put

(10.10) ĥ
(n)
ϕ,v,(∞)(x) =

1
dn

max(logv[F
(n)
1 (1, T )]x, logv[F

(n)
2 (1, T )]x) .

(We regard it as having the value ∞ at x =∞). Then ĥ(n)
ϕ,v,(∞)(x) coincides

with h
(n)
ϕ,v,(∞)(x) on A1(K) and is continuous and strongly subharmonic in

A1
Berk. We claim that for all x ∈ A1

Berk

(10.11) |ĥ(n)
ϕ,v,(∞)(x)− ĥ(n−1)

ϕ,v,(∞)(x)| ≤ C1

dn
.

Indeed, this holds for all type I points in A1(K); such points are dense in
A1

Berk and the functions involved are continuous, so it holds for all x ∈ A1
Berk.

It follows that the functions ĥ(n)
ϕ,v,(∞)(x) converge uniformly to a con-

tinuous subharmonic function ĥϕ,v,(∞)(x) on A1
Berk which extends the Call-

Silverman local height hϕ,v,(∞)(x). By the same arguments as before, for all
x ∈ A1

Berk

(10.12) |ĥϕ,v,(∞)(x)− logv(max(1, [T ]x))| ≤ C ,

and for all x ∈ P1
Berk\(∞∪ ϕ−1(∞)),

(10.13) ĥϕ,v,(∞)(ϕ(x)) = d · ĥϕ,v,(∞)(x)− logv([F1(1, T )]x) .
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Actually, this can be viewed as an identity for all x ∈ P1
Berk, if one views the

right side at x =∞ as given by its limit as x→∞.
Let V1 = A1

Berk = P1
Berk\{∞}. Since ĥϕ,v,(∞) is subharmonic on V1, there

is a non-negative measure µ1 on V1 such that ∆V1(ĥϕ,v,(∞)) = −µ1. On the

other hand, each ĥ
(n)
ϕ,v,(∞)(x) belongs to BDV(P1

Berk) and satisfies

∆P1
Berk

(ĥ(n)
ϕ,v,(∞)) = δ∞ − µ(n)

1 ,

where µ(n)
1 ≥ 0 has total mass 1. Since the ĥ(n)

ϕ,v,(∞) converge uniformly to

ĥϕ,v,(∞) on V1, it follows that ∆P1
Berk

(ĥ(n)
ϕ,v,(∞)) → ∆P1

Berk
(ĥϕ,v,(∞)). From

this, one concludes from Proposition 8.40 that the µ(n)
1 converge weakly to

µ1 on simple subdomains of V1, that ĥϕ,v,(∞) belongs to BDV(P1
Berk), and

that there is a non-negative measure µ on P1
Berk of total mass 1 such that

(10.14) ∆P1
Berk

(ĥϕ,v,(∞)) = δ∞ − µ .

(Note that functions in BDV(P1
Berk) are allowed take values ±∞ on points

of P1(K); the definition of the Laplacian only involves their restriction to
HBerk.)

In the affine patch V2 := P1
Berk\{0}, relative to the coordinate function

U = 1/T , the map ϕ is given by F1(U, 1)/F2(U, 1). By a construction similar
to the one above, using the functions F1(U, 1) and F2(U, 1), we obtain a
function ĥϕ,v,(0)(x) ∈ BDV(P1

Berk) which is continuous and subharmonic on
V2 and extends the Call-Silverman local height relative to the point 0. For
all x ∈ V2, it satisfies

|ĥϕ,v,(0)(x)− logv(max(1, [1/T ]x))| ≤ C ,(10.15)

ĥϕ,v,(0)(ϕ(x)) = d · ĝϕ,v(x)− logv([F2(1/T, 1)]x) ,(10.16)

where (10.16) holds in the same sense as (10.13). Using F (n)(U, 1) =
F (n)(1, T )/T d

n
, taking logarithms, and letting n→∞ gives

(10.17) ĥϕ,v,(0)(x) = ĥϕ,v,(∞)(x)− logv([T ]x) .

Applying the Laplacian and using (10.14) shows that

(10.18) ∆P1
Berk

(ĥϕ,v,(0)) = δ0 − µ .

We will refer to the probability measure µ = µϕ on P1
Berk appearing in

(10.14) and (10.18) as the canonical measure associated to ϕ.

Theorem 10.2. Let ϕ(T ) ∈ K(T ) have degree d ≥ 2. Then the Call-
Silverman local height ĥϕ,v,(∞)(x) belongs to BDV(P1

Berk) and SH(P1
Berk\{∞}),

with

(10.19) ∆P1
Berk

(ĥϕ,v,(∞)) = δ∞ − µϕ .

The canonical measure µϕ is non-negative and has total mass 1. It satisfies
the functional equations ϕ∗(µϕ) = d · µϕ and ϕ∗(µϕ) = µϕ.
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Proof. The assertions about ĥϕ,v,(∞)(x) have been established above.
To show ϕ∗(µ) = d · µ, we use (10.13) and (10.16). Let x1, . . . , xd be

the zeros (not necessarily distinct) of F1(1, T ), and put U1 = ϕ−1(V1) =
P1

Berk\{x1, . . . , xd}. By the pullback formula for subharmonic functions
(Proposition 9.53), H(x) := ĥϕ,v,(∞)(ϕ(x)) is subharmonic on U1, and

∆U1(H) = ϕ∗(∆V1(ĥϕ,v,(∞))) .

Taking Laplacians in (10.13) gives ϕ∗(µ|V1) = d · µ|U1 . Likewise, put U2 =
ϕ−1(V2) = P1

Berk\{y1, . . . , yd}, where y1, . . . , yd are the zeros of F2(1/T, 1) =
F2(1, T )/T d. Since F1(1, T ) and F2(1, T ) are coprime, the sets {x1, . . . , xd}
and {y1, . . . , yd} are disjoint. Then G(x) := ĥϕ,v,(0)(ϕ(x)) is subharmonic
on U2, and satisfies

∆U2(G) = ϕ∗(∆V2(ĥϕ,v,(0))) .

Taking Laplacians in (10.16) gives ϕ∗(µ|V2) = d · µ|U2 . Since V1 ∪ V2 =
U1 ∪ U2 = P1

Berk, it follows that ϕ∗(µ) = d · µ.

The identity ϕ∗(µ) = µ follows formally from ϕ∗(µ) = d ·µ. By Proposi-
tion 9.52(B), ϕ∗(ϕ∗(µ)) = d·µ. Since ϕ∗(µ) = d·µ, this gives ϕ∗(µ) = µ. �

Definition 10.3. A function ϕ(T ) ∈ K(T ) of degree d ≥ 1 has good
reduction if it can be written as ϕ(T ) = F2(1, T )/F1(1, T ) where F1, F2 ∈
K[X,Y ] are homogeneous polynomials of degree d whose coefficients belong
to the valuation ring O of K, and where Res(F1, F2) is a unit in O.

A function ϕ(T ) ∈ K(T ) of degree d ≥ 1 has simple reduction if there is a
Möbius transformation M ∈ PGL(2,K) such that the conjugate M ◦ϕ◦M−1

has good reduction.

Example 10.4. Suppose ϕ(T ) has good reduction, and has degree d ≥ 2.
We claim that the canonical measure µϕ coincides with the Dirac measure
δζGauss

(x), where ζGauss is the Gauss point of P1
Berk.

To see this, recall formula (10.1) and note that the proof of that formula
shows that under our hypotheses, B1 = B2 = 1. Thus for all (x, y) ∈ K2,

‖F (x, y)‖ = ‖(x, y)‖d .

By iteration, for each n, ‖F (n)(x, y)‖ = ‖(x, y)‖dn . Examining the construc-
tion of ĥϕ,v,(∞), one finds that

ĥϕ,v,(∞)(x) = logv max(1, [T ]x) = logv(δ(x, ζGauss)∞) ,

so that ∆(ĥϕ,v,(∞)) = δ∞ − δζGauss
by Example 5.15. Hence µϕ = δζGauss

.

More generally, we have:

Proposition 10.5. A rational map ϕ(T ) ∈ K(T ) of degree at least 2
has good reduction if and only if µϕ = δζGauss

.
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Proof. We have already shown that if ϕ has good reduction, then µϕ =
δζGauss

. Conversely, suppose that µϕ = δζGauss
. Then by Theorem 10.2,

ϕ(ζGauss) = ζGauss and mϕ(ζGauss) = deg(ϕ), which by Corollary 9.25 means
that deg(ϕ̃) = deg(ϕ), where ϕ̃(T ) ∈ K̃(T ) is the reduction of ϕ. This is
equivalent to the statement that ϕ has good reduction. �

Remark 10.6. Later on (in Proposition 10.31) we will see that ϕ(T ) has
simple reduction if and only if there is a point ζ (necessarily of type II) such
that µϕ = δζ . We will also see (in Corollary 10.33) that this is the only case
in which µϕ has point masses: µϕ can never charge points of P1(K), and it
cannot charge a point of HBerk unless ϕ has simple reduction.

The canonical measure is better behaved than an arbitrary measure;
it is “log-continuous” (Definition 8.47): for each ζ ∈ HBerk, the potential
function uµϕ(z, ζ) =

∫
− logv(δ(z, y)ζ) dµϕ(y) is continuous and bounded.

Proposition 10.7. For any rational function ϕ(T ) ∈ K(T ) of degree
d ≥ 2, the canonical measure µϕ is log-continuous.

Proof. Apply Proposition 8.50, noting that in V1 = P1
Berk\{∞}, the

Laplacian of ĥϕ,v,(∞) is µϕ|V1 , and that in V2 = P1
Berk\{0} the Laplacian of

ĥϕ,v,(0) is µϕ|V2 . �

Since µϕ is log-continuous, the theory of Arakelov Green’s functions
developed in §8.8 applies to it. For x, y ∈ P1

Berk, we define the normalized
Arakelov Green’s function attached to µϕ by

(10.20) gµϕ(x, y) =
∫
− logv(δ(x, y)ζ) dµϕ(ζ) + C ,

where the constant C is chosen so that∫∫
gµϕ(x, y) dµϕ(x)dµϕ(y) = 0 .

By Proposition 8.51, gµϕ(x, y) is continuous in each variable separately (as
a function from P1

Berk to R ∪ {∞}). As a function of two variables, it is
symmetric, bounded below, and continuous off the diagonal and on the type
I diagonal, but at points on the diagonal in HBerk × HBerk it is only lower
semicontinuous.

Given a probability measure ν on P1
Berk, define the µϕ-energy integral

Iµϕ(ν) =
∫∫

gµϕ(x, y) dν(x)dν(y) .

Theorem 8.52 shows that gµϕ(x, y) satisfies the following energy min-
imization principle, which was used in ([6]) to prove equidistribution for
algebraic points of small dynamical height:

Theorem 10.8 (ϕ-Energy Minimization Principle).
(A) Iµϕ(ν) ≥ 0 for each probability measure ν on P1

Berk.
(B) Iµϕ(ν) = 0 if and only if ν = µϕ.
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Combining Proposition 10.5 and Theorem 10.8, we obtain:

Corollary 10.9. The following are equivalent:
(A) ϕ has good reduction.
(B) µϕ = δζGauss

.
(C) gµϕ(ζGauss, ζGauss) = 0.

10.2. The Arakelov-Green’s function gµϕ(x, y)

Our goal in this section is to provide an explicit formula for the nor-
malized Arakelov-Green’s function gµϕ(x, y): we will show that gµϕ(x, y)
coincides with the function gϕ(x, y) given by (10.21) or (10.23) below. We
also establish an important functional equation satisfied by gµϕ(x, y).

We continue the notation from §10.1. In particular, ϕ(T ) ∈ K(T ) is
a rational function of degree d ≥ 2, and F1(X,Y ), F2(X,Y ) are homo-
geneous polynomials of degree d such that ϕ(T ) = F2(1, T )/F1(1, T ) and
Res(F1, F2) 6= 0. The polynomials F1, F2 are well-defined up to multiplica-
tion by a common nonzero scalar c ∈ K∗.

With the convention that − logv(δ∞(x, y)) = +∞ if x, y ∈ P1(K) with
x = y and ĥϕ,v,(∞)(∞) = +∞, we make the following definition;

For x, y ∈ P1
Berk, let R = |Res(F1, F2)|−

1
d(d−1) and define

(10.21) gϕ(x, y) =


− logv(δ∞(x, y)) + ĥϕ,v,(∞)(x)

+ĥϕ,v,(∞)(y) + logv R if x, y 6=∞ ,

ĥϕ,v,(∞)(x) + ĥϕ,v,(0)(∞) + logv R if y =∞ ,

ĥϕ,v,(∞)(y) + ĥϕ,v,(0)(∞) + logv R if x =∞ .

For any fixed y 6=∞, taking a = 0 in Corollary 4.2, and using Proposi-
tion 4.1(C) with z = 0, shows that δ∞(x, y) = logv([T ]x) for all x sufficiently
near ∞. Hence by (10.17)

(10.22) lim
x→∞

ĥϕ,v,(∞)(x)− logv(δ∞(x, y)) = ĥϕ,v,(0)(∞) .

From this, it follows that for each fixed y ∈ P1
Berk, gϕ(x, y) is continuous

and belongs to BDV(P1
Berk) as a function of x. It is also clear from the

definition that gϕ(x, y) is symmetric in x and y. The reason for the choice
of the normalizing constant R will become apparent later.

It is possible to give a more elegant description of gϕ(x, y) when x, y ∈
P1(K). To do this, given x̃ = (x1, x2), ỹ = (y1, y2) ∈ K2, define x̃ ∧ ỹ to be

x̃ ∧ ỹ = x1y2 − x2y1 ,

and let ‖x̃‖ = max(|x1|, |x2|).
The mapping F = (F1, F2) : K2 → K2 is a lifting of ϕ to K2, and we

define F (n) : K2 → K2 to be the nth iterate of F . For z̃ ∈ K2\{0}, define
the homogeneous dynamical height HF : K2\{0} → R by

HF (z̃) := lim
n→∞

1
dn

logv ‖F (n)(z̃)‖ .
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(By convention, we put HF (0, 0) := −∞.)
By a standard telescoping series argument (see [6]), one sees the limit

limn→∞
1
dn logv ‖F (n)(z̃)‖ exists for all z̃ ∈ K2\{0}, and 1

dn logv ‖F (n)(z̃)‖
converges uniformly on K2\{0} to HF (z̃). The definition of HF is indepen-
dent of the norm used to define it; this follows easily from the equivalence
of norms on K2.

Lemma 10.10. Let x, y ∈ P1(K), and let x̃, ỹ be arbitrary lifts of x, y to
K2\{0}. Then

(10.23) gϕ(x, y) = − logv |x̃ ∧ ỹ|+HF (x̃) +HF (ỹ) + logv R .

Moreover, the right-hand side of (10.23) is independent of the choice of the
lifts F1, F2 of F .

Proof. This is a straightforward computation (see [6], §3.4). �

We will now show that gϕ(x, y) = gµϕ(x, y) for all x, y ∈ P1
Berk. The

proof is based on the following observation.

Lemma 10.11. For each y ∈ P1
Berk, we have ∆xgϕ(x, y) = δy − µϕ.

Proof. This follows from the definition of gϕ(x, y), together with the
fact that ∆x(− logv δ∞(x, y)) = δy − δ∞ and ∆x(ĥϕ,v,(∞)) = δ∞ − µϕ. �

It follows from Proposition 8.51 and Lemma 10.11 that for each y ∈
P1

Berk,
∆x(gϕ(x, y)) = δy(x)− µϕ = ∆x(gµϕ(x, y)) .

By Proposition 5.24, there is a constant C(y) ∈ R such that

(10.24) gϕ(x, y) = gµϕ(x, y) + C(y)

for all x ∈ HBerk. The continuity of gϕ(x, y) and gµϕ(x, y) in x show that
(10.24) in fact holds for all x ∈ P1

Berk.
Now fix x, and note that by symmetry, gϕ(x, y) and gµϕ(x, y) are contin-

uous and belong to BDV(P1
Berk) as functions of y. Hence C(y) is continuous

and C(y) ∈ BDV(P1
Berk). Taking Laplacians of both sides of (10.24), we find

that ∆y(C(y)) = 0. By the same argument as before, C(y) = C is constant
on P1

Berk, so

(10.25) gϕ(x, y) = gµϕ(x, y) + C

for all x, y ∈ P1
Berk.

We claim that C = 0. To see this, it suffices to show that for each y,∫
gϕ(x, y) dµϕ(x) =

∫
gµϕ(x, y) dµϕ(x) = 0 .

For gµϕ(x, y), this follows easily from known facts:

Proposition 10.12. For each y ∈ P1
Berk, we have∫

P1
Berk

gµϕ(x, y) dµϕ(x) = 0 .
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Proof. By Proposition 8.53, the potential function

uµϕ(y, µϕ) =
∫
gµϕ(x, y) dµϕ(x)

has Laplacian equal to µϕ − µϕ = 0. By continuity,
∫
gµϕ(x, y) dµϕ(x) is

a constant independent of y. Integrating against µϕ with respect to y and
using the normalization in the definition of gµϕ(x, y) shows that this constant
is 0. �

It remains to show that∫
P1

Berk

gϕ(x, y) dµϕ(x) = 0 .

We will prove this by first establishing a useful functional equation for
gϕ(x, y) (Theorem 10.18 below.)

Let k be a field. By ([55, Theorem IX.3.13]), if F = (F1, F2) and
G = (G1, G2) where F1, F2 ∈ k[X,Y ] are homogeneous of degree d and
G1, G2 ∈ k[X,Y ] are homogeneous of degree e, then

(10.26) Res(F ◦G) = Res(F )e Res(G)d
2
.

In particular, it follows by induction on n that

(10.27) Res(F (n)) = Res(F )
dn−1(dn−1)

d−1 .

Lemma 10.13. If M ∈ GL2(K), let F ′ = M−1 ◦ F ◦M , and let ϕ′ =
M−1 ◦ ϕ ◦M . Then for all z, w ∈ K2\{0},
(10.28) HF (M(z)) = HF ′(z)

and

(10.29) gϕ(M(z),M(w)) = gϕ′(z, w) .

Proof. First of all note that given M , there exist constants C1, C2 > 0
such that

(10.30) C1‖z‖ ≤ ‖M(z)‖ ≤ C2‖z‖ .
Indeed, if we take C2 to be the maximum of the absolute values of the entries
of M then clearly ‖M(z)‖ ≤ C2‖z‖ for all z. By the same reasoning, if we
let C−1

1 be the maximum of the absolute values of the entries of M−1, then

‖M−1(M(z))‖ ≤ C−1
1 ‖M(z)‖ ,

which gives the other inequality.
By the definition of HF , we have

HF (M(z)) = lim
n→∞

1
dn

logv ‖F (n)(M(z))‖

= lim
n→∞

1
dn

logv ‖MF ′(n)(z)‖ = HF ′(z) ,

where the last equality follows from (10.30). This proves (10.28).
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Since |M(z) ∧M(w)| = |det(M)| · |z ∧ w|, we have

(10.31) − logv |M(z) ∧M(w)| = − logv |det(M)| − logv |z ∧ w| .

On the other hand, by (10.26) and the fact that |Res(M)| = | det(M)|,
it follows that
(10.32)

− 1
d(d− 1)

logv |Res(F ′)| = − 1
d(d− 1)

logv |Res(F )| − logv | det(M)| .

Combining (10.28), (10.31), and (10.32) gives (10.29). �

Corollary 10.14. Let M ∈ PGL2(K) be a Möbius transformation.
Then for all z, w ∈ P1(K), we have

gϕ(M(z),M(w)) = gM−1◦ϕ◦M (z, w) .

Corollary 10.15. Let M ∈ PGL2(K) be a Möbius transformation.
Then µM−1◦ϕ◦M = M∗µϕ, and in particular JM−1◦ϕ◦M = M−1(Jϕ).

Proof. This follows from Corollary 10.14, together with Lemma 10.11
and Proposition 9.55. �

Lemma 10.16. For every positive integer n, we have µϕ = µϕ(n) and

gϕ(z, w) = gϕ(n)(z, w)

for all z, w ∈ P1
Berk.

Proof. The second assertion follows easily from the definition of gϕ(z, w)
using the fact that

|Res(F )|−
1

d(d−1) = |Res(F (n))|−
1

dn(dn−1)

for any homogeneous lifting F of ϕ by (10.27). The first assertion follows
from this by Lemma 10.11. �

As a consequence of Lemma 10.16 and Proposition 10.5, we obtain the
following fact, originally proved by Benedetto ([11]) by a different method
(see also [65, §7]):

Corollary 10.17. A rational map ϕ ∈ K(T ) of degree at least 2 has
good reduction if and only if ϕ(n) has good reduction for some integer n ≥ 2
(or equivalently, for all integers n ≥ 2).

For each x, y ∈ P1
Berk, define

(10.33) gϕ(x, ϕ∗(y)) :=
d∑
i=1

gϕ(x, yi) ,

where y1, . . . , yd are the preimages of y under ϕ, counting multiplicities.
The function gϕ(x, y) satisfies the following functional equation:
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Theorem 10.18. Let ϕ(T ) ∈ K(T ) be a rational function of degree
d ≥ 2. Then for all x, y ∈ P1

Berk,

(10.34) gϕ(ϕ(x), y) = gϕ(x, ϕ∗(y)) .

We first establish this in the special case where both x, y ∈ P1(K):

Lemma 10.19. For all x, y ∈ P1(K), we have

gϕ(ϕ(x), y) = gϕ(x, ϕ∗(y)) .

Proof. Using Corollary 10.14, we may assume without loss of gener-
ality that y = ∞. Let F be a homogeneous lifting of ϕ, and let R =
|Res(F )|−

1
d(d−1) . For z̃ ∈ K2\{0}, let [z̃] denote the class of z̃ in P1(K). If

w̃ = (1, 0), then [w̃] = ∞. Let w1, . . . wd be the preimages of ∞ under ϕ
(counting multiplicities), and let w̃1, . . . , w̃d be any solutions to F (w̃i) = w̃
with [w̃i] = wi.

It suffices to show that for all z̃ ∈ K2\{0}, we have

(10.35) gϕ(ϕ([z̃]), [w̃]) =
d∑
i=1

gϕ([z̃], [w̃i]) .

Since HF (F (z̃)) = dHF (z̃) and HF (w̃i) = 1
dHF (w̃) for all i, (10.35) is equiv-

alent to

− logv |F (z̃) ∧ w̃| = (d− 1) logv R−
d∑
i=1

logv |z̃ ∧ w̃i| ,

which itself is equivalent to

(10.36) |F (z̃) ∧ w̃| = |Res(F )|1/d
d∏
i=1

|z̃ ∧ w̃i| .

We verify (10.36) by an explicit calculation (compare [32, Lemma 6.5]).
Write F1(z̃) =

∏d
i=1 z̃ ∧ ãi, F2(z̃) =

∏d
i=1 z̃ ∧ b̃i with ãi, b̃i ∈ K2. Since

F (w̃j) = w̃ = (1, 0), it follows that
∏d
i=1 w̃j ∧ ãi = 1,

∏d
i=1 w̃i∧ b̃i = 0. Thus

for each j = 1, . . . , d, we can assume w̃j has been chosen so that

w̃j =
b̃j

(
∏
i ãi ∧ b̃j)1/d

,

where for each j we fix some dth root of
∏
i ãi ∧ b̃j . Note that |w̃j | is inde-

pendent of which dth root we pick. It follows that

d∏
j=1

|z̃ ∧ w̃j | =

∏
j |z̃ ∧ b̃j |∏

i,j |ãi ∧ b̃j |1/d
=
|F (z̃) ∧ w̃|
|Res(F )|1/d

,

which gives (10.36). �
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Recall that by Proposition 9.14, for any continuous function f : P1
Berk →

R, the function ϕ∗(f) defined by

(10.37) ϕ∗(f)(y) =
∑

ϕ(x)=y

mϕ(x)f(x)

is itself continuous. (Here mϕ(x) denotes the analytic multiplicity of ϕ at
x, as defined in §9.1.)

Using this, we can show that Theorem 10.18 holds for all x, y ∈ P1
Berk:

Proof of Theorem 10.18.
First, fix y ∈ P1(K). Then as functions of x, gϕ(ϕ(x), y) and gϕ(x, ϕ∗(y))

are continuous from P1
Berk to the extended reals. By Lemma 10.19, they

agree on the dense subset P1(K) of P1
Berk, so (10.34) holds for all x ∈ P1

Berk,
y ∈ P1(K).

Next, fix x ∈ H1
Berk. Then as a function of y, gϕ(x, y) is bounded and

continuous, and gϕ(x, ϕ∗(y)) coincides with the pushforward of the function
f(y) = gϕ(x, y) as in (10.37). By Proposition 9.14 it is continuous for all
y ∈ P1

Berk. Thus both gϕ(ϕ(x), y) and gϕ(x, ϕ∗(y)) are continuous and real-
valued for all y ∈ P1

Berk. By what has been shown above, they agree for
y ∈ P1(K), so (10.34) holds for all x ∈ HBerk and y ∈ P1

Berk.
Finally, let y ∈ HBerk. Then gϕ(ϕ(x), y) and gϕ(x, ϕ∗(y)) are continuous

and real-valued functions of x ∈ P1
Berk, and they agree on the dense subset

HBerk, so they agree for all x ∈ P1
Berk.

The cases above cover all possibilities for x, y ∈ P1
Berk. �

Using Theorem 10.18, we deduce the following:

Corollary 10.20. For all y ∈ P1
Berk, we have

(10.38)
∫

P1
Berk

gϕ(x, y) dµϕ(x) = 0 .

Proof. By (10.25) and Proposition 10.12, there is a constant C such
that

∫
gϕ(x, y) dµϕ(x) = C for each y ∈ P1

Berk, and we need to show that
C = 0.

Fix y ∈ P1
Berk. Since ϕ∗µϕ = µϕ, it follows from Theorems 10.2 and

10.18 and formula (9.44) that

C =
∫
gϕ(x, y) dµϕ(x) =

∫
gϕ(x, y) d(ϕ∗µϕ)(x)

=
∫
gϕ(ϕ(x), y) dµϕ(x) =

∫
gϕ(x, ϕ∗(y)) dµϕ(x) = d · C ,

and thus C = 0 as desired. �

From Proposition 10.12 and Corollary 10.20, we finally conclude:

Theorem 10.21. gϕ(x, y) = gµϕ(x, y) for all x, y ∈ P1
Berk.
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We close this section by remarking that Theorem 10.18 shows that
gϕ(x, y) is a one-parameter family of Call-Silverman local heights, normal-
ized by the condition (10.38). Indeed, for each fixed y ∈ P1(K),

∆x

(
gϕ(x, y)− logv(‖x, y‖)

)
= δζGauss

− µϕ = ∆x(gϕ(x, ζGauss)) ,

so since gϕ(x, y) − logv(‖x, y‖) and gϕ(x, ζGauss) both have continuous ex-
tensions to P1

Berk, there is a constant C(y) such that

gϕ(x, y)− logv(‖x, y‖) = gϕ(x, ζGauss) + C(y) .

Here gϕ(x, ζGauss) is continuous and bounded since µϕ is log-continuous
(Proposition 10.7). Hence |gϕ(x, y)−logv(‖x, y‖)| is bounded, and gϕ(x, y) is
a Weil height with respect to the divisor (y). Furthermore, if fy(T ) ∈ K(T )
is a function with div(fy) = d(y)− ϕ∗((y)), then

∆x(gϕ(ϕ(x), y)) = ∆x(gϕ(x, ϕ∗(y))) =
∑

ϕ(yi)=y

mϕ(yi)δyi(x)− d · µϕ

= ∆x(d · gϕ(x, y)− logv([fy]x)) .

After replacing fy by a constant multiple, if necessary, we obtain

gϕ(ϕ(x), y) = d · gϕ(x, y)− logv([fy]x) .

This holds for all x ∈ P1
Berk\(supp(D) ∪ supp(ϕ∗(D))).

Thus gϕ(x, y) satisfies both conditions in the definition of a Call-Silverman
local height for (y).

10.3. Equidistribution of preimages

We assume throughout this section that K is a complete, algebraically
closed nonarchimedean field of characteristic 0, and we let ϕ ∈ K(T ) be a
rational function of degree d ≥ 2.

A point x ∈ P1
Berk is called exceptional if the set of all forward and

backward iterates of x is finite. In other words, if we define the grand orbit
of x to be

GO(x) = {y ∈ P1
Berk : ϕ(m)(x) = ϕ(n)(y) for some m,n ≥ 0} ,

then x is exceptional if and only if GO(x) is finite. It is easy to see that if
x is exceptional, then GO(x) forms a finite cyclic orbit under ϕ, and each
y ∈ GO(x) has multiplicity mϕ(y) = d. By analogy with the situation over
C, we define the exceptional locus Eϕ of ϕ to be the set of all exceptional
points of P1

Berk. We write Eϕ(K) for Eϕ ∩ P1(K).
It is well-known that |Eϕ(K)| ≤ 2 when K has characteristic 0 (see

Lemma 10.26 below). We will see below (see Proposition 10.31) that ϕ has
at most one exceptional point in HBerk.

Our goal in this section is to give a new proof of the following result of
Favre and Rivera-Letelier, originally proved in ([37, 39]):
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Theorem 10.22 (Favre, Rivera-Letelier). Assume K has characteristic
0. Let ϕ ∈ K(T ) be a rational function of degree d ≥ 2, and let y be
an arbitrary point in P1

Berk\Eϕ(K). For each integer n ≥ 1, consider the
discrete probability measure

µy
ϕ(n) =

1
dn

∑
ϕ(n)(yi)=y

mϕ(n)(yi)δyi .

Then the sequence of measures {µy
ϕ(n)}1≤n<∞ converges weakly to the canon-

ical measure µϕ for ϕ.

In other words, the preimages under ϕ of any y ∈ P1
Berk\Eϕ(K) are

equidistributed with respect to the canonical measure µϕ. This is the
Berkovich space version of a classical result in complex dynamics due in-
dependently to Lyubich ([56]) and Freire-Lopes-Mañé ([42]).

Remark 10.23. In ([39]), Theorem 10.22 is proved without the assump-
tion that K has characteristic 0. Using Favre and Rivera-Letelier’s stronger
version of the result, one can establish characteristic p analogues of the re-
sults about Berkovich Fatou and Julia sets proved in later sections of this
chapter. However, it should be noted that those results are not always
identical with the ones in characteristic 0. For example, in characteristic p
the exceptional set Eϕ(K) need not have at most two elements, but can be
countably infinite.

We begin with the following lemma:

Lemma 10.24. Suppose gn ∈ BDV(P1
Berk) and gn → 0 pointwise on

HBerk. Then ∆P1
Berk

(gn)→ 0 weakly.

Proof. It suffices to prove that
∫
f∆(gn)→ 0 for every simple function

f on P1
Berk. Write ∆(f) =

∑t
i=1 aiδζi with ζi ∈ HR

Berk. By Proposition 5.28,

lim
n→∞

∫
f∆(gn) = lim

n→∞

∫
gn∆(f) = lim

n→∞

t∑
i=1

aign(ζi)

=
t∑
i=1

ai( lim
n→∞

gn(ζi)) = 0 ,

as desired. �

Lemma 10.25. The function gϕ(x, y) = gµϕ(x, y) differs from the func-
tion − logv(δζGauss

(x, y)) by a bounded function on P1
Berk × P1

Berk.

Proof. Since µϕ is log-continuous (c.f. Definition 8.47 and Proposi-
tion 10.7), this follows directly from formula (8.33). �

Recall that a point z ∈ P1(K) is a critical point of ϕ iff mϕ(z) > 1.
The following result is an immediate consequence of the classical Riemann-
Hurwitz formula (which depends on our assumption that char(K) = 0):
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Lemma 10.26. The map ϕ has only finitely many critical points. More
precisely, we have

∑
z∈P1(K)

(mϕ(z)− 1) = 2d− 2 .

Let Eϕ(K) be the exceptional locus of ϕ in P1(K). By Lemma 10.26,
we have |Eϕ(K)| ≤ 2. It follows easily that if Eϕ(K) is non-empty, then it
is a union of periodic cycles having length 1 or 2.

A periodic point w ∈ P1(K) of period k for ϕ is called attracting if its
multiplier |(ϕ(k))′(w)| (computed in any coordinate where w 6= ∞) is less
than 1. It is superattracting if its multiplier is 0. A periodic cycle C of
period k in P1(K) is attracting if every point of C is an attracting periodic
point. It is a well-known consequence of the chain rule that the multiplier
is the same for every w ∈ C, so C is attracting if and only if some point
of C is attracting. A periodic cycle composed of exceptional points for ϕ is
necessarily attracting, since the multiplier is 0 at such points.

The attracting basin of an attracting periodic cycle C ⊆ P1(K) for ϕ is
defined to be the set of all x ∈ P1

Berk for which, given any open neighborhood
U of C, there exists an N such that ϕ(n)(x) ∈ U for n ≥ N . The attracting
basin of Eϕ(K) is defined to be empty if Eϕ(K) is empty, and to be the
union of the attracting basins of the cycles comprising Eϕ(K), otherwise.

Lemma 10.27. The attracting basin of any attracting periodic cycle C ⊆
P1(K) is open in P1

Berk. In particular, the attracting basin of Eϕ(K) is open
in P1

Berk.

Proof. Let C ⊆ P1(K) be an attracting periodic cycle of period k.
Replacing ϕ by ϕ(k), we may assume without loss of generality that C = {w}
with w a fixed point of ϕ. After a change of coordinates, we can assume
that w 6= ∞. By classical nonarchimedean dynamics, there is a descending
chain of open discs D0 ⊇ D1 ⊇ D2 ⊇ · · · in P1(K) with ϕ(Di) ⊆ Di+1

for all i, such that
⋂
Di = {w}. Indeed, if ϕ(T ) has multiplicity m at w,

then by expanding ϕ(T ) as a power series and using the theory of Newton
polygons (see Corollary A.17 in Appendix A.10), one finds an r0 > 0 and a
constant B > 0 (with B = |ϕ′(w)| < 1 if m = 1) such that ϕ(D(w, r)−) =
D(w,Brm)− for each 0 < r ≤ r0. Letting Di be the Berkovich open disc
corresponding to Di, we will still have D0 ⊇ D1 ⊇ · · · , ϕ(Di) ⊆ Di+1 for
all i, and

⋂
Di = {w}. Let A be the attracting basin of w. If x ∈ A, then

ϕ(N)(x) ∈ D0 for some N . By continuity, there is an open neighborhood
V of x such that ϕ(N)(V ) ⊆ D0. Then for n ≥ N , we have ϕ(n)(V ) ⊆
ϕn−N (D0) ⊆ Dn−N . Since the Berkovich open discs Di form a fundamental
system of open neighborhoods for {w}, this shows that V ⊂ A, and thus A
is open. �
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Proof of Theorem 10.22. Recall that µϕ satisfies the functional equa-
tion

∆xgϕ(x, y) = δy − µϕ
for all y ∈ P1

Berk. Pulling back by ϕ(n) and applying Proposition 9.55 and
Theorems 10.2 and 10.18, we obtain

µy
ϕ(n) − µϕ =

1
dn

∆xgϕ(x, (ϕ(n))∗(y)) =
1
dn

∆xgϕ(ϕ(n)(x), y) .

By Lemma 10.24, to prove Theorem 10.22 it suffices to show that
1
dn
gϕ(ϕ(n)(x), y) → 0

as n→∞, for each fixed x ∈ HBerk and each y ∈ P1
Berk\Eϕ(K).

Since gϕ is bounded below, we automatically have

lim inf
1
dn
gϕ(ϕ(n)(x), y) ≥ 0 ,

so it suffices to prove that

(10.39) lim sup
1
dn
gϕ(ϕ(n)(x), y) ≤ 0 .

We first dispose of some easy cases. If y ∈ HBerk, then gϕ(x, y) is
bounded as a function of x, and (10.39) holds trivially. Let A be the at-
tracting basin in P1

Berk of Eϕ(K). By Lemma 10.27, A is an open subset of
P1

Berk. If x ∈ A and y ∈ P1(K)\A, then ϕ(n)(x) accumulates at points of
Eϕ(K) for large n. This means gϕ(ϕ(n)(x), y) is close to gϕ(z, y) for some
z ∈ Eϕ(K), so (10.39) holds. Likewise, for x ∈ HBerk\A and y ∈ P1(K)∩A,
the iterates ϕ(n)(x) remain bounded away from y, and again (10.39) holds.

Thus it suffices to prove (10.39) for x ∈ HBerk\A and y ∈ P1(K)\A. For
such x, y, a potential problem arises when the sequence {ϕ(n)(x)} has y as
an accumulation point.

In order to deal with this, we first make a reduction. Note that if k is
any positive integer and the analogue of (10.39) holds with ϕ replaced by
ϕ(k) and d replaced by dk, then (10.39) holds for ϕ. (This follows easily
from Lemma 10.16.) Suppose z ∈ P1(K) is not exceptional. Consider the
points z0 = z, z1 = ϕ(z), and z2 = ϕ(2)(z). We claim that mϕ(zi) < d for
some i. Otherwise, by Lemma 10.26, two of them would have to coincide. If
z0 = z1 or z0 = z2, then z would be exceptional. If z1 = z2, then z1 would be
exceptional, and then z, which belongs to GO(z1), would also be exceptional.
Hence the formula mϕ◦ψ(z) = mϕ(ψ(z)) ·mψ(z) (see Proposition 9.27(C))
shows that if z ∈ P1(K) is not an exceptional point for ϕ, then mϕ(3)(z) ≤
d3 − 1. So in proving (10.39), after replacing ϕ by ϕ(3) if necessary, we can
assume that mϕ(z) ≤ d− 1 whenever z ∈ P1(K) is not exceptional.

We now require the following estimate, whose proof is given after Corol-
lary 10.30 below:
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Lemma 10.28. Suppose mϕ(z) ≤ d− 1 for all z ∈ P1(K)\Eϕ(K). Let A
be the attracting basin of Eϕ(K). Then there is a constant C > 0 such that
for all x ∈ P1

Berk\A and all y ∈ P1(K)\A,

(10.40) gϕ(ϕ(x), y) ≤ C + (d− 1) max
ϕ(z)=y

gϕ(x, z) .

For x ∈ HBerk\A and y ∈ P1(K)\A, it follows from (10.40) that

gϕ(ϕ(n)(x), y) ≤ C(n) + (d− 1)n max
ϕn(z)=y

gϕ(x, z)

for all n ≥ 1, where

C(n) = C + (d− 1)C + (d− 1)2C + · · ·+ (d− 1)n−1C

= O
(

max(n, (d− 1)n)
)
.

Furthermore, the function G(z) := gϕ(x, z) is bounded on P1
Berk, since x ∈

HBerk. Hence

lim sup
1
dn
gϕ(ϕ(n)(x), y)

≤ lim sup
1
dn

(
C(n) + (d− 1)n max

z∈P1
Berk

gϕ(x, z)

)
≤ 0

as desired. �

To prove Lemma 10.28, we will need the following result about power
series:

Lemma 10.29 (Nonarchimedean Rolle’s theorem). Let K be a complete,
algebraically closed, nonarchimedean field of characteristic 0. Put ρK = 1 if
K has residue characteristic 0, and put ρK = |p|1/(p−1) < 1 if K has residue
characteristic p > 0.

Suppose f(T ) ∈ K[[T ]] converges in D(0, r)−. If f(T ) has two or more
zeros in D(0, ρKr)−, then f ′(T ) has at least one zero in D(0, r)−.

This is proved in ([69], p.316) when K = Cp. The proof is carried over
to the general case in Proposition A.20. The hypothesis that char(K) = 0
is used to assure that |p| 6= 0 when K has residue characteristic p > 0.

Let ‖x, y‖ denote the spherical distance on P1(K) (see §4.3). Recall that
for a ∈ P1(K) and r > 0, we write

B(a, r)− = {z ∈ P1(K) : ‖z, a‖ < r} .

Corollary 10.30 (Uniform Injectivity Criterion). Let K be a complete,
algebraically closed, nonarchimedean field of characteristic 0, and let ϕ(T ) ∈
K(T ) be a nonconstant rational function. Then there is an r0 > 0 (depending
only on ϕ) such that if a ∈ P1(K) and 0 < r ≤ r0, and B(a, r)− does not
contain any critical points of ϕ, then ϕ is injective on B(a, ρKr)−.
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Proof. Let X be the set of all zeros and poles of ϕ(T ) in P1(K). Put

r0 = min
(

1, min
α,β∈X
α 6=β

(‖α, β‖)
)
.

Let a ∈ P1(K) and 0 < r ≤ r0 be given. By replacing ϕ(T ) with 1/ϕ(T )
if necessary, we can assume that B(a, r)− does not contain any poles of ϕ.
If we identify P1(K) with K ∪ {∞}, then after changing coordinates by an
appropriate element of GL2(OK) (where OK is the ring of integers of K), we
can assume that a = 0. Observe that such a change of coordinates preserves
the spherical distance. In this situation B(a, r)− = D(0, r)− ⊂ D(0, 1) ⊂ K.
Note that D(0, r)− does not contain any poles of ϕ(T ), and that ‖x, y‖ =
|x− y| for x, y ∈ D(0, r)−.

Expand ϕ(T ) as a power series f(T ) ∈ K[[T ]]. Then f(T ) converges in
D(0, r)−. By Lemma 10.29, if D(0, r)− does not contain any critical points
of ϕ(T ), then ϕ(T ) is injective on D(0, ρKr)−. �

Proof of Lemma 10.28. Let x ∈ P1
Berk\A and y ∈ P1(K)\A, and

assume that mϕ(z) ≤ d− 1 for all z ∈ P1(K)\Eϕ(K).
By Theorem 10.18, to prove (10.40), it is equivalent show that

(10.41) gϕ(x, ϕ∗(y)) ≤ C + (d− 1) max
ϕ(z)=y

gϕ(x, z) .

Note that for each fixed y ∈ P1(K)\A, both sides of (10.41) are continuous
in x, as functions to the extended reals. The left side is a finite sum of
continuous functions, and the right side concerns the maximum of those
same functions. Since P1(K)\A is dense in P1

Berk\A, it therefore suffices to
prove (10.41) for x ∈ P1(K)\A.

If z1, . . . , zd are the points with ϕ(zi) = y (listed with multiplicities),
then

gϕ(x, ϕ∗(y)) =
d∑
i=1

gϕ(x, zi) .

Hence to prove (10.41) it is enough to show that there is a constant C such
that for each x, y ∈ P1(K)\A, there is some zi with ϕ(zi) = y for which
gϕ(x, zi) ≤ C.

By Lemma 10.25, the Arakelov-Green’s function gϕ(x, y) differs from
− logv(δζGauss

(x, y)) by a bounded function on P1
Berk×P1

Berk. Recall that for
x, y ∈ P1(K), δζGauss

(x, y) coincides with the spherical distance ‖x, y‖. It
therefore suffices to show that there is an ε > 0 such that for each x, y ∈
P1(K)\A, there is some zi with ϕ(zi) = y for which

(10.42) ‖x, zi‖ ≥ ε .

For each fixed w ∈ P1(K)\Eϕ(K), Corollary 9.17 and the fact that
mϕ(z) ≤ d− 1 for all z ∈ ϕ−1(w) imply that one can find an open neighbor-
hood Uw of w in P1

Berk and disjoint connected components V, V ′ of ϕ−1(Uw).
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After shrinking Uw if necessary, we can assume that V and V ′ have dis-
joint closures. Hence, there is an εw > 0 such that ‖z, z′‖ ≥ εw for all
z ∈ P1(K)∩V , z′ ∈ P1(K)∩V ′. For any x ∈ P1(K), either x /∈ V or x /∈ V ′; it
follows from this and the ultrametric inequality max(‖x, z‖, ‖x, z′‖) ≥ ‖z, z′‖
that for each x ∈ P1(K)\A and each y ∈ P1(K) ∩ Uw, there is some zi with
ϕ(zi) = y for which ‖x, zi‖ ≥ εw.

For each of the finitely many non-exceptional critical points y1, . . . , yt
of ϕ, put wi = ϕ(yi), choose a neighborhood Ui = Uwi as above, and let
εi := εwi be the corresponding bound. For each y ∈ P1(K)∩ (U1 ∪ · · · ∪Ur),
(10.42) holds with ε = min(ε1, . . . , εt).

Finally, put
B = A ∪ U1 ∪ · · · ∪ Ut .

By construction, ϕ−1(B) contains all the critical points of ϕ. Since there are
finitely many critical points, there is an r > 0 such that for each critical y,
the ball B(y, r)− is contained in ϕ−1(B). After reducing r if necessary, we
can assume that r ≤ r0, where r0 is the number from Corollary 10.30. By the
ultrametric inequality for the spherical distance, for each z ∈ P1(K)\ϕ−1(B),
the ball B(z, r)− does not contain any critical points. Hence Corollary 10.30
shows that ϕ is injective on B(z, ρKr)−.

In particular, each z ∈ P1(K)\ϕ−1(B) has multiplicity 1. Thus, if y ∈
P1(K)\B, then y has d distinct preimages z1, . . . , zd ∈ P1(K)\ϕ−1(B) under
ϕ, and since ϕ(zi) = ϕ(zj) = y, necessarily ‖zi, zj‖ ≥ ρKr for all i 6= j. By
the ultrametric inequality for the spherical distance, for each x ∈ P1(K)\A
there is at least one zi with ‖x, zi‖ ≥ ρKr. Hence, if we take

ε = min(ρKr, ε1, . . . , εt) ,

then (10.42) holds for all x, y ∈ P1(K)\A. �

We conclude this section with a characterization of the exceptional locus
originally due to Rivera-Letelier.3

Proposition 10.31. Let K be a complete, algebraically closed nonar-
chimedean field of characteristic 0, and let ϕ(T ) ∈ K(T ) have degree d ≥ 2.

(A) The exceptional locus Eϕ of ϕ contains at most 3 points. At most
two exceptional points are in P1(K), and at most one is in HBerk.

(B) There is an exceptional point in HBerk (necessarily of type II) if and
only if ϕ has simple reduction

Proof. For (A), note that since ϕ : P1
Berk → P1

Berk is surjective by
Corollary 9.9 (see also [65, Lemma 2.5]), ϕ must map each grand orbit onto
itself. So ϕ maps each finite grand orbit bijectively onto itself, and thus
each finite grand orbit is a periodic cycle. The fact that there are at most 2
exceptional points in P1(K) is well known and follows from Lemma 10.26,
as was noted earlier.

3The proof of ([65], Theorem 3) written with K = Cp, remains valid for arbitrary K.
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The fact that there is at most one exceptional point in HBerk follows from
Theorem 10.22. Indeed, suppose y ∈ HBerk is exceptional. After replacing
ϕ by ϕ(k) for an appropriate k, we can assume that y is a fixed point of ϕ.
(Note that µϕ(k) = µϕ by Lemma 10.16.) For each n ≥ 1, it follows that

µy
ϕ(n) =

1
dn

(dnδy) = δy .

Since the µy
ϕ(n) converge weakly to µϕ, we must have µϕ = δy. Thus y is

unique.
For assertion (B), suppose first that y ∈ HBerk is exceptional. We have

just proved that µϕ = δy, and that y is a fixed point of ϕ(k) for some k ≥ 1.
Moreover, mϕ(k)(y) = dk by Theorem 10.2. By Lemma 10.63 below (whose
proof uses different ideas than the ones at hand, but only depends on results
from Chapter 9), y must be a point of type II. By Proposition 2.13, there
is a Möbius transformation M ∈ PGL(2,K) such that M(y) = ζGauss. Let
ψ = M ◦ ϕ ◦ M−1. Then ψ(k)(ζGauss) = ζGauss, and µψ(k) = δζGauss

by
Corollary 10.15. Thus ψ(k) has good reduction by Proposition 10.5. By
Corollary 10.9, this means that ψ itself has good reduction. Hence ϕ has
simple reduction.

Conversely, suppose ϕ has simple reduction. Then by definition, there
is a Möbius transformation M ∈ PGL(2,K) such that ψ = M ◦ ϕ ◦M−1

has good reduction. Thus µψ = δζGauss
, so by Corollary 10.15 we have

µϕ = δy, where y = M−1(ζGauss) ∈ HBerk is a point of type II. It follows
from Theorem 10.2 that y is exceptional for ϕ. �

Remark 10.32. An alternate proof of Proposition 10.31(B) can be found
in ([2, Corollary 3.26]). The proof there is also based on properties of the
canonical measure µϕ and its associated Arakelov-Green’s function gϕ(x, y),
especially Theorem 10.18.

The following consequence is due to Favre and Rivera-Letelier ([39]):

Corollary 10.33. Let ϕ(T ) ∈ K(T ) have degree d ≥ 2. The canonical
measure µϕ never charges points of P1(K), and unless ϕ has simple reduction
(so that Jϕ consists of a single point, necessarily of type II) it does not charge
points of HBerk.

Proof. Since µϕ is log-continuous (Proposition 10.7), it cannot charge
points of P1(K).

Suppose that it charges some ζ ∈ HBerk. Put ξ = ϕ(ζ), and let ζ1, . . . , ζn
be the points in ϕ−1({ξ}), labeled in such a way that ζ = ζ1. Let their
multiplicities be m1, . . . ,mn respectively, where m1 + · · · + mn = d. By
Proposition 9.51,

ϕ∗(δξ) =
n∑
i=1

miδζi .
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On the other hand, by Theorem 10.2, µϕ = (1/d)ϕ∗(µϕ), so µϕ({ζ}) =
(m1/d) · µϕ({ξ}); that is

µϕ({ϕ(ζ)}) =
d

m1
µϕ({ζ}) ≥ µϕ({ζ}) ,

with strict inequality unless m1 = d.
Inductively, we see that µϕ({ϕ(k)(ζ)}) ≥ µϕ({ζ}) for each k ≥ 0. Since

µϕ has finite total mass, this is impossible unless there are integers k2 > k1

for which ϕ(k2)(ζ) = ϕ(k1)(ζ). In this case, there must be a β > 0 such that
µϕ({ϕ(k)(ζ)}) = β for each k ≥ k1. It follows from the discussion above
that ϕ(k)(ζ) has multiplicity d for each k ≥ k1. In particular, ϕ(k2−1)(ζ) is
the only preimage of ϕ(k1)(ζ), hence ϕ(k1−1)(ζ) = ϕ(k2−1)(ζ). Proceeding
inductively backwards, we see that ζ belongs to its forward orbit and that
the grand orbit of ζ is finite. Thus ζ is an exceptional point.

By Proposition 10.31 we conclude that ζ is of type II and that ϕ has
simple reduction. �

10.4. The Berkovich Fatou and Julia sets

In this section, we define the Berkovich Fatou and Julia sets, give some
characterizations of those sets, and note some of their structural properties.
We continue to assume that char(K) = 0.

Definition 10.34. Let ϕ ∈ K(T ) be a rational map of degree d ≥ 2.
The Berkovich Julia set Jϕ of ϕ is the support of the canonical measure µϕ,
and the Berkovich Fatou set Fϕ is the complement in P1

Berk of Jϕ.

Note that since the Berkovich Julia set of ϕ is the support of the prob-
ability measure µϕ, it is by definition always non-empty. In §10.5, we will
discuss the relation between this definition and a more ‘classical’ definition
in terms of equicontinuity (which works when K = Cp but not in general).

Our first observation is that the Berkovich Julia sets (resp. Berkovich
Fatou sets) of ϕ and ϕ(n) coincide for any integer n ≥ 1:

Lemma 10.35. For any n ≥ 1, we have Jϕ = Jϕ(n) and Fϕ = Fϕ(n).

Proof. This is an immediate consequence of Lemma 10.16. �

A subset S ⊆ P1
Berk is called completely invariant for ϕ if z ∈ S if and

only if ϕ(z) ∈ S. We next observe:

Lemma 10.36. The Berkovich Julia and Fatou sets Jϕ, Fϕ are completely
invariant for ϕ.

Proof. This follows formally from the fact that ϕ∗µϕ = µϕ by Theo-
rem 10.2. Write µ = µϕ. If x ∈ Fϕ (i.e. x 6∈ supp(µ)), then there is an
open neighborhood U of x such that µ(U) = 0. By definition of ϕ∗, we have
µ(ϕ−1(U)) = (ϕ∗µ)(U) = µ(U) = 0, so that ϕ−1({x}) ⊂ ϕ−1(U) ⊆ Fϕ. It
follows that Fϕ is backward invariant for ϕ. But since ϕ : P1

Berk → P1
Berk
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is surjective, every backward invariant set is completely invariant under ϕ.
Thus Fϕ, and also its complement Jϕ = supp(µ), are completely invariant
for ϕ. �

We now use Proposition 10.31 to characterize maps with simple reduc-
tion in terms of their Julia sets. Recall that ϕ has simple reduction if after
a change of coordinates, it has good reduction.

Lemma 10.37. The Julia set Jϕ consists of a single point (which is nec-
essarily a type II point of HBerk) if and only if ϕ has simple reduction.

Proof. This is an immediate consequence of Corollary 10.33, but the
following self-contained argument is simpler.

If Jϕ = {ζ} consists of a single point, then the result follows from Propo-
sition 10.31, since ζ is then exceptional by the complete invariance of the
Berkovich Julia set.

On the other hand, suppose ϕ has simple reduction. If ϕ has good
reduction, then Example 10.4 shows that µϕ is a point mass supported at the
Gauss point. For the general case, if ϕ has good reduction after conjugating
by a Möbius transformation M ∈ PGL(2,K), then by Corollary 10.15 the
measure µϕ is a point mass supported at the type II point M(ζGauss). �

The following result and its corollary will be used several times below:

Lemma 10.38. Every attracting periodic point x ∈ P1(K) for ϕ is con-
tained in the Berkovich Fatou set.

Proof. Let x ∈ P1(K) be an attracting periodic point of period n.
Replacing ϕ by ϕ(n), we may assume that x is a fixed point of ϕ. Let U be a
small open disc in P1(K) centered at x which is contained in the (classical)
attracting basin of x, and let y ∈ U be a non-exceptional point of P1(K). By
Theorem 10.22, Jϕ is contained in the closure of the set of inverse iterates
of y. Since ϕ(U) ⊆ U , none of the inverse iterates of y is contained in U ,
and therefore U is disjoint from the closure of the set of inverse iterates of
y. In particular, it follows that x 6∈ Jϕ. �

Corollary 10.39. Every point in Eϕ(K) is contained in Fϕ.

Proof. Every exceptional point in P1(K) is a (super)attracting fixed
point, so the result follows from Lemma 10.38. �

The following result is another important consequence of the equidistri-
bution theorem for preimages of non-exceptional points (Theorem 10.22):

Theorem 10.40. The Berkovich Fatou set Fϕ coincides with:
(A) The set of all points in P1

Berk having a neighborhood V whose for-
ward iterates under ϕ omit at least one non-exceptional point of
P1

Berk.
(B) The set of all points in P1

Berk having a neighborhood V whose for-
ward iterates under ϕ omit at least three points of P1(K).
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Proof. We first prove (A). Let F ′ be the set of all points in P1
Berk

having a neighborhood V whose forward iterates under ϕ omit at least one
non-exceptional point of P1

Berk. We want to show that F ′ = Fϕ. First,
suppose that z ∈ F ′; then one can find a neighborhood V of z and a non-
exceptional point y not belonging to ϕ(n)(V ) for any n ≥ 1. If µy

ϕ(n) denotes

the probability measure (ϕ(n))∗(δy), then V ∩ supp(µy
ϕ(n)) = ∅ for all n, and

thus V ∩ supp(µϕ) = ∅ by Theorem 10.22. It follows that F ′ ⊆ Fϕ.
Conversely, let J ′ be the complement of F ′. We claim that J ′ is the

smallest completely invariant non-empty compact subset of P1
Berk disjoint

from Eϕ(K) := Eϕ ∩ P1(K). Assuming the claim, since Jϕ = supp(µϕ) is
completely invariant under ϕ, we obtain J ′ ⊆ Jϕ, and hence Fϕ ⊆ F ′ as
desired. (Note that Jϕ ∩ Eϕ(K) = ∅ by Corollary 10.39.)

To prove the claim, we must show that if Z is any non-empty completely
invariant compact subset of P1

Berk which is disjoint from Eϕ(K), then Z
contains J ′. If U denotes the complement of Z, then U is also completely
invariant under ϕ. In particular, ϕ(n)(U) ⊆ U for all n ≥ 1. If ϕ does not
have simple reduction, then it follows from Proposition 10.31 that Z = U c

contains a non-exceptional point, and thus U is contained in F ′, which is
equivalent to the assertion of the claim.

It remains to prove the claim in the case where ϕ has simple reduction
and Z = {ζ} with ζ ∈ HBerk an exceptional point of ϕ. Conjugating by
a Möbius transformation, we may assume without loss of generality that ϕ
has good reduction and that Z = {ζGauss}. In this case, since we already
know that J ′ 6= ∅, it suffices to prove that every point of U = P1

Berk\{ζGauss}
belongs to F ′. Define the chordal diameter of an open set V ⊆ P1

Berk to be
supx,y∈V ∩P1(K) ‖x, y‖. If x is any point of U and V is any sufficiently small
connected open neighborhood of x contained in U , then the chordal diameter
of V is some positive real number δ < 1. Since ϕ has good reduction, it
follows from ([76, Theorem 2.17(a)]) that ϕ is everywhere non-expanding
with respect to the spherical metric on P1(K); this implies that the open
set ϕ(n)(V ) has chordal diameter at most δ for all n ≥ 1. If y is any point
of HBerk such that 0 < ρ(y, ζGauss) < 1− δ, then since the generalized Hsia
kernel δζGauss

(·, ·) extends the spherical metric on P1(K), one verifies easily
that y cannot belong to ϕ(n)(V ) for any n ≥ 0. Since y is automatically
non-exceptional, it follows that x belongs to F ′ as desired. This completes
the proof of (A).

The proof of (B) is similar; the only additional thing which needs to be
proved is that if ϕ has good reduction and x ∈ P1

Berk\{ζGauss}, then with V
chosen as above, there exists a non-exceptional point in P1(K) which does
not belong to ∪n≥0ϕ

(n)(V ). With y chosen as above, any (non-exceptional)
point z ∈ P1(K) whose retraction to the segment [y, ζGauss] lies in the open
interval (y, ζGauss) will work. �

From the proof of Theorem 10.40, we obtain:
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Corollary 10.41. The Berkovich Julia set Jϕ is the smallest completely
invariant non-empty compact subset of P1

Berk disjoint from Eϕ(K).

The following is an immediate consequence of the definition of Jϕ and
Theorem 10.22:

Corollary 10.42. If z0 is any point of P1
Berk\Eϕ(K), the closure of the

backward orbit of z0 contains Jϕ. In particular, the backward orbit of any
point in Jϕ is dense in Jϕ.

The following consequence of Theorem 10.40 is analogous to Theorem
4.7 of ([57]).

Theorem 10.43 (Transitivity Theorem). Let x ∈ Jϕ and let V be an
open neighborhood of x. Let U be the union of the forward images ϕ(n)(V )
for n ≥ 0. Then:

(A) U contains P1
Berk\Eϕ(K) : in particular, it contains all of HBerk

and all but at most two points of P1(K).
(B) U contains all of Jϕ.
(C) If V is sufficiently small, then U = P1

Berk\Eϕ(K).

Proof. (A) We first show that P1(K)\Eϕ(K) ⊂ U . Note that the
set P1(K)\U can contain at most two points; otherwise, since ϕ(U) ⊆ U ,
it would follow from Theorem 10.40(B) that U is contained in the Fa-
tou set, contradicting the fact that x belongs to both Jϕ and U . Let
z ∈ P1(K)\U . Since ϕ(U) ⊆ U , each preimage ϕ(n)(z) must belong to
the finite set P1(K)\U . It follows that z is exceptional, that is, z ∈ Eϕ(K).

The fact that HBerk is contained in U follows similarly. If y ∈ HBerk\U ,
then certainly y /∈ Eϕ(K). By Corollary 10.42, the set {ϕ(n)∗(y)}n≥1 has
Jϕ in its closure. On the other hand, ϕ(U) ⊂ U , so these preimages belong
to P1

Berk\U , meaning that Jϕ ⊂ P1
Berk\U . However this is a contradiction,

since x ∈ Jϕ and x ∈ U .
(B) This is immediate from part (A) and Corollary 10.41.
(C) If V ⊆ P1

Berk\Eϕ, it follows from the proof of (A) that U = P1
Berk\Eϕ.

�

Corollary 10.44. If ϕ does not have simple reduction, then Jϕ is per-
fect (and in particular is uncountable).

Proof. By Proposition 10.31, we see that Eϕ∩HBerk = ∅. Furthermore,
Jϕ is infinite, since if it were finite it would consist of exceptional points in
P1(K), which are necessarily in the Fatou set by Corollary 10.39. So Jϕ
contains at least one limit point z0, and z0 is non-exceptional. But then the
iterated preimages of z0 form a dense set of non-isolated points in Jϕ, and
thus Jϕ is perfect (i.e., contains no isolated points). �

Corollary 10.45. The Julia set Jϕ is either connected, or else has
uncountably many connected components.
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Proof. In the case where Jϕ is perfect, the proof is identical to its
classical counterpart (see [57, Corollary 4.15]). The only other possibility is
that Jϕ consists of a single point, in which case it is trivially connected. �

10.5. Equicontinuity

In classical nonarchimedean dynamics, one usually defines the Fatou set
of a rational map in terms of equicontinuity. Here we explore the relation
between our definition and definitions in terms of equicontinuity. We assume
throughout that char(K) = 0, and that ϕ(T ) ∈ K(T ).

For x, y ∈ P1(K), we write ‖x, y‖ for the spherical distance (see §4.3),
and for 0 < r ∈ R we write B(x, r)− = {y ∈ P1(K) : ‖x, y‖ < r}.

Definition 10.46 (Equicontinuity on P1(K)). Let U be an open subset
of P1(K), and let F be a collection of functions f : U → P1(K). We say
that F is equicontinuous on U if for every x ∈ U and every ε > 0, there
exists a δ > 0 such that

f(B(x, δ)−) ⊆ B(f(x), ε)−

for every f ∈ F .

A point x ∈ P1(K) is in the classical Fatou set for ϕ iff the collection
{ϕ(n)} of iterates of ϕ is equicontinuous on some open neighborhood of x
in P1(K). The classical Julia set is defined to be the complement of the
classical Fatou set in P1(K).

We now seek to extend the definition of equicontinuity so that it works
in the context of P1

Berk, which need not be metrizable. Fortunately, since
P1

Berk is a compact Hausdorff space, it has a canonical uniform structure (c.f.
Appendix A.9), and the theory of uniform spaces provides for us a natural
notion of equicontinuity. Concretely, this yields the following definition:

Definition 10.47 (Equicontinuity on P1
Berk). If U is an open subset

of P1
Berk and F is a collection of functions f : U → P1

Berk, we say that F
is equicontinuous on U if for every x ∈ U and every finite covering C =
V1 ∪ · · · ∪ Vt of P1

Berk by simple domains, there exists an open neighborhood
Ux of x in P1

Berk such that f(Ux) is contained in some Vi for every f ∈ F .

We define the Berkovich equicontinuity locus for ϕ to be the set of all
x ∈ P1

Berk for which the collection {ϕ(n)} of iterates of ϕ is equicontinuous
on some Berkovich open neighborhood of x.

Theorem 10.48. The Berkovich equicontinuity locus and the classical
Fatou sets are both contained in the Berkovich Fatou set.

Proof. Let x0 be a point in either the Berkovich equicontinuity locus
or the classical Fatou set. We will show that if U is a sufficiently small open
neighborhood of x0, then µϕ restricted to U is the zero measure.

First assume that x0 ∈ A1
Berk. By Theorem 10.2, it suffices to show that

ĥϕ,v,(∞)(x) is harmonic on some neighborhood U ⊂ A1
Berk of x0. To do this,
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we follow the general outline of an argument of Fornaess and Sibony ([41]).
Define

O = {x ∈ A1
Berk : [T ]x < 2} ,

E = {x ∈ A1
Berk : [T ]x ≤

1
2
} .

We claim that there exists a neighborhood U of x0 such that for each
n ≥ 1, either ϕ(n)(U) ⊆ O or ϕ(n)(U) ⊆ P1

Berk\E. Indeed, if x0 is in the
Berkovich equicontinuity locus, then this follows directly from the fact that
{O,Ec} is a finite covering of P1

Berk by simple domains, while if x0 is in the
classical Fatou set, it follows easily from the ultrametric inequality. Passing
to a subsequence ϕ(nk) and replacing ϕ by 1/ϕ if necessary, we may therefore
assume without loss of generality that ϕ(nk)(U) ⊆ O for all k, or equivalently
that [ϕ(nk)(T )]x < 2 for all x ∈ U and all k. In particular, in the notation
of §10.1, F (nk)

1 (1, T ) 6= 0 on U for all k.
For x ∈ U we have

ĥ
(nk)
ϕ,v,(∞)(x) =

1
dnk

max(logv([F
(nk)
1 (1, T )]x), logv([F

(nk)
2 (1, T )]x))

=
1
dnk

logv([F
(nk)
1 (1, T )]x) +

1
dnk

max(1, logv([ϕ
(nk)(T )]x)) .(10.43)

The last term in (10.43) converges uniformly to 0, since the quan-
tity [ϕ(nk)(T )]x is uniformly bounded as k varies. Moreover, the term

1
dnk logv([F

(nk)
1 (1, T )]x) is harmonic on U for all k. Since ĥ(nk)

ϕ,v,(∞) converges

uniformly to ĥϕ,v,(∞), it follows that 1
dnk logv([F

(nk)
1 (1, T )]x) converges uni-

formly to ĥϕ,v,(∞) on U . Therefore ĥϕ,v,(∞) is harmonic on U as desired.
Finally, for the case x0 = ∞, apply a similar argument to the function

ĥϕ,v,(0)(x), using the coordinate function U = 1/T instead of T . �

We now prove that the intersection of Fϕ with P1(K) is precisely the
classical Fatou set. The proof will make use of the following nonarchimedean
Montel theorem due to Hsia ([47]):

Theorem 10.49 (Hsia’s Theorem). Let D ⊂ P1(K) be a closed disc, and
let F be a family of meromorphic functions on D. Suppose that

⋃
f∈F f(D)

omits two distinct points of P1(K). Then F is equicontinuous on D.

Theorem 10.50. If x ∈ P1(K), then x is in the Berkovich Fatou set of
ϕ if and only if x is in the classical Fatou set of ϕ.

Proof. If x is in the classical Fatou set of ϕ, then we have just seen
that x belongs to the Berkovich Fatou set of ϕ.

Conversely, suppose x ∈ P1(K) belongs to the Berkovich Fatou set of ϕ.
By Theorem 10.40(B), there is a Berkovich disc V containing x such that
the union U of the forward orbits of V omits at least three points y1, y2, y3

of P1(K). At least one of these, say y1, must be non-exceptional. Since
U ∩ P1(K) omits the infinitely many preimages of y1, Hsia’s theorem shows
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x is contained in the classical Fatou set of ϕ. Thus the Berkovich Fatou set
is contained in the classical Fatou set. �

By a theorem of Benedetto (see [10], Corollary 1.3), the classical Fatou
set of ϕ is always non-empty (in contrast to the situation over the complex
numbers). We therefore conclude from Theorem 10.50:

Corollary 10.51. The Berkovich Fatou set Fϕ is always non-empty.

The following corollary is stronger than what one obtains classically over
C, due to the absence in the nonarchimedean setting of rational maps with
empty Fatou set:

Corollary 10.52. The Berkovich Julia set Jϕ always has empty inte-
rior.

Proof. If Jϕ has an interior point z1, then choosing a neighborhood
V ⊂ Jϕ of z1, the union U of forward images of V under ϕ is both contained
in Jϕ (by the forward invariance of J) and everywhere dense in P1

Berk (since
P1

Berk\U contains at most 2 points by the Transitivity Theorem). Since Jϕ is
closed, this implies that Jϕ = P1

Berk, and thus that Fϕ is empty, contradicting
Corollary 10.51. �

Theorem 10.48 asserts that the Berkovich equicontinuity locus is always
contained in the Berkovich Fatou set. When K = Cp, we will see in Theorem
10.55 that the reverse inclusion holds as well, so that the Berkovich Fatou set
coincides with the Berkovich equicontinuity locus. This relies on deep results
of Rivera-Letelier concerning the structure of the Berkovich Fatou set over
Cp. However, for a general complete, algebraically closed nonarchimedean
field K of characteristic 0, the Berkovich Fatou set need not be contained
in the Berkovich equicontinuity locus, as we now show.

Example 10.53 (A rational map whose Berkovich Fatou set is not con-
tained in the Berkovich equicontinuity locus). Let p be an odd prime, and
let K be a complete, algebraically closed nonarchimedean field of charac-
teristic 0 and residue characteristic p > 0, having an element c satisfying
|c| = 1 whose image in the residue field K̃ is transcendental over the prime
field Fp. Consider the polynomial map ϕ(z) = pz2 + cz.

Then ϕ is conjugate to the map ϕ′(w) = w2 + cw, which has good
reduction, so Jϕ is a point mass supported at a point ζ ∈ HBerk,K with ζ 6=
ζGauss. In particular, the Gauss point of P1

Berk,K belongs to the Berkovich
Fatou set of ϕ.

However, we claim that {ϕ(n)} is not equicontinuous at the Gauss point.
To see this, first note that if |a|, r < p, then ϕ(D(a, r)) = D(pa2 + ca, r) and
ϕ(D(a, r)−) = D(pa2 + ca, r)−. In particular, ϕ(D(0, 1)) = ϕ(D(0, 1)), so ϕ
fixes the Gauss point. Moreover, ϕ(D(0, 1)−) = ϕ(D(0, 1)−) and if |a| = 1,
then ϕ(D(a, 1)−) = D(ca, 1)−. In particular, the open disc V ′ = D(1, 1)−

has infinitely many distinct preimages under ϕ, by our assumption on c.
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Let V̂ ′ = D(1, 1)− be the Berkovich open disc corresponding to V ′. Let V̂
be any simple Berkovich neighborhood of the Gauss point containing the
complement of V̂ ′ but not V̂ ′ itself. Then {V̂ , V̂ ′} is a finite covering of
P1

Berk by simple domains. Suppose that {ϕ(n)} is equicontinuous at ζGauss.
By the definition of equicontinuity, since ζGauss 6∈ V̂ ′, there must exist a
simple domain Û containing ζGauss such that ϕ(n)(Û) ⊆ V̂ for all n ≥ 1.
However, this means that Û must omit some element of the residue class
ϕ−n(V̂ ′) = D(c−na, 1)−, for each n. By hypothesis, this means that Û is
missing elements from infinitely many residue classes. On the other hand, a
simple domain containing ζGauss automatically contains all but finitely many
residue classes. This contradiction shows that {ϕ(n)} is not equicontinuous
at the Gauss point, as claimed.

Remark 10.54. Philosophically, the point ζGauss in Example 10.53 should
be thought of as belonging to the Fatou set, since the iteration of ϕ in a
small neighborhood of ζGauss is quite understandable and predictable, and
in some sense nearby points stay close together under iteration. However,
there does not seem to be a notion of equicontinuity on P1

Berk which captures
this philosophical sentiment in a precise way.

For this reason we have defined the Berkovich Fatou and Julia sets with-
out using equicontinuity (contrary to our initial inclination). We would like
to thank Rivera-Letelier for bringing examples like Example 10.53 to our
attention, and for his patient insistence that for arbitrary complete alge-
braically closed fields K, equicontinuity should not be thought of as the
basis for the fundamental dichotomy between order and chaos in the con-
text of iteration on P1

Berk.

We conclude this section by sketching a proof that when K = Cp, the
Berkovich Fatou set coincides with the Berkovich equicontinuity locus.

Theorem 10.55 (Rivera-Letelier). Let ϕ ∈ Cp(T ) be a rational function
with deg(ϕ) ≥ 2. Take x0 ∈ P1

Berk, and suppose there exists a neighborhood
V of x0 in P1

Berk such that ∪∞n=1ϕ
(n)(V ) omits at least three points of P1(Cp),

or at least two points of HBerk. Then x is in the Berkovich equicontinuity
locus of ϕ.

Using Theorem 10.40 and Theorem 10.48, Theorem 10.55 implies:

Corollary 10.56. Let ϕ ∈ Cp(T ) be a rational function with deg(ϕ) ≥
2. Then the Berkovich Fatou set of ϕ coincides with the Berkovich equicon-
tinuity locus of ϕ.

The proof of Theorem 10.55 is based on Rivera-Letelier’s classification
of the periodic components of Fϕ, which we now recall4 (c.f. [65, 68]). Let
ϕ ∈ Cp(T ) be a rational map of degree d ≥ 2, and define FRL

ϕ to be the

4Technically Rivera-Letelier only works with Fϕ ∩ P1(Cp); in passing to Fϕ we are
glossing over some subtleties which will be dealt with in §10.8.
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set of x ∈ P1
Berk for which there exists a neighborhood V of x in P1

Berk such
that ∪∞n=1ϕ

(n)(V ) omits at least three points of P1(Cp). By Theorem 10.40,
FRL
ϕ coincides with Fϕ. Rivera-Letelier defines the following two types of

components of FRL
ϕ :

Immediate basins of attraction: If z0 ∈ P1(Cp) is an attracting
periodic point of period n, its basin of attraction is the set

Az0(ϕ) = {z ∈ P1
Berk : ϕ(nk)(z)→ z0 when k →∞} .

One easily shows that Az0(ϕ) is open and invariant under ϕ(n)(T ). The
connected component A0

z0(ϕ) of Az0(ϕ) containing z0 is called the immediate
basin of attraction of z0; it is also open and invariant under ϕ(n)(T ). Rivera-
Letelier has shown that Az0(ϕ) is contained in FRL

ϕ , and that A0
z0(ϕ) is

a connected component of FRL
ϕ . He gives the following description of the

action of ϕ(T ) on A0
z0(ϕ) ([65], pp.199-200):

Proposition 10.57. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2, and let
A0
z0(ϕ) ⊂ P1

Berk be the immediate basin of attraction of an attracting periodic
point z0 of period n. Then there is a decreasing set of neighborhoods {Xk}k∈Z
of z0, cofinal in the collection of all neighborhoods of z0, such that Xk is a
disc for all k ≥ 0,

⋃
kXk = A0

z0(ϕ),
⋂
kXk = {z0}, and ϕ(n)(Xk) = Xk+1

for each k ∈ Z.

The domain of quasi-periodicity: The domain of quasi-periodicity
of ϕ, denoted E(ϕ), is defined to be the interior of the set of points in
P1

Berk which are recurrent under ϕ. (A point is called recurrent if it lies in
the closure of its forward orbit.) By definition, E(ϕ) is open and invariant
under ϕ(T ), and is disjoint from each basin of attraction. Rivera-Letelier has
shown that E(ϕ) is contained in FRL

ϕ , and that each connected component
of E(ϕ) is in fact a connected component of FRL

ϕ . The action of ϕ(T ) on
E(ϕ) has the following property ([65], Proposition 4.14; see our Proposition
10.100 below, and the discussion preceding it):

Proposition 10.58. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. For each
x ∈ E(ϕ)∩HBerk, there is an n ≥ 1 (depending on x) such that ϕ(n)(x) = x.
For each connected open affinoid X with X ⊂ E(ϕ), there is an N ≥ 1
(depending on X) such that ϕ(N)(X) = X.

Rivera-Letelier’s classification of Fatou components says that immediate
basins of attraction and components of the domain of quasiperiodicity are
the only periodic Fatou components ([67], Theorem A):

Theorem 10.59 (Rivera-Letelier).
Let ϕ(T ) ∈ Cp(T ) have degree deg(ϕ) ≥ 2. Then every periodic con-

nected component of FRL
ϕ is either an immediate basin of attraction or a

connected component of the domain of quasi-periodicity of ϕ.
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Remark 10.60. The proof of Theorem 10.59 uses the fact that the
residue field of Cp is a union of finite fields, and in particular the proof
does not extend to rational functions defined over an arbitrary complete
and algebraically closed nonarchimedean field.

A component of FRL
ϕ which is not preperiodic is called a wandering

component. One deduces from Theorem 10.59 the following result:

Corollary 10.61 (Rivera-Letelier). For each connected component U
of FRL

ϕ , exactly one of the following holds:

(1) ϕ(m)(U) is an immediate basin of attraction for some m ≥ 0.
(2) ϕ(m)(U) is a connected component of the domain of quasi-periodicity

for some m ≥ 0.
(3) U is a wandering component.

We can now prove Theorem 10.55.

Proof of Theorem 10.55. Take x0 ∈ FRLϕ . Then the connected com-
ponent U of FRLϕ containing x0 is one of the three types of domains listed
in the statement of Corollary 10.61. We will prove the result separately for
each case. Fix an open covering V1, . . . , Vt of P1

Berk by finitely many simple
domains.

First suppose ϕ(m)(U) is the immediate basin of attraction of an attract-
ing periodic point z0.

We begin with the case where U itself is the immediate basin of attrac-
tion. Let n be the period of z0, and let W be a neighborhood of z0 small
enough so that for each ` = 0, . . . n− 1, we have ϕ(`)(W ) ⊂ Vi for some i.

Take an affinoid neighborhood Z of x0 whose closure Z is contained in
U . By Proposition 10.57, there is an exhaustion of U by connected open
affinoids {Xk}k∈Z, with Xk ⊂W for all large k, such that ϕ(n)(Xk) = Xk+1

for each k. Since Z is compact, it is contained in Xk0 for some k0. Hence
there is a k1 such that ϕ(nk1)(Z) ⊂ W . By our choice of W , for each
k ≥ k1 there is some Vi with ϕ(k)(Z) ⊂ Vi. After shrinking Z if necessary,
we can assume this holds for 0 ≤ k < k1 as well. Thus the ϕ(k)(T ) are
equicontinuous at x0.

More generally, if there is an m ≥ 1 such that ϕ(m)(U) is an immediate
basin of attraction, and if Z is the neighborhood constructed above for
ϕ(m)(x0), then we can choose a neighborhood Z0 of x0 small enough so that
ϕ(m)(Z0) ⊂ Z, and for each ` = 0, 1, . . . ,m − 1 there is some i for which
ϕ(`)(Z0) ⊂ Vi. So once again the family ϕ(k)(T ) is equicontinuous at x0.

Next suppose that ϕ(m)(U) is a connected component of E(ϕ). We begin
with the case where U itself is a component of E(ϕ). Take x0 ∈ U .

First assume x0 ∈ P1(Cp). By Theorem 10.50, the iterates ϕ(k)(T ) are
equicontinuous at x0 relative to the spherical distance ‖x, y‖. Let ζ1, . . . , ζs
be the finitely many points in ∂V1∪· · ·∪∂Vt, and put ε = min1≤j≤s diam(ζj).
(See (2.19) for the definition of diam.) By the definition of equicontinuity
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in a metric space, there is a δ > 0 such that if x ∈ P1(K) and ‖x, x0‖ < δ,
then ‖ϕ(x), ϕ(x0)‖ < ε. Let B(x0, δ)− = {z ∈ P1(K) : ‖z, x0‖ < δ}, and let
Z = B(x0, δ)− be the associated Berkovich open ball.

Fix k ∈ N. By construction, ϕ(k)(B(x0, δ)−) ⊂ B(ϕ(k)(x0), ε)−, so by
continuity, ϕ(k)(Z) ⊂ B(ϕ(k)(x0), ε)−. Since diam(z) < ε for each z ∈
B(ϕ(k)(x0), ε)−, no ζj can belong to ϕ(k)(Z), and hence there is some Vi
with ϕ(k)(Z) ⊂ Vi.

Next assume x0 ∈ HBerk. By Proposition 10.58, there is an n ≥ 1
such that ϕ(n)(x0) = x0. We claim that the neighborhoods Z of x0 with
ϕ(n)(Z) = Z are cofinal in all neighborhoods of x0. To see this, let V be a
neighborhood of x0. After shrinking V if necessary, we can assume that V
is a connected open affinoid with V ⊂ U . By Proposition 10.58, there is an
N ≥ 1 such that ϕ(N)(V ) = V . For each ` = 1, . . . , N , ϕ(n`)(V ) is open and
x0 ∈ ϕ(n`)(V ). Put

Z =
N⋂
`=1

ϕ(n`)(V ) .

Then Z is open, ϕ(n)(Z) = Z, and x0 ∈ Z ⊆ V .
For each k = 1, . . . , n, choose a neighborhood Wk of x0 small enough

so that ϕ(k)(Wk) ⊂ Vi for some i depending on k. Put W =
⋂n
k=1Wk,

and let Z ⊂ W be a neighborhood of x0 such that ϕ(n)(Z) = Z. Then
for each k ≥ 0, there is some Vi with ϕ(k)(Z) ⊂ Vi. Hence the ϕ(k)(T ) are
equicontinuous at x0.

More generally, if ϕ(m)(U) belongs to E(ϕ), and if x0 ∈ U , one can show
that the ϕ(k)(T ) are equicontinuous at x0 by an argument much like the one
in the case of immediate basins of attraction.

Lastly, suppose U is a wandering component. Let ζ1, . . . , ζs be the
finitely many points belonging to ∂V1 ∪ · · · ∪ ∂Vt. Since U is wandering,
each ζj belongs to ϕ(n)(U) for at most one n. Thus there is an N such that
for each 1 ≤ j ≤ s, we have ζj 6∈ ϕ(k)(U) for all k > N . Now fix x0 ∈ U ,
and choose a subdomain Z ⊂ U containing x0 small enough so that for each
k ≤ N , ϕ(k)(Z) is contained in some Vi. For k > N , ϕ(k)(Z) is a domain
which does not contain any boundary point of any Vi, so it must belong to
some Vi as well. It follows that {ϕ(k)(T )} is equicontinuous at x0. �

Remark 10.62. The proof which we have just given (including equiconti-
nuity on the wandering components) is due to Rivera-Letelier (unpublished).
We thank him for allowing us to reproduce his argument here.

10.6. Fixed point theorems and their applications

In this section, we obtain further information about the Berkovich Julia
and Fatou sets. We continue to assume that char(K) = 0.

Let ϕ(T ) ∈ K(T ) be nonconstant. Recall that a fixed point of ϕ(T ) in
P1(K) is called superattracting if its multiplier λ = 0, attracting if |λ| < 1,
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indifferent if |λ| = 1, and repelling if |λ| > 1. Following Rivera-Letelier,
we call a fixed point x of ϕ(T ) in HBerk indifferent if it has multiplicity
mϕ(x) = 1, and repelling if mϕ(x) > 1. The reason for this terminology will
be explained below. A periodic point for ϕ(T ), with period n, will be called
indifferent or repelling according as the corresponding fixed point of ϕ(n)(T )
is indifferent or repelling.

We first show that repelling periodic points are necessarily of type I or II,
and then we show that all repelling periodic points belong to the Berkovich
Julia set Jϕ. We next prove a fixed point theorem for expanding domains,
and use it to show that if deg(ϕ) ≥ 2, then ϕ(T ) always has at least one
repelling fixed point. We apply this to show that the topological connected
components of the Berkovich Fatou set coincide with Rivera-Letelier’s Fatou
components. We also prove fixed point theorems for sets stabilized by or
contracted by ϕ(T ). Finally, generalizing a classical argument of Fatou
involving homoclinic orbits (see [57], §14), we show that repelling periodic
points are dense in Jϕ.

Our first lemma, which combines ([66], Lemmas 5.3 and 5.4), shows that
repelling fixed points in HBerk must be of type II:

Lemma 10.63 (Rivera-Letelier). Let ϕ(T ) ∈ K(T ) have deg(ϕ) ≥ 2. If
x is a fixed point of ϕ(T ) of type III or IV, then

(A) x is an indifferent fixed point, and
(B) ϕ∗(~v) = ~v for each ~v ∈ Tx.

Proof. First suppose x is a fixed point of type III, and put m = mϕ(x).
Let ~v1 and ~v2 be the tangent vectors at x. By Lemma 9.32, mϕ(~v1) =
mϕ(~v2) = m, and there is a segment [x, c] with initial tangent vector ~v1 such
that ρ(x, ϕ(z)) = m · ρ(x, z) for each z ∈ [x, c]. Without loss we can assume
that c is of type II. Since x is of type III, it follows that ρ(x, c) /∈ logv(|K×|).
Note that logv(|K×|) is a divisible group, since K is algebraically closed.

If ϕ∗(~v1) = ~v2, then

ρ(c, ϕ(c)) = ρ(c, x) + ρ(x, ϕ(c)) = (1 +m)ρ(x, c) .

However ρ(c, ϕ(c)) ∈ logv(|K×|) since c and ϕ(c) are of type II. This contra-
dicts ρ(x, c) /∈ logv(|K×|), so it must be that ϕ∗(~v1) = ~v1, and the segments
[x, c] and ϕ([x, c]) = [x, ϕ(c)] share a common initial segment. Let y ∈ [x, c]
be a type II point close enough to x so that ϕ(y) ∈ [x, c], and put r = ρ(x, y).
Then

mr = ρ(x, ϕ(y)) = r + ρ(y, ϕ(y)) .
Since ρ(y, ϕ(y)) belongs to logv(|K×|) but r does not, this is a contradiction
unless m = 1.

Next suppose x is of type IV. If we identify P1
Berk with A1

Berk∪{∞}, then
under Berkovich’s classification theorem (Theorem 1.2), x corresponds to a
sequence of nested discs in K with empty intersection:

D(a1, r1) ⊃ D(a2, r2) ⊃ D(a3, r3) ⊃ · · ·
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Since ϕ(T ) has only finitely many fixed points and finitely many poles
in P1(K), we can assume without loss that none of the D(ai, ri) contains
a fixed point or a pole. We can also assume that each ri ∈ |K×|. Let
zi ∈ P1

Berk be the point corresponding to D(ai, ri). The points zi all belong
to the path [x,∞].

Put m = mϕ(x) and let ~v be the unique tangent vector at x. Clearly
ϕ∗(~v) = ~v. By Lemma 9.32, mϕ(~v) = m, and there is an initial segment
[x, c] ⊂ [x,∞] such that ρ(x, ϕ(z)) = m · ρ(x, z) for each z ∈ [x, c]. Since
D(ai, ri) contains no poles of ϕ(T ), by Corollary A.18 its image ϕ(D(ai, ri))
is a disc D(a′i, Ri). This disc corresponds to ϕ(zi) under Berkovich’s classi-
fication theorem. Since [x, c] and ϕ([x, c]) = [x, ϕ(c)] have the same initial
tangent vector (the unique ~v ∈ Tx), they share an initial segment. Hence for
sufficiently large i, both zi and ϕ(zi) belong to [x, c]. Suppose m > 1. Then

Ri := diam∞(ϕ(zi)) = diam∞(x) +m · ρ(x, zi) > diam∞(zi) = ri .

Since the associated Berkovich discs D(ai, ri) and D(a′i, Ri) both contain x,
and Ri > ri, it follows that D(ai, ri) is properly contained in D(a′i, Ri).

We claim that D(ai, ri) contains a fixed point of ϕ(T ), contradicting
our assumption. After changing coordinates if necessary, we can assume
that D(ai, ri) = D(0, 1) and D(a′i, Ri) = D(0, R) where R > 1. Expand
ϕ(T ) as a power series f(T ) =

∑∞
k=0 akT

k converging on D(0, 1). Then
limk→∞ |ak| = 0, and by the maximum principle maxk(|ak|) = R. By the
ultrametric inequality, the coefficients of the power series g(T ) = f(T )− T
have the same properties, and the theory of Newton polygons shows that
g(T ) = 0 has a solution in D(0, 1) (see Proposition A.16). This point is a
fixed point of ϕ(T ). �

Let x0 ∈ P1
Berk be a fixed point of ϕ(T ). We now give a description of the

local action of ϕ(T ) at x0, which sheds light on the terminology “attracting”,
“indifferent”, or “repelling”.

First suppose x0 ∈ P1(K). After a change of coordinates, we can assume
that x0 6= ∞. In this setting, if λ = ϕ′(x0) is the multiplier of x0, we can
expand ϕ(T ) as a power series which converges in a neighborhood of x0:

(10.44) ϕ(T ) = x0 + λ(T − x0) +
∞∑
k=2

ak(T − x0)k .

If λ 6= 0, then there is a disc D(x0, R) such that |ϕ(x) − x0| = |λ||x − x0|
for each x ∈ D(x0, R). Using the theory of Newton polygons, it is easy to
show that for each 0 < r ≤ R, we have ϕ(D(x0, r)) = D(x0, |λ|r). (See
Corollary A.17 in Appendix A.10.) By continuity, ϕ(T ) maps the closed
Berkovich disc D(x0, r) to D(x0, |λ|r) and the open Berkovich disc D(x0, r)−

to D(x0, |λ|r)−.
Furthermore, if xr ∈ P1

Berk is the point corresponding to D(x0, r) under
Berkovich’s classification theorem, the fact that ϕ(D(x0, r)) = D(x0, |λ|r)
means that ϕ(xr) = x|λ|r. Thus, if |λ| < 1, the points xr approach x0 along
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the segment [x0, xR]; if |λ| = 1, the segment [x0, R] is fixed; and if |λ| > 1,
the xr recede from x0.

If λ = 0, so that x0 is superattracting, let am be the first nonzero coeffi-
cient in the expansion (10.44). Then m ≥ 2, and Corollary A.17 shows there
is a disc D(x0, R) such that for 0 < r ≤ R, ϕ(D(x0, r)) = D(x0, |am|rm). As
above, ϕ(D(x0, r)) = D(x0, |am|rm), ϕ(D(x0, r)−)) = D(x0, |am|rm)−, and
ϕ(xr) = x|am|rm . If r is small enough, then |am|rm < r, and the points xr
approach x0 along [x0, xR] as r → 0.

Next suppose x0 is a fixed point of ϕ(T ) in HBerk. By Lemma 10.63,
x0 is of type II. By Corollary 9.25, mϕ(x0) = deg(ϕ̃), where ϕ̃(T ) ∈ k(T )
is the reduction of ϕ(T ) at x0, and k is the residue field of K (see the
discussion preceding Corollary 9.25). Furthermore, the tangent vectors
~vα ∈ Tx0 correspond bijectively to points α ∈ P1(k). Under this corre-
spondence ϕ∗(~vα) = ~vϕ̃(α). By Corollary 9.25, mϕ(x0, ~vα) = mα where
mα = mϕ̃(a) ≥ 1 is the usual (algebraic) multiplicity of ϕ̃(T ) at α. Further-
more, by Theorem 9.22, for each ~vα ∈ Tx0 ,

(10.45) rϕ(x0, ~vα) := d~vα(ρ(ϕ(x), x0))(x0) = mα .

Loosely speaking, (10.45) says that under the action of ϕ(T ), points
sufficiently near x0 in the direction ~vα recede from x0 in the direction ~vϕ̃(α)

at the rate mα. More precisely, by Lemma 9.32, there is a segment [x0, xα]
with initial tangent vector ~vα such that ϕ([x0, xα]) = [x0, ϕ(xα)] is a segment
with initial tangent vector ~vϕ̃(α), and for each x ∈ [x0, xα]

(10.46) ρ(ϕ(x), x0) = mα · ρ(x, x0) .

Furthermore, if Ax0,xα is the (generalized Berkovich open) annulus associ-
ated to the segment (x0, xα), then ϕ(Ax0,xα) = Ax0,ϕ(xα) is the annulus asso-
ciated to the segment (x0, ϕ(xα)), and Mod(Ax0,ϕ(xα)) = mα ·Mod(Ax0,xα).

If mϕ(x0) = 1, then deg(ϕ̃(T )) = 1 and mϕ̃(α) = 1 for each α ∈ P1(k).
This means that ϕ∗ permutes the tangent directions at x0, and ϕ(T ) locally
preserves path distances at x0: ρ(ϕ(x), x0) = ρ(x, x0) in (10.46). In this
sense, the action of ϕ(T ) at x0 is “indifferent”.

By contrast, if mϕ(x0) > 1, then deg(ϕ̃(T )) ≥ 2, so ϕ̃(T ) has at least one
critical point α0. Since mϕ̃(α0) ≥ 2, points in the tangent direction ~vα0 on
the segment [x0, xα0 ] are “repelled” from x0 in the direction ~vϕ̃(α0) at a rate
mα0 ≥ 2. In physical terms, one can visualize this action as being like an
accretion disc swirling around a quasar, with one or more “jets” emanating
from it. In this sense, the action of ϕ(T ) at x0 is “repelling”.

We will now show that, as in the classical complex case, repelling periodic
points of ϕ always belong to the Berkovich Julia set Jϕ. The proof is the
same as ([67], Proposition 5.1),

Theorem 10.64 (Rivera-Letelier). Let ϕ(T ) ∈ K(T ) have degree deg(ϕ) ≥
2. Then each repelling periodic point for ϕ(T ) in P1

Berk belongs to Jϕ.



10.6. FIXED POINT THEOREMS AND THEIR APPLICATIONS 271

Proof. Let x be a repelling periodic point of ϕ(T ) of period n. Since
Jϕ(n) = Jϕ by Lemma 10.35, we can assume that x is a repelling fixed point.

First suppose x ∈ P1(K). After a change of coordinates we can assume
that x ∈ K and |x| ≤ 1. Let λ be the multiplier of x; by hypothesis |λ| > 1.
There is a disc D(x, r) ⊂ K such that ‖ϕ(z), x‖ = |ϕ(z)− x| = |λ||z − x| =
|λ| · ‖z, x‖ for all z ∈ D(x, r); without loss, we can assume that r < 1. If
|z − x| ≤ r/|λ|n, then ‖ϕ(n)(z), x‖ = |λ|n · ‖z, x‖. This shows the iterates
{ϕ(n)} are not equicontinuous at x, so x ∈ Jϕ by Theorem 10.50.

Next suppose x ∈ HBerk. By Lemma 10.63, x is of type II. Let k be
the residue field of K, and let ϕ̃(T ) ∈ k(T ) be the reduction of ϕ(T ) at
x, in suitable coordinates. By hypothesis mϕ(x) ≥ 2; by Corollary 9.25,
mϕ(x) = deg(ϕ̃(T )).

As noted earlier, under the identification of Tx with P1(k), we have
ϕ∗(~vα) = ~vϕ̃(α) and mϕ(x,~vα) = mϕ̃(α). Recall that we write Bx(~v)− for
the component of P1

Berk\{x} in the direction ~v.
Fix a neighborhood U of x. There is a finite subset S ⊂ P1(k) such

that for each α /∈ S, the ball Bx(~vα)− is contained in U . By Proposition
9.40, ϕ(Bx(~vα)−) contains Bx(~vϕ̃(α))−. Let S0 be the (possibly empty) finite
subset of S consisting of the points α ∈ S which are exceptional for ϕ̃(T ).
If α /∈ S0, then α has infinitely many preimages under the iterates ϕ̃(n)(T ),
so there are an α0 /∈ S and an n0 such that ϕ̃(n0)(α0) = α. It follows that
Bx(~vα)− ⊂ ϕ(n0)(Bx(~vα0)−), and so

⋃
α/∈S0

Bx(~vα)− ⊂
∞⋃
n=0

ϕ(n)(U) .

Now consider the balls Bx(~vα)− for α ∈ S0. After replacing ϕ by an
appropriate iterate ϕ(m), we can assume that ϕ̃ fixes each α ∈ S0, and hence
(since α is exceptional) that

mϕ(x,~vα) = mϕ̃(α) = deg(ϕ̃) ≥ 2 .

For each α ∈ S0, consider an annulus Ax(~vα) := Ax,c ⊂ U , where c ∈
Bx(~vα)− andAx,c is the annulus with boundary points x, c and main dendrite
(x, c), as in §9.3. After replacing [x, c] by an initial segment of itself if
necessary, we can assume that [x, c] ⊂ ϕ([x, c]), so that Ax(~vα) ⊂ ϕ(Ax(~vα)).
By Proposition 9.43, for each n the image ϕ(n)(Ax(~vα)) is either another
annulus, a disc, or all of P1

Berk. Since ϕ(n)
∗ (~vα) = ~vα, if the image under any

iterate is a disc or P1
Berk, then Bx(~vα)− ⊂ ϕ(n)(U). Hence we can assume

the image under each iterate is an annulus. By Theorem 9.45, the modulus
of ϕ(n)(Ax(~vα)) is deg(ϕ̃)n ·Mod(Ax(~vα)). Since these annuli are increasing,
and their moduli grow to ∞, their union omits at most one point zα in
Bx(~vα)−, which is necessarily of type I.
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Put E0(K) = {zα}α∈S0 . Then E0(K) is a finite subset of P1(K) and

P1
Berk\E0(K) ⊂

∞⋃
n=0

ϕ(n)(U) .

Now take any z ∈ E0(K)\Eϕ(K). Since z is not exceptional for ϕ, it has
infinitely many distinct preimages under the ϕ(n)(T ), so some preimage
belongs to

⋃∞
n=0 ϕ

(n)(U). It follows that z belongs to that set as well. Thus

P1
Berk\Eϕ(K) ⊂

∞⋃
n=0

ϕ(n)(U) .

Since U is arbitrary, Theorem 10.40 shows that x ∈ Jϕ. �

We now show that repelling fixed points always exist, either in P1(K)
or in HBerk.

Theorem 10.65. Let ϕ(T ) ∈ K(T ) have deg(ϕ) ≥ 2. Then ϕ(T ) has at
least one repelling fixed point in P1

Berk.

Proof. This follows immediately from Theorem 10.66 below. �

Recall that a simple domain U ⊂ P1
Berk is a connected open set whose

boundary ∂U is a finite nonempty set, and each xi ∈ ∂U is of type II or III.
Recall also that U is called ϕ-saturated if U is a connected component of
ϕ−1(ϕ(U)), or equivalently, if ϕ(∂U) = ∂ϕ(U) (c.f. Proposition 9.16).

The following result is a strengthening of a fixed point theorem proved
by Rivera-Letelier ([67], §8).

Theorem 10.66 (Repelling Fixed Point Theorem). Let ϕ(T ) ∈ K(T )
have deg(ϕ) ≥ 2. Suppose that U ⊆ P1

Berk is either a ϕ-saturated simple
domain with U ⊂ ϕ(U), or that U = P1

Berk. Then U contains a repelling
fixed point for ϕ(T ).

Proof. Given a point x ∈ P1
Berk, we will say that x is strongly involutive

for ϕ(T ) if either
(1) x is fixed by ϕ(T ); or
(2) x 6= ϕ(x), and the following condition holds: consider the path

[x, ϕ(x)]; let ~v be its (inward-directed) tangent vector at x, and let
~w be its (inward-directed) tangent vector at ϕ(x). Then ϕ∗(~v) = ~w,
and ~v is the only tangent vector ~v′ ∈ Tx for which ϕ∗(~v′) = ~w.

We will consider two cases, according as each x ∈ U ∩ HBerk is strongly
involutive, or not.

First suppose there is a point in x0 ∈ U ∩ HBerk which is not strongly
involutive.

By definition, x0 is not fixed by ϕ(T ). Set x−1 = ϕ(x0), and consider
the segment [x−1, x0]. Let ~v0 be its tangent vector at x0, and let ~w0 be its
tangent vector at x−1. By hypothesis, there is a tangent vector ~w1 at x0,
with ~w1 6= ~v0, for which ϕ∗(~w1) = ~w0.
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By Lemma 9.37, there is a segment [x0, x1] ⊂ U with initial tangent vec-
tor ~w1 such that ϕ(T ) maps [x0, x1] homeomorphically onto [x−1, x0], with
ϕ(x0) = x−1 and ϕ(x1) = x0. Let ~v1 be the tangent vector to [x0, x1] at
x1, noting that ϕ∗(~v1) = ~v0. Since ϕ∗ maps the tangent space Tx1 surjec-
tively onto Tx0 (Corollary 9.20), there is a ~w2 ∈ Tx1 for which ϕ∗(~w2) = ~w1.
Clearly ~w2 6= ~v1, since ϕ∗(~v1) = ~v0.

We now iterate this process, inductively constructing segments [x1, x2],
[x2, x3], · · · contained in U such that ϕ(T ) maps [xn, xn+1] homeomorphi-
cally onto [xn−1, xn], with ϕ(xn) = xn−1 and ϕ(xn+1) = xn, such that the
tangent vector ~wn+1 to xn in [xn, xn+1] is different from the tangent vector
~vn to xn in [xn−1, xn]. This means that

P =
∞⋃
n=0

[xn−1, xn]

is an arc.
If P has finite length, then since HBerk is complete under ρ(x, y) (Propo-

sition 2.28), the points {xn} converge to a point x ∈ HBerk which is an
endpoint of P . Furthermore,

ϕ(x) = lim
n→∞

ϕ(xn) = lim
n→∞

xn−1 = x ,

so x is a fixed point of ϕ(T ). Clearly x ∈ U . We claim that x ∈ U . If
U = P1

Berk, this is trivial. If U 6= P1
Berk, then since U is ϕ-saturated and

U ⊂ ϕ(U), the boundary points of U are not fixed by ϕ(T ). Thus x ∈ U . Let
~v be the tangent vector to P at x. Since ρ(x, xn) < ρ(x, xn−1) = ρ(x, ϕ(xn)),
necessarily d~v(ρ(ϕ(z), x))(x) > 1, so mϕ(x) > 1 (Theorem 9.19), and x is a
repelling fixed point.

On the other hand, if P has infinite length, then we claim that the xn
converge to a point x ∈ P1(K), and P is geodesic ray emanating from x.
Indeed, we can choose coordinates so that ζGauss lies on P and all but a finite
initial segment of P belongs to D(0, 1). In this situation, if xn ∈ D(0, 1) and
ρ(ζGauss, xn) = tn, then under Berkovich’s classification theorem (Theorem
1.2), xn corresponds to a disc D(an, rn) with rn = q−tnv . These discs are
nested and their radii go to 0. Since K is complete, their intersection is a
point x ∈ K, which is the limit of the xn in the strong topology. By the
same argument as before, x ∈ U and x is a fixed point of ϕ(T ). If U = P1

Berk,
trivially x ∈ U . Otherwise, U is a simple domain, so none of its boundary
points belongs to P1(K), and again x ∈ U . Under the action of ϕ(T ), the
points xn recede from x along P . If λ is the multiplier of ϕ(T ) at x, this
means that |λ| > 1, so x is a repelling fixed point.

Next assume that each x ∈ U ∩HBerk is strongly involutive.
If ϕ(T ) fixes each x ∈ U ∩HBerk, then by continuity it fixes each z ∈ U ,

and in particular ϕ(z) = z for all z ∈ P1(K)∩U . This means that ϕ(T ) has
infinitely many fixed points in P1(K), so ϕ(T ) = T , which contradicts the
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assumption that deg(ϕ) ≥ 2. Hence not every x ∈ U ∩HBerk is a fixed point
of ϕ(T ).

However, we claim that ϕ(T ) has at least one fixed point c ∈ U ∩HBerk,
which could be an indifferent fixed point. Take an arbitrary a ∈ U ∩HBerk.
If ϕ(a) = a, put c = a. If ϕ(a) 6= a, then by Lemma 10.67 below, the
segment [a, ϕ(a)] contains a fixed point c which belongs to U .

If mϕ(c) > 1, then c is a repelling fixed point and we are done. If
mϕ(c) = 1, we consider two sub-cases, according as U is a ϕ-saturated
simple domain with U ⊂ ϕ(U), or U = P1

Berk.

First, let U be a ϕ-saturated simple domain with U ⊂ ϕ(U). Write
∂U = {x1, . . . , xm}, where each xi is of type II or III. Consider the segments
[c, xi], for i = 1, . . . ,m. Since U ⊂ ϕ(U) and ϕ(∂U) = ∂ϕ(U), we have
ϕ(xi) /∈ U for each i. Since ∂U is finite, there is an i so that ρ(c, xi) ≤ ρ(c, xj)
for all 1 ≤ j ≤ m. For this choice of i we must have ρ(c, xi) < ρ(c, ϕ(xi)).
Since ϕ(c) = c, Theorem 9.34(B) gives

ρ(c, xi) < ρ(c, ϕ(xi)) ≤
∫

[c,xi]
mϕ(x) dx .

Hence there is a point b ∈ (c, xi) with mϕ(b) > 1. If ϕ(b) = b, then b is
a repelling fixed point. If ϕ(b) 6= b, then by Lemma 10.67 there is a fixed
point d ∈ [b, ϕ(b)] which belongs to U and satisfies mϕ(d) ≥ mϕ(b). Thus d
is a repelling fixed point.

Finally, suppose U = P1
Berk. We consider two more sub-cases.

First suppose there is a point a ∈ HBerk with mϕ(a) > 1. If a is fixed
by ϕ(T ), then a is a repelling fixed point, and we are done. Otherwise, by
Lemma 10.67, there is a fixed point d ∈ [a, ϕ(a)] with mϕ(d) ≥ mϕ(a), so d
is a repelling fixed point.

Next suppose that mϕ(a) = 1 for each a ∈ HBerk. We will see that this
leads to a contradiction. As shown above, ϕ(T ) has at least one fixed point
c ∈ HBerk. Since mϕ(c) = 1 and c has deg(ϕ) ≥ 2 preimages under ϕ(T ),
counting multiplicities (Theorem 9.8(C)), there is a point a ∈ HBerk with
a 6= c and ϕ(a) = c. By Lemma 10.67, there is a fixed point d ∈ [a, c],
and ϕ(T ) maps [a, d] homeomorphically onto [c, d]. In particular, if ~v1 is the
tangent vector to d in the direction of a, and ~v2 is the tangent vector at d
in the direction of c, then ϕ∗(~v1) = ~v2.

We claim that ϕ(T ) fixes the entire segment [c, d]. Indeed, take an
arbitrary t ∈ [c, d]. Since mϕ(x) = 1 for each x ∈ [c, t], Theorem 9.34(B)
gives

ρ(c, ϕ(t)) ≤
∫

[c,t]
mϕ(x) dx ≤ ρ(c, t) .

Similarly, ρ(d, ϕ(t)) ≤ ρ(d, t). Since t lies on the segment [c, d], the only
point z ∈ P1

Berk satisfying ρ(c, z) ≤ ρ(c, t) and ρ(d, z) ≤ ρ(d, t) is t itself.
Thus ϕ(t) = t.
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Since ϕ(T ) fixes [c, d], it follows that ϕ∗(~v2) = ~v2. By Theorem 9.22(C),

mϕ(d) =
∑

ϕ(~w)=~v2

mϕ(d, ~w) ≥ mϕ(d,~v1) +mϕ(d,~v2) ≥ 2 .

Thus d is a repelling fixed point for ϕ. �

The following lemma is needed to complete the proof of Theorem 10.63.

Lemma 10.67. Let ϕ(T ) ∈ K(T ) be nonconstant, and let U ⊆ P1
Berk be

a ϕ-saturated domain with U ⊆ ϕ(U). Suppose that each x ∈ U ∩ HBerk is
strongly involutive. Let a ∈ U ∩HBerk, and put b = ϕ(a).

If a 6= b, then there is a point c ∈ (a, b) which is fixed by ϕ(T ), and
ϕ(T ) maps [a, c] homeomorphically onto [b, c]. Furthermore, c ∈ U and
mϕ(c) ≥ mϕ(a).

Proof. The proof is by transfinite induction. Put a0 = a, b0 = b.
Suppose that for some ordinal ω, we have constructed points aω, bω ∈ [a, b]
with aω ∈ U , bω = ϕ(aω), andmϕ(aω) ≥ mϕ(a), such that [a, aω)∩(bω, b] = ∅
and ϕ(T ) maps [a, aω] homeomorphically onto [b, bω]. If aω = bω, then taking
c = aω we are done.

If not, let ~vω (resp. ~wω) be the tangent vector to [aω, bω] at aω (resp.
bω). Since aω is strongly involutive, ~vω is the only tangent vector at aω for
which ϕ∗(~vω) = ~wω, and Theorem 9.22 shows that mϕ(aω, ~vω) = mϕ(aω).
Put mω = mϕ(aω).

By Lemma 9.32, there is an initial segment [aω, aω+1] ⊂ [aω, bω] such that
ϕ(T ) maps [aω, aω+1] homeomorphically onto a segment [bω, bω+1] ⊂ [bω, aω],
with mϕ(x) = mω for all x ∈ [aω, aω+1]. After moving aω+1 nearer to aω if
necessary, we can assume that aω+1 ∈ U and [aω, aω+1) ∩ (bω+1, bω] = ∅.

Let ~v′ω+1 be the tangent vector to [aω, aω+1] at aω+1. Since mϕ(x) = mω

for each x ∈ (aω, aω+1), Theorem 9.22 shows that mϕ(aω+1, ~v
′
ω+1) = mω,

and in turn that mϕ(aω+1) ≥ mω. Thus mϕ(aω+1) ≥ mϕ(aω) ≥ mϕ(a).
By induction, ϕ(T ) maps [a, aω+1] homeomorphically onto [b, bω+1] and
[a, aω+1) ∩ (bω+1, b] = ∅.

If λ is a limit ordinal and for each ω < λ we have constructed aω, bω with
the properties above, then {aω}ω<λ is a Cauchy net in HBerk. By Proposition
2.28, it has a unique limit point aλ ∈ HBerk. Put bλ = ϕ(aλ).

Clearly aλ ∈ U and aλ, bλ ∈ [a, b]. Since U is ϕ-saturated and [a, b] ⊂
ϕ(U), the same argument as in the proof of Lemma 9.37 shows that aλ ∈
U . By induction, ϕ(T ) maps [a, aλ] homeomorphically onto [b, bλ]. Since
[a, aω] ∩ [bω, b] = ∅ for each ω < λ, it follows that [a, aλ) ∩ (bλ, b] = ∅.
Since aλ is the limit of the points aω, Theorem 9.22 shows that mϕ(aλ) ≥
lim supω<λmω ≥ mϕ(a).

Finally, since there are ordinals of arbitrarily high cardinality, and the
map ω 7→ aω is injective on ordinals with aω 6= bω, it must be that aω = bω
for some ω. �
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It is natural to ask for other criteria for the existence of fixed points.
The following result is a Berkovich space version of a fixed point theorem
proved by Rivera-Letelier ([67]).

Theorem 10.68 (Stable Set Fixed Point Property). Let ϕ(T ) ∈ K(T )
have degree d ≥ 2. Let X be a compact, connected subset of P1

Berk containing
at least two points, such that ϕ(X) ⊆ X.

Then X contains a point fixed by ϕ. More precisely, X contains either
(A) an attracting fixed point of ϕ of type I, or
(B) a repelling or indifferent fixed point of ϕ of type II.

Proof. The argument uses transfinite induction. We first show that
there is some fixed point in X, and then use this to deduce the existence of
a fixed point with the properties described.

Since X is connected and contains at least two points, it has points in
HBerk. Fix a point x0 ∈ X ∩HBerk. If ϕ(x0) = x0 we are done. Otherwise,
since ϕ(x0) ∈ X and X is connected, the path [x0, ϕ(x0)] is contained in
X. We claim that there is a point x1 ∈ (x0, ϕ(x0)) such that for each
z ∈ [x0, x1) the path [z, ϕ(z)] contains x1 in its interior. By Lemma 9.30, for
all a, c ∈ HBerk the path distance satisfies ρ(ϕ(a), ϕ(c)) ≤ d · ρ(a, c). Hence
if x1 is the point in (x0, ϕ(x0)) for which ρ(x0, x1) = ρ(x0, ϕ(x0))/(d + 1),
then for each z ∈ [x0, x1)

ρ(ϕ(z), ϕ(x0)) ≤ d · ρ(z, x0) < ρ(x1, ϕ(x0)) .

Since HBerk is uniquely path-connected, the path from z to ϕ(z) must pass
through x1.

Inductively, suppose ω ≥ 1 is an ordinal and that we have constructed
points {xκ}κ≤ω ⊂ X ∩HBerk such that for each κ < ω,

(1) [x0, xκ] is a proper initial segment of [x0, xκ+1];
(2) ϕ(xκ) 6= xκ, and [xκ, xκ+1] is a proper initial segment of [xκ, ϕ(xκ)];
(3) If ω is a limit ordinal, then xω = limκ→ω

κ<ω
xκ.

If ϕ(xω) = xω we are done. Otherwise, by the same argument as above,
there is a point xω+1 ∈ (xω, ϕ(xω)) such that [xω, xω+1] ⊂ X and for each
z ∈ [xω, xω+1) the path from z to ϕ(z) passes through xω+1. We claim that
the path [x0, xω+1] extends [x0, xω].

If ω is a successor ordinal, say ω = κ+1, then by hypothesis for each z ∈
[xκ, xω) the path from z to ϕ(z) contains xω in its interior. This means that
ϕ([xκ, xω)) is contained in a single connected component V of P1

Berk\{xω}.
By continuity, ϕ(xω) belongs to the closure of this component, which is
V ∪ {xω}. Since ϕ(xω) 6= xω, it must be that ϕ(xω) ∈ V . On the other
hand, for each z ∈ [xκ, xω] the path from z to ϕ(z) contains xω, so z /∈ V .
It follows that [xκ, xω] ∩ [xω, ϕ(xω)] = {xω}, so [x0, xω+1] extends [x0, xω].

On the other hand, if ω is a limit ordinal, and if [xω, xω+1] does not
extend [x0, xω], then [xω, ϕ(xω)] and [xω, x0] have a common initial segment
[xω, b], where b ∈ (xω, ϕ(xω)). There is an η0 such that if η0 ≤ η < ω, the
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point xη belongs to [xω, b]. By continuity, as η → ω, then ϕ(xη)→ ϕ(xω), so
there is an η1 > η0 such that if η1 < η < ω, the path from xη to ϕ(xη) must
contain b. However, by construction, that path also contains xη+1, which lies
[xη, xω] ⊂ [b, xω]. This is a contradiction. Hence [x0, xω+1] extends [x0, xω].

Finally, suppose λ is a limit ordinal, and that we have constructed points
{xκ}κ<λ satisfying properties (1) and (2) above. Then Pλ :=

⋃
κ<λ[x0, xκ]

is isomorphic to a half-open segment.
If Pλ has finite path length, then by the completeness of HBerk under

ρ(x, y) (Proposition 2.28), the points {xκ}κ<λ converge to a point xλ ∈
HBerk. Since X is closed, and xλ is also the limit of the xκ in the weak
topology, xλ ∈ X. Clearly {xκ}κ≤λ satisfies conditions (1), (2) and (3), so
the induction can continue.

If Pλ has infinite path length, we claim that {xκ}κ<λ converges to a point
xκ ∈ X ∩ P1(K) which is fixed by ϕ. For each κ < λ, let ~vκ ∈ Txκ be the
tangent vector to Pλ at xκ in the direction of xκ+1, and put B−κ = Bxκ(~vκ)−.
Then the B−κ form a nested collection of balls whose radii rκ = diamx0(B−κ )
approach 0. By the completeness of P1

Berk in either the weak topology or the
strong topology (Proposition 2.28), their intersection is a point

xλ = lim
κ→λ

xκ ∈ P1(K) .

Since X is closed in the weak topology, xλ ∈ X. Moreover, for each κ we
have ϕ(xκ) ∈ B−κ , so by continuity ϕ(xλ) = xλ.

The induction will eventually terminate, since there are ordinals of cardi-
nality greater than the cardinality of R. When it terminates, it has produced
a fixed point either in X ∩ P1(K) or X ∩HBerk.

We will now show that the existence of the fixed point constructed above
implies the existence of a fixed point with the specified properties.

First suppose the fixed point xω belongs to X∩P1(K). The path [x0, xω]
contains points xκ with κ < ω which are arbitrarily near xω in the metric
d(x, y). By the description of the action of ϕ near a fixed point in P1(K)
given at the beginning of this section, if xω were repelling there would be
points xκ arbitrarily near xω which are moved away from xω along the path
[x0, xω]. If xω were indifferent, there would be points xκ arbitrarily near xω
which are fixed by ϕ. Neither of these is the case, so xω must be attracting.

Next suppose the fixed point xω belongs to X ∩ HBerk. If xω is of type
II, it may be either repelling or indifferent, but it cannot be attracting since
there are no attracting fixed points in HBerk. If xω is of type III or IV, then
by Lemma 10.63 it is an indifferent fixed point. Let ~v ∈ Txω be the tangent
vector to the path [x0, xω] at xω. Since mϕ(xω, ~v) = 1, there is a segment
[xω, a] with initial tangent vector ~v which is fixed by ϕ. As the segments
[xω, x0] and [xω, a] have the same initial tangent vector, they must share
a nontrivial initial segment [xω, b]. This segment contains infinitely many
points of type II which are fixed by ϕ. �

We can now prove the counterpart to Theorem 10.63:
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Theorem 10.69 (Attracting Fixed Point Theorem).
Let ϕ(T ) ∈ K(T ) have deg(ϕ) ≥ 1. Let U ⊂ P1

Berk be a simple domain
for which ϕ(U) ⊂ U . Then U contains an attracting fixed point of ϕ, which
is necessarily of type I.

Proof. Since ϕ(U) = ϕ(U), the set X = U satisfies the conditions of
Theorem 10.68. Thus U contains a type I or type II point x fixed by ϕ.

Since ϕ maps ∂U into U , the points of ∂U are not fixed, so x belongs to
U . We claim that x must be of type I, in which case Theorem 10.68 shows
it is an attracting fixed point.

Suppose to the contrary that x were of type II. Let x1, . . . , xm be the
finitely many boundary points of U ; each is of type II or III. Put r =
min1≤i≤m ρ(x, xi). Then the ball

B̂(x, r)− = {z ∈ HBerk : ρ(x, z) < r}

is contained in U . By the Incompressibility Lemma (Lemma 9.38), B̂(x, r)−

is also contained in ϕ(U). Hence the boundary point of U nearest to x, say
xj , is a boundary point of ϕ(U). This contradicts that ϕ(U) ⊂ U . �

As an application of Theorem 10.65, we show that each connected com-
ponent U of the Berkovich Fatou set has the property that

⋃∞
n=0 ϕ

(n)(U)
omits at least three points of P1(K). By Theorem 10.40, U is a maximal
connected open set with respect to this property, so U ∩ P1(K) is a Fatou
component of Fϕ ∩ P1(K), in the sense of Rivera-Letelier ([67]).

Corollary 10.70. Let ϕ(T ) ∈ K(T ) have degree deg(ϕ) ≥ 2. Then
for each connected component U of Fϕ = P1

Berk\Jϕ, the union
⋃∞
n=0 ϕ

(n)(U)
omits at least three points of P1(K).

Proof. First note that if U is a component of Fϕ, then ϕ(U) is also a
component. Indeed, since ϕ(U) is connected and Fϕ is completely invariant
under ϕ(T ) (Lemma 10.36), ϕ(U) is contained in a component V of Fϕ. Let
U ′ be the component of ϕ−1(V ) containing U . Since ϕ−1(V ) ⊂ Fϕ and U is
a component of Fϕ, it must be that U ′ = U . Hence ϕ(U) = ϕ(U ′) = V .

Thus ϕ(T ) acts on the set of components of Fϕ.
If there is a component W of Fϕ which is preperiodic but not periodic

for this action, then every component U has the property in the corol-
lary. Indeed, W has infinitely many distinct preimages Wn under the it-
erates ϕ(n)(T ), and the set of forward images {ϕ(n)(U)} can contain only
finitely many of the Wn. Hence there is some WN which is disjoint from⋃∞
n=0 ϕ

(n)(U), and WN ∩ P1(K) is infinite.
Similarly, if there is a wandering component (that is, a component that

is not preperiodic), or if there are at least two periodic components W , W ′

with disjoint orbits under ϕ(T ), then every component U has the property
in the corollary.
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Thus we need only consider the case where the components form a single,
necessarily finite, periodic orbit. By Theorems 10.64 and 10.65, Jϕ contains
a repelling fixed point x. According to Lemma 10.63, x is either of type
I or type II. If x were of type II, then since P1

Berk\{x} has infinitely many
components and Jϕ has empty interior (Corollary 10.52), Fϕ would have
infinitely many components, a contradiction. Hence x ∈ P1(K). Since
Eϕ(K) ⊂ Fϕ (Corollary 10.39), x is not exceptional. Thus x has infinitely
many distinct preimages under the ϕ(n)(T ), all of which belong to Jϕ. For
any component U of Fϕ, the forward images ϕ(n)(U) omit these points. �

Finally, we show that periodic repelling points are dense in the Berkovich
Julia set. The proof is based on a classical argument of Fatou. One of the
definitions Rivera-Letelier has proposed for Jϕ is the closure of the set of
periodic repelling points, so the following theorem (due originally to Rivera-
Letelier, unpublished) shows that our definition of Jϕ is consistent with his.

Theorem 10.71. Let ϕ(T ) ∈ K(T ) have degree deg(ϕ) ≥ 2. Then the
set of repelling periodic points of ϕ(T ) in P1

Berk is dense in Jϕ.

Proof. Let z0 ∈ P1
Berk be a repelling periodic point. By Theorem 10.65

such a point exists, and by Theorem 10.64 it belongs to Jϕ. If Jϕ = {z0} the
theorem is clearly true. Otherwise, let V ⊂ P1

Berk be an open set, disjoint
from z0, which meets Jϕ. We will construct a repelling periodic point whose
orbit meets V , by first constructing a homoclinic orbit passing through V :
a sequence of points z1, z2, · · · with ϕ(zk) = zk−1 for each k ≥ 1, such that
limk→∞ zk = z0 and some z` belongs to V . Thus the sequence {zk} abuts
at z0 under the action of ϕ(T ), but its “tail” loops back to z0 and forms a
sequence of points repelled by z0.

By Theorem 10.43, the iterates ϕ(k)(V ) cover Jϕ, so there is an ` ≥ 1
for which z0 ∈ ϕ(`)(V ). Let z` ∈ V be such that ϕ(`)(z`) = z0, and put
z`−k = ϕ(k)(z`) for k = 1, . . . , ` − 1. We now consider two cases, according
as z0 ∈ P1(K) or z0 ∈ HBerk.

First suppose z0 ∈ P1(K). After a change of coordinates we can assume
that z0 6=∞. Let λ be the multiplier for z0, so |λ| > 1. By the discussion ear-
lier in this section, there is an R > 0 such that ϕ(D(z0, r)−) = D(z0, |λ|r)−
for each 0 < r ≤ R. Put Y = D(z0, R)−. After taking a smaller R if nec-
essary, we can assume that z` /∈ Y . By Theorem 10.43, the iterates ϕ(k)(Y )
cover Jϕ, so there is an m ≥ 1 for which z` ∈ ϕ(m)(Y ). Let z`+m ∈ Y be
such that ϕ(m)(z`+m) = z`. Set z`+m−k = ϕ(k)(z`+m) for k = 1, . . . ,m− 1.

Since ϕ(D(z0, R/|λ|k)−) = D(z0, R/|λ|k−1)− for each k ≥ 1, we can
inductively find points z`+m+k ∈ D(z0, R/|λ|k) such that ϕ(z`+m+k) =
z`+m+k−1 for each k. Clearly limk→∞ zk = z0.

By the Open Mapping Theorem (Corollary 9.10), ϕ(m)(Y ) is a neigh-
borhood of z`. Since ϕ(`)-saturated simple domains are cofinal in the neigh-
borhoods of z` (see the discussion after Proposition 9.16) we can find a
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ϕ(`)-saturated simple domain W` which contains z` and whose closure is
contained in V ∩ ϕ(m)(Y ). Let W`+m be the connected component of
(ϕ(m))−1(W`) which contains z`+m. Clearly W `+m ⊂ Y = D(x0, R)−.
Inductively, for each k ≥ 1 let W`+m+k be the connected component of
ϕ−1(W`+m+k−1) which contains z`+m+k; then W `+m+k ⊂ D(z0, R/|λ|k)−.
Likewise, put W0 = ϕ(`)(W`); then W0 is a neighborhood of z0, and since
W` is ϕ(`)-saturated, W` is a connected component of (ϕ(`))−1(W0).

For some sufficiently large n, we will have D(z0, R/|λ|n) ⊂ W0. Put
q = ` + m + n, and put U = W`+m+n. By Lemma 9.13, U is a simple
domain. Furthermore W0 = ϕ(q)(U) and U is ϕ(q)-saturated.

Since

U ⊂ D(z0, R/|λ|n)− ⊂ W0 = ϕ(q)(U) ,

Theorem 10.66 shows that there is a repelling fixed point for ϕ(q)(T ) which
belongs to U . It is a repelling periodic point for ϕ(T ) whose orbit passes
through W`, hence through V .

Next suppose z0 ∈ HBerk. Let Y be an arbitrary neighborhood of z0

which does not contain z`. As before, the iterates ϕ(k)(Y ) cover Jϕ, so
there is an m ≥ 1 for which z` ∈ ϕ(m)(Y ). Let z`+m ∈ Y be such that
ϕ(m)(z`+m) = z`.

Since the ϕ(`)-saturated simple domains are cofinal in all neighborhoods
of z`, we can find a ϕ(`)-saturated simple domain W` containing z`, such
that W ` ⊂ (V ∩ ϕ(m)(Y )). Set W0 = ϕ(`)(W`); it is an open neighborhood
of z0, and W` is a component of (ϕ(`))−1(W0). Let W`+m be the component
of (ϕ(m))−1(W`) containing z`+m.

Put Z = W0 ∩ Y . Let ϕ̃(T ) ∈ k(T ) be the reduction of ϕ(T ) at z0, and
parametrize the tangent directions in Tz0 by P1(k) in the usual way. Let
S ⊂ P1(k) be the finite set of points such that Bz0(~vα)− ⊂ Z if α /∈ S. Let
S0 ⊂ S be the (possibly empty) set of α ∈ S which are exceptional for ϕ̃(T ).
Let β ∈ P1(k) be the point for which z`+m ∈ Bz0(~vβ)−.

We now consider two sub-cases, according as β ∈ S0 or not.

First suppose β /∈ S0. Then there are an α /∈ S and an n ≥ 1 with
ϕ̃(n)(α) = β. By hypothesis Bz0(~vα)− ⊂ Z. Since ϕ(n)(Bz0(~vα)−) con-
tains Bz0(~vβ)− (Proposition 9.39), there is a point z`+m+n ∈ Bz0(~vα)− with
ϕ(n)(z`+m+n) = z`+m, which means that ϕ(m+n)(z`+m+n) = z`. Let W`+m+n

be the component of (ϕ(m+n))−1(W`) which contains z`+m+n. Since W` ⊂ V ,
and ϕ(`+m)(z0) = z0 but z0 /∈ V , clearly z0 /∈ W`+m+n. However, Bz0(~vα)−

is a component of P1
Berk\{z0}; this implies that W`+m+n ⊆ Bz0(~vα)−. Put

q = ` + m + n, and put U = W`+m+n. As before, U is a simple domain,
W0 = ϕ(q)(U), and U is ϕ(q)-saturated. Since

U ⊆ (Bz0(~vα)− ∪ {z0}) ⊂ Z ⊆ W0 = ϕ(q)(U) ,

we can conclude the proof by using Theorem 10.66.
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Next suppose β ∈ S0. Since β is exceptional for ϕ̃(T ), there is an s ≥ 1
such that ϕ̃(s)(β) = β. Since β is the only point α ∈ P1(k) for which
ϕ̃(s)(α) = β, it follows that ~vβ is the only tangent vector ~v ∈ Tz0 for which
ϕ

(s)
∗ (~v) = ~vβ. Thus

M := mϕ(s)(z0, ~vβ) = deg(ϕ̃)s > 1 .

By Corollary 9.21 and Theorem 9.22, there is a segment [z0, t] such that
ϕ(s)([z0, t]) is the segment [z0, ϕ

(s)(t)], and both segments have the initial
tangent vector ~vβ. Furthermore ρ(z0, ϕ

(s)(x)) = M · ρ(z, x) for each x ∈
[z0, t], and if A = Az0,t is the annulus associated to (z0, t) then ϕ(s)(A) is
the annulus associated to (z0, ϕ

(s)(t)). Since any two segments with the
same initial tangent vector share a common initial segment, after shrinking
[z0, t] if necessary, we can assume that [z0, t] ⊂ [z0, ϕ

(s)(t)].
Clearly A ⊂ Bz0(~vβ)−. After further shrinking [z0, t], we can arrange

that A ⊂ W0. Put r = Mod(A), and consider the iterates ϕ(ks)(A) for k =
1, 2, . . . By induction, ϕ(ks)(A) ⊂ ϕ((k+1)s)(A) for each k. By Proposition
9.43, each ϕ(ks)(A) is either an annulus, an open disc, or all of P1

Berk. If it
is an annulus, it is contained in Bz0(~vβ)− and has modulus Mkr. If it is a
disc, it is equal to Bz0(~vβ)−. If it is P1

Berk, it clearly contains Bz0(~vβ)−.
Since W ` is connected and contained in V , and ϕ(z0) = z0 but z0 /∈ V ,

it follows that z0 /∈ (ϕ(m))−1(W `), and in turn that z0 /∈ W `+m. Since
z`+m ∈ Bz0(~vβ)−, we must have W `+m ⊂ Bz0(~vβ)−.

If some ϕ(ns)(A) is Bz0(~vβ)− or P1
Berk, then trivially W `+m ⊂ ϕ(ns)(A).

On the other hand, if each ϕ(ns)(A) is an annulus, then since the moduli of
those annuli grow to ∞, we must have

∞⋃
k=1

ϕ(ks)(A) = Bz0(~vβ)−\{xβ}

for some xβ ∈ P1(K). Here, xβ depends only on ϕ(T ), z0, and β, but not on
W`. Hence we can assume that W` was chosen so that ϕ(m)(xβ) /∈W `, which
means that xβ /∈ W `+m. By compactness, again there is some ϕ(ns)(A)
which contains W `.

Choose a point z`+m+ns ∈ A for which ϕ(ns)(z`+m+ns) = z`+m, and
let W`+m+ns be the component of (ϕ(ns))−1(W`+m) = (ϕ(`+m+ns))−1(W0)
which contains z`+m+ns. By the discussion above,

W `+m+ns ⊂ A ⊂ W0 .

Thus if we take q = ` + m + ns and put U = W`+m+ns, then U is a ϕ(q)-
saturated simple domain with U ⊂ ϕ(q)(U), and we can conclude the proof
by using Theorem 10.66 as before. �

Remark 10.72. It is an open problem to prove the “classical” version of
Theorem 10.71 for P1(K), i.e., to prove that the repelling periodic points of
ϕ in P1(K) are dense in the classical Julia set Jϕ(K) of ϕ. By a theorem of
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J.-P. Bézivin ([19], Theorem 3), if there exists at least one repelling periodic
point in Jϕ(K), then the repelling periodic points of ϕ in P1(K) are dense
in Jϕ(K). Hence the problem is equivalent to the a priori weaker assertion
that if Jϕ(K) is non-empty, then there exists at least one repelling periodic
point for ϕ in P1(K).

10.7. Dynamics of polynomial maps

In this section, we characterize the Berkovich Julia set and the canonical
measure in potential-theoretic terms, in the case where ϕ(T ) is a polynomial
map.

Let ϕ(T ) ∈ K[T ] be a polynomial of degree d ≥ 2.

Definition 10.73. The Berkovich filled Julia set Kϕ of ϕ is

Kϕ :=
⋃
M>0

{x ∈ A1
Berk : [ϕ(n)(T )]x ≤M for all n ≥ 0} .

In other words, Kϕ is the set of all x ∈ P1
Berk for which the sequence

{[ϕ(n)(T )]x}n≥0 stays bounded as n goes to infinity. It is clear that Kϕ is a
compact subset of P1

Berk not containing ∞. It is non-empty, because every
preperiodic point of ϕ in A1(K) is contained in Kϕ. It is not hard to see
that Kϕ is just the closure in P1

Berk of the classical filled Julia set⋃
M>0

{x ∈ K : |ϕ(n)(x)| ≤M for all n ≥ 0} .

It is also easy to see that the complement of Kϕ coincides with the attracting
basin for the attracting fixed point ∞ of ϕ.

Both Kϕ and ∂Kϕ are completely invariant under ϕ. Since the classical
exceptional locus Eϕ(K) consists of attracting periodic points, which are
either contained in the complement of Kϕ (in the case of ∞) or the interior
of Kϕ, we know by Corollary 10.41 that

(10.47) Jϕ ⊆ ∂Kϕ .

We will see below that in fact the Berkovich Julia set of ϕ equals ∂Kϕ.

Recall that the Call-Silverman local height function ĥϕ,∞ = ĥϕ,v,(∞)

relative to the point ∞ and the dehomogenization f1(T ) = 1, f2(T ) = ϕ(T )
is defined for x ∈ A1(K) by the formula

ĥϕ,∞(x) = lim
n→∞

1
dn

max(0, logv([ϕ
(n)]x)) .

It is a continuous subharmonic function on A1
Berk which belongs to BDV(P1

Berk)
and satisfies

∆ĥϕ,∞ = δ∞ − µϕ .
Moreover, the definition of ĥϕ,∞ shows that ĥϕ,∞(x) = 0 for all x ∈ Kϕ.
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By (10.8) and continuity, we have the transformation law

(10.48) ĥϕ,∞(ϕ(x)) = d · ĥϕ,∞(x)

for all x ∈ A1
Berk. From this and the fact that ĥϕ,∞(x) − log+[T ]x is a

bounded function on P1
Berk, one deduces easily that ĥϕ,∞(x) > 0 for all

x ∈ P1
Berk\Kϕ. Thus Kϕ = {x ∈ P1

Berk : ĥϕ,∞(x) = 0}.
Next consider the Green’s function gϕ(x,∞) = gµϕ(x,∞). By formula

(10.21), for x 6=∞ we have

(10.49) gϕ(x,∞) = ĥϕ,∞(x) + C

where C = ĥϕ,v,(0)(∞) + logv(R). For each x ∈ P1
Berk, Theorem 10.18 and

the fact that ϕ∗((∞)) = d · (∞) give

(10.50) gϕ(ϕ(x),∞) = gϕ(x, ϕ∗(∞))) = d · gϕ(x,∞) .

If x ∈ Kϕ, the iterates ϕ(n)(x) all belong to the compact set Kϕ, so the
values gϕ(ϕ(n)(z),∞) are uniformly bounded, and iterating (10.50) shows
that gϕ(x,∞) = 0. Hence C = 0 and gϕ(z,∞) = ĥϕ,∞(z) for all z.

By formula (10.21) and what has just been shown,

(10.51) gϕ(x, y) =


− logv(δ∞(x, y)) + ĥϕ,∞(x)

+ĥϕ,∞(y) + logv(R) if x, y 6=∞ ,

ĥϕ,∞(x) if y =∞ ,

ĥϕ,∞(y) if x =∞ .

From (10.51) and the fact that ĥϕ,∞ ≡ 0 on Kϕ, it follows that for any
probability measure ν supported on Kϕ, we have∫∫

P1
Berk×P1

Berk

gµϕ(x, y) dν(x) dν(y)

= logv(R) +
∫∫

P1
Berk×P1

Berk

− logv(δ∞(x, y)) dν(x) dν(y) .(10.52)

Note that µϕ is supported on Jϕ, which is contained in Kϕ by (10.47).
By Theorem 10.8, the left-hand side of (10.52) is always nonnegative, and
is zero if and only if ν = µϕ. On the other hand, by the definition of
the logarithmic capacity and the equilibrium measure, the right hand side
is minimized by the equilibrium measure µKϕ,∞ of Kϕ relative to ∞. It
follows that µϕ = µKϕ,∞ and the capacity γ∞(Kϕ) is equal to R. Since
µϕ is log-continuous, the Green’s function G(z,∞;Kϕ) is continuous. Thus
G(z,∞;Kϕ) is equal to the Call-Silverman local height ĥϕ,∞(x), since both
functions are zero on Kϕ, have Laplacian equal to δ∞−µϕ, are continuous on
P1

Berk\{∞}, and have bounded difference from logv([T ]x) as x→∞. Recall

also that R = |Res(F1, F2)|−
1

d(d−1) . If

ϕ(T ) = adT
d + ad−1T

d−1 + · · ·+ a1T + a0 ,
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then an easy calculation shows that |Res(F1, F2)| = |ad|d, so R = |ad|−
1
d−1 .

We can now show that Jϕ = ∂Kϕ. For this, it suffices to note that the
component of P1

Berk\Kϕ containing ∞ is U∞ = P1
Berk\Kϕ = {x ∈ P1

Berk :
ĥϕ,∞(x) > 0}, so by Corollary 7.35(C),

Jϕ = supp(µϕ) = ∂U∞ = ∂Kϕ .

By Proposition 7.33(A6), it follows that γ∞(Jϕ) = γ∞(Kϕ).

Combining these facts, we have proved the following result:

Theorem 10.74. Let ϕ ∈ K[T ] be a polynomial with degree d ≥ 2 and
leading coefficient ad. Then

(A) For all x ∈ P1
Berk,

gµϕ(x,∞) = G(x,∞;Kϕ) = ĥϕ,v,(∞)(x)

= lim
n→∞

1
dn

max(0, logv([ϕ
(n)]x)) ;

(B) The canonical measure µϕ coincides with µKϕ,∞, the equilibrium
measure of Kϕ with respect to ∞;

(C) Jϕ = ∂Kϕ;
(D) γ∞(Jϕ) = γ∞(Kϕ) = |ad|−1/(d−1);
(E) The connected component of Fϕ containing ∞ is equal to P1

Berk\Kϕ,
the basin of attraction of ∞ for ϕ(T ).

10.8. Rational dynamics over Cp

The field Cp is the smallest complete and algebraically closed nonar-
chimedean field of characteristic 0 and positive residue characteristic p. It is
of great importance in arithmetic geometry. Thanks to the work of Rivera-
Letelier, Silverman, Hsia, Benedetto, Bézivin, and others, the dynamics of
rational functions ϕ(T ) ∈ Cp(T ) are much better understood than those of
rational functions over an arbitrary complete algebraically closed field K.

In this section, we summarize the main results of Rivera-Letelier from
([66],[65],[67],[68]) concerning rational dynamics on P1

Berk/Cp, formulating
his results in the terminology of this book. There are many interesting
results in those papers we will not touch upon, and we omit the proofs, so
we encourage the reader to consult the original papers. Since we anticipate
that this section may be read independently of the rest of the book, we
repeat some of the results and definitions from earlier sections.

Let p be a prime number. The field Cp is special in several ways:
• It has characteristic 0 and residue characteristic p > 0;
• It has Q, the algebraic closure of Q, as a countable dense set;
• Its value group |C×p | is a rank 1 divisible group isomorphic to Q;
• Its residue field is Fp, the algebraic closure of the prime field Fp.
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These properties have several consequences. In particular, they imply that
P1

Berk/Cp has points of all four types I, II, III, and IV, that P1
Berk/Cp has

countably many points of type II, with countable branching at each such
point, and that P1

Berk/Cp (equipped with the Berkovich topology) is metriz-
able. However, most important are the strong finiteness properties that
follow from the fact that Fp is a union of finite fields. For example, if ζ is
a type II fixed point of ϕ(T ) ∈ Cp(T ), and ϕ̃(T ) ∈ Fp(T ) is reduction of
ϕ(T ) in the corresponding local coordinate, then the forward orbits of ϕ̃(T )
in P1(Fp) are automatically finite. Moreover, if ϕ̃(T ) has degree 1, then for
some n ≥ 1, ϕ̃(n)(T ) is the identity on P1(Fp).

These finiteness properties are the ultimate source of Rivera-Letelier’s
description of the Berkovich Fatou set in P1

Berk/Cp as a disjoint union of
attracting basins, the “quasi-periodicity domain” and its preimages, and
wandering domains. Such a decomposition does not hold over an arbitrary
complete and algebraically closed nonarchimedean field K.

Rivera-Letelier starts with a rational function ϕ(T ) ∈ Cp(T ) and studies
the action of ϕ on P1(Cp) and on the “p-adic hyperbolic space” Hp, which
turns out to be naturally isomorphic to HBerk = P1

Berk\P1(Cp) (see [66,
§9.3]), though at first glance Rivera-Letelier’s definition of Hp looks rather
different from the definition of P1

Berk\P1(Cp). Rivera-Letelier equips Hp with
the “strong topology” induced by the path distance ρ(x, y) as defined in §2.7.
This topology is strictly finer than the Berkovich subspace topology coming
from the inclusion Hp ⊂ P1

Berk.
In ([66],[65],[67],[68]), Rivera-Letelier takes the point of view that P1(Cp)

is the fundamental object of study, and that Hp is auxiliary. He states his
main results in terms of P1(Cp). In his later works with Favre ([37], [38],
[39]) he adopts a point of view closer to ours, that P1

Berk is the appropriate
domain for studying nonarchimedean dynamics.

The fundamental idea and principal novelty of Rivera-Letelier’s work is
that one can deduce useful facts about how ϕ(T ) acts on P1(Cp) by studying
its action on Hp. In particular, fixed point theorems for the action of ϕ(T )
on Hp play a prominent role in Rivera-Letelier’s work.

To each x ∈ Hp, Rivera-Letelier associates a family of bouts (literally:
ends). In the context of our definition of HBerk, a bout P can be thought
of as a tangent vector emanating from x, and the collection of bouts at x
can therefore be identified with the “tangent space” Tx at x. To each bout
P ∈ Tx, one can associate a ball BP ⊂ P1(Cp) in a natural way: BP is the
set of y ∈ P1(Cp) such that the path (x, y) lies in the equivalence class P.

However, in Rivera-Letelier’s construction of Hp, bouts are defined be-
fore points. Rivera-Letelier’s definition of a bout ([66], §2) is as follows.
Let

B0 ⊂ B1 ⊂ B2 ⊂ · · ·
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be a nested sequence of closed balls in P1(Cp) whose union B is either
an open ball or all of P1(Cp). The collection of open annuli (or balls, if
B = P1(Cp)) {B\Bi}i≥0 is called a vanishing chain. Two vanishing chains
are considered equivalent if each is cofinal in the other, under the relation
of containment. A bout P is an equivalence class of vanishing chains. The
ball BP associated to a bout P is the (generalized) ball B =

⋃
Bi attached

to any of the vanishing chains in P; it is independent of the vanishing chain.
For Rivera-Letelier, a point x ∈ Hp is a collection of bouts {Pα} whose

associated balls BPα are pairwise disjoint and have P1(Cp) as their union.
He calls a point x (and the bouts in it) rational, irrational, or singular,
according as x consists of infinitely many bouts, two bouts, or one bout,
respectively. Under Berkovich’s classification, these correspond to points of
type II, III, and IV, respectively. If x is of type II, then for each bout P
associated to x, BP is an open ball with radius in |C∗p|; if x is of type III,
then BP is an irrational ball; and if x is of type IV, then BP = P1(Cp).

Fundamental Lemmas. Rivera-Letelier bases his theory on two fun-
damental results concerning the action of a rational function on P1(Cp). The
first ([66], Proposition 4.1) enables him to define the action of ϕ on Hp, by
first defining its action on bouts (compare with Lemma 9.44).

Lemma 10.75. Let ϕ(T ) ∈ Cp(T ) have degree d = deg(ϕ) ≥ 1. Let P
be a bout of P1(Cp). Then there exists another bout P ′ of the same type
(rational, irrational, or singular), and an integer 1 ≤ m ≤ d such that for
each vanishing chain {Ci}i≥0 defining P, there is an N ≥ 1 such that

(1) {ϕ(Ci)}i≥N is a vanishing chain defining P ′;
(2) For each i ≥ N , the map ϕ : Ci → ϕ(Ci) is of degree m.

Rivera-Letelier calls m = m(P) the multiplicity of the bout P, and
writes ϕ(P) for P ′. In our notation, if P corresponds to ~v ∈ Tx, then
m(P) = mϕ(x,~v) and ϕ(P) = ϕ∗(~v). Rivera-Letelier defines the action of
ϕ(T ) on a point x = {Pα} by setting ϕ(x) = {ϕ(Pα)}. He then develops
the theory of multiplicities (our mϕ(x)), which he calls the local degree
degϕ(x): if ϕ(x) = y, then ([66], Proposition 4.4) for a type II point he
defines degϕ(x) = deg(ϕ̃(T )), where ϕ̃(T ) is the reduction of ϕ(T ) relative
to x and y. (For the definition of ϕ̃(T ), see the discussion preceding Corollary
9.25.) He shows that for any bout Q belonging to y,

mϕ(x) = degϕ(x) =
∑

bouts P in x
with ϕ(P) = Q

m(P) .

(Compare this with our Theorem 9.22.)
The second fundamental result ([66], Lemma 4.2) describes the action

of ϕ on the ball BP associated to a bout (compare with Proposition 9.40):

Lemma 10.76. Let ϕ(T ) ∈ Cp(T ) have degree d = deg(ϕ) ≥ 1. Let P
be a bout with multiplicity m = m(P), and let ϕ(P) be its image under ϕ.
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Then there is an integer m ≤ N ≤ d (depending on P), with N = m if and
only if ϕ(BP) = Bϕ(P), such that

(1) for each y ∈ Bϕ(P) there are exactly N points x ∈ BP with ϕ(x) = y
(counting multiplicities);

(2) for each y ∈ P1(Cp)\Bϕ(P) there are exactly N −m points x ∈ BP
with ϕ(x) = y (counting multiplicities).

Rivera-Letelier shows that for each non-critical x ∈ P1(Cp), there is a
maximal open affinoid containing x on which ϕ(T ) is injective, the compo-
nent of injectivity of x ([65], Proposition 2.9):

Proposition 10.77. Let ϕ(T ) ∈ Cp(T ) be nonconstant. Suppose x ∈
P1(Cp) is not a critical point. Then there is a maximal open affinoid V ⊆
P1

Berk containing x on which ϕ(T ) is injective: ϕ(T ) is injective on V , and
if X an open affinoid containing x on which ϕ(T ) is injective, then X ⊆ V .

In ([66], Corollaries 4.7, 4.8) he shows that ϕ(T ), acting on Hp, is con-
tinuous relative to the path distance topology. In Theorem 9.34, we have
established this for arbitrary fields K.

Lemma 10.78. Let ϕ(T ) ∈ Cp(T ) be a nonconstant rational function of
degree d. Then for any a, c ∈ Hp,

ρ(ϕ(a), ϕ(c)) ≤
∫

[a,c]
mϕ(x) dx .

In particular, ρ(ϕ(a), ϕ(c)) ≤ d · ρ(a, c).

Given x ∈ Hp, write B̂(x, r)− = {z ∈ Hp : ρ(x, z) < r} for the open ball
of radius r about x, relative to the path distance metric. The following re-
sult from ([68]), which Rivera-Letelier calls the “Incompressibility Lemma”,
shows in particular that ϕ(T ) is an open map on Hp relative to the path
distance topology (see our Lemma 9.38):

Lemma 10.79. Let ϕ(T ) ∈ Cp(T ) be nonconstant, and let x ∈ Hp. Then
for each r > 0,

ϕ(B̂(x, r)−) ⊆ B̂(ϕ(x), r)− .

Fixed point theorems play an important role in Rivera-Letelier’s work.
In ([67],§8), Rivera-Letelier establishes a fixed point property for sets in Hp

contracted by ϕ(T ) (compare with our Theorem 10.68):

Proposition 10.80. Let ϕ(T ) ∈ Cp(T ) be nonconstant, and let X ⊂ Hp

be a connected set containing at least two points, with X ⊇ ϕ(X). Then
X contains either a type II fixed point of ϕ(T ) in Hp, or a geodesic ray
emanating from an attracting fixed point of ϕ(T ) in P1(Cp).

In ([68], Proposition 9.3), he establishes a fixed point property for sets
in Hp expanded by ϕ(T ). Equip Hp with the path distance topology. Given
V ⊂ Hp, denote its closure in Hp by clH(V ), and its boundary in Hp by ∂HV .
Compare the following with Theorem 10.66:
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Proposition 10.81. Let ϕ(T ) ∈ Cp(T ) be a nonconstant rational func-
tion, and let V ⊂ Hp be a connected open set for which clH(V ) ⊂ ϕ(V ) and
ϕ(∂HV ) = ∂H(ϕ(V )). Then V contains either a type II fixed point of ϕ(T )
in Hp, or a geodesic ray emanating from a repelling fixed point of ϕ(T ) in
P1(Cp).

The Theory of Fixed Points. If x ∈ P1(Cp) is fixed by ϕ(T ), and its
multiplier is λ, it is called

(1) an attracting fixed point, if |λ| < 1;
(2) an indifferent fixed point, if |λ| = 1; such a fixed point is called

parabolic if λ is a root of unity, and rationally indifferent otherwise;
(3) a repelling fixed point, if |λ| > 1.
If a point x ∈ P1(Cp) is fixed by ϕ(n)(T ) for some n, and n is the

smallest integer with this property, then x is called periodic of order n, and
C = {x, ϕ(x), · · · , ϕ(n−1)(x)} is called the cycle associated to x. It is well-
known that the multiplier of ϕ(n)(t) is the same for all points t ∈ C, and the
multiplier of C is defined to be that number. A cycle is is called attracting,
indifferent, or repelling, according as its multiplier λ satisfies |λ| < 1, |λ| = 1,
or |λ| > 1. An attracting cycle C ⊂ P1(Cp) is called superattracting if its
multiplier is 0. An indifferent cycle C is called parabolic if its multiplier is a
root of unity.

Rivera-Letelier calls a fixed point of ϕ(T ) in Hp indifferent if mϕ(x) = 1,
and repelling if mϕ(x) > 1. (We have explained the motivation for this
terminology in §10.6.) He shows that fixed points of type III or IV in Hp are
necessarily indifferent ([68], Proposition 5.2; our Proposition 10.63 gives his
argument).

Repelling fixed points in Hp come in two kinds, separable and inseparable
([68]). If x ∈ Hp is a repelling fixed point (necessarily of type II), and
ϕ̃(T ) ∈ Fp(T ) is the reduction of ϕ(T ) at x, then x is called separable if
the extension Fp(T )/Fp(ϕ̃(T )) is separable, and it is called inseparable if
ϕ̃(T ) = g̃(T p) for some g̃(T ) ∈ Fp(T ). If x is separable then there are
a finite number of tangent directions for which mϕ(x,~v) > 1, while if x
is inseparable then mϕ(x,~v) ≥ p for every tangent direction. In terms of
the local action of ϕ(T ) described in §10.6, if x is separable then it has a
finite number repelling “jets”, while if x is inseparable then every direction
is a “jet”. Inseparable fixed points play an important role in the study of
wandering components of the Fatou set.

Periodic points of ϕ(T ) in Hp become fixed points of ϕ(n)(T ) for some
n, and they are called indifferent, repelling, separable or inseparable, if they
have those properties as fixed points of ϕ(n)(T ). All the points of a given
cycle have the same type.

In Theorem 10.64 we have seen that all repelling periodic points belong
to the Berkovich Julia set Jϕ. In Lemma 10.38 we have seen that all attract-
ing periodic points belong to the Berkovich Fatou set Fϕ. We will now show



10.8. RATIONAL DYNAMICS OVER Cp 289

that over Cp (in contrast to the situation over C) all indifferent periodic
points belong to Fϕ; in fact, they belong to the domain of quasi-periodicity:

Proposition 10.82. Let ϕ(T ) ∈ Cp(T ) have degree deg(ϕ) ≥ 2. Then
each indifferent periodic point of ϕ(T ), in P1(Cp) or in Hp, belongs to Fϕ.

Proof. Let x0 ∈ P1
Berk be an indifferent periodic point of period n. We

claim that there is an N ≥ 1 and a neighborhood V of x such that V 6= P1
Berk

and ϕ(nN)(V ) = V . If this is granted, then x belongs to the Berkovich Fatou
set of ϕ(nN)(T ) since its forward images omit all points of P1(Cp)\V . We
finish by noting that Fϕ = Fϕ(nN) by Lemma 10.35.

We now establish the claim. After replacing ϕ(T ) by ϕ(n)(T ) we can
assume that x0 is a fixed point of ϕ(T ).

If x0 is of type I, choose coordinates so that x0 6= ∞ and expand ϕ(T )
as a power series as in (10.44). Then because the multiplier λ of x0 satisfies
|λ| = 1, the theory of Newton polygons shows there is a disc D(x0, r)−

such that ϕ(D(x0, r)−) = D(x0, r)− (see Corollary A.17 in Appendix A.10).
Let V = D(x0, r)− be the corresponding Berkovich disc. By continuity,
ϕ(V ) = V .

Next suppose x0 is of type II. Let ϕ̃(T ) ∈ Fp(T ) be the reduction of
ϕ(T ) at x0. Since mϕ(x0) = 1, Corollary 9.25 shows that deg(ϕ̃) = 1. Since
Fp is a union of finite fields, there is some ` such that ϕ̃(T ) ∈ PGL2(Fp`).
This is a finite group, so there is an N ≥ 1 for which ϕ̃(N)(T ) = id. This
means (ϕ(N))∗ fixes each ~v ∈ Tx0 .

For all but finitely many tangent directions, we have ϕ(N)(Bx0(~v)−) =
Bx0(~v)−. Indeed, this holds for each Bx0(~v)− not containing a pole of
ϕ(N)(T ). Let S be an index set for the remaining tangent directions. For
each ~vα with α ∈ S, Lemma 9.32 shows there is a segment [x0, cα] with
initial tangent vector ~vα, such that ϕ(N)([x0, cα]) = [x0, ϕ(cα)] is another
segment with the same initial tangent vector ~vα = (ϕ(N))∗(~vα). Further-
more, since mϕ(N)(x0, ~vα) = mϕ(N)(x0) = mϕ(x0)N = 1, for each y ∈ [x0, cα]
we have ρ(x0, y) = ρ(x0, ϕ

(N)(y)). Since any two segments with the same
initial tangent vector have a common initial segment, after moving cα closer
to x0 if necessary, we can assume that ϕ(N)(cα) = cα and that ϕ(N)(T ) is
the identity on [x0, cα]. Let Ax0,cα be the annulus associated to the segment
(x0, cα). By Lemma 9.32, we have ϕ(N)(Ax0,cα) = Ax0,cα . Thus, if V is the
component of P1

Berk\{cα}α∈S containing x0, it follows that ϕ(N)(V ) = V .
If x0 is of type III, then Tx0 consists of two tangent vectors and by

Lemma 10.63, ϕ∗ fixes them both. If x0 is of type IV, then Tx0 consists of
a single tangent vector, and ϕ∗ clearly fixes it. By an argument like the one
above, in either case we can construct a proper neighborhood V of x0 with
ϕ(V ) = V . �

The basic existence theorem for fixed points of ϕ(T ) in P1(Cp) is due to
Benedetto ([10], Proposition 1.2):



290 10. APPLICATIONS TO THE DYNAMICS OF RATIONAL MAPS

Proposition 10.83. Let ϕ(T ) ∈ Cp(T ) be a nonconstant rational func-
tion. Then ϕ(T ) has at least two distinct fixed points in P1(Cp), and at least
one of these is non-repelling.

Rivera-Letelier ([66], Theorem B) proves an existence theorem for re-
pelling fixed points in P1

Berk/Cp, complementing the one above:

Proposition 10.84. Let ϕ(T ) ∈ Cp(T ) have degree deg(ϕ) ≥ 2. Then
ϕ(T ) has a repelling fixed point, either in P1(Cp), or in Hp.

The existence of certain kinds of periodic points implies the existence of
others. Concerning classical fixed points and cycles, Rivera-Letelier proves
the following result ([65], Corollary 3.17, p.189). While the statement is
purely about P1(Cp), the proof makes crucial use of the action of ϕ on Hp:

Proposition 10.85. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. If ϕ(T ) has
more than 3d− 3 attracting cycles in P1(Cp), then it has infinitely many.

For example, ϕ(T ) = T p has infinitely many attracting cycles, given by the
roots of unity in Cp of order coprime to p.

In ([66], Theorems A, A′) Rivera-Letelier shows:

Proposition 10.86. Let ϕ(T ) ∈ Cp(T ) have degree deg(ϕ) ≥ 2. If
ϕ(T ) has at least two non-repelling periodic points in P1(Cp) (counted with
multiplicities), then it has a repelling periodic point in Hp and infinitely
many non-repelling periodic points in P1(Cp).

Concerning indifferent periodic points, he shows ([68], Proposition 5.1;
[65], Corollary 4.9):

Proposition 10.87. Let ϕ(T ) ∈ Cp(T ) have degree deg(ϕ) ≥ 2. If ϕ
has an indifferent periodic point in either Hp or P1(Cp), then it has infinitely
many indifferent periodic points in both Hp and P1(Cp). It also has at least
one repelling periodic point in Hp. Each indifferent fixed point in P1(Cp) is
isolated.

Concerning inseparable periodic points in Hp, he proves ([68], Principal
Lemma):

Proposition 10.88. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. Then ϕ(T )
has either 0, 1, or infinitely many inseparable periodic points in Hp.

He gives ϕ(T ) = T p + pT d, with d > p, as an example of a polynomial with
infinitely many inseparable periodic points.

Rivera-Letelier also proves theorems limiting the number of periodic
cycles. A classical result of Fatou asserts that for a function ϕ(T ) ∈ C(T ) of
degree d ≥ 2, each attracting or parabolic cycle attracts at least one critical
point of ϕ(T ), so there are at most 2d − 2 such cycles. Any isomorphism
between Cp and C takes 0 to 0, and roots of unity to roots of unity. Using
the Lefschetz principle, he obtains ([65], Theorem 1, p.194):
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Proposition 10.89. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. Then the
number of superattracting and parabolic cycles of ϕ(T ) in P1(Cp) is at most
2d− 2.

A well-known result of Shishikura improves Fatou’s theorem to say that
over C, there are at most 2d− 2 non-repelling cycles; however the example
ϕ(T ) = T d, with d coprime to p, shows that this can fail over Cp: the roots
of unity contain infinitely many indifferent cycles.

Recall that a point x ∈ P1
Berk is called exceptional if the union of its

forward and backwards orbits is finite. The exceptional locus in P1(Cp)
consists of at most two points. The following result ([68], Theorem 4; see
our Proposition 10.31) describes the exceptional locus for Hp:

Theorem 10.90. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. Then the ex-
ceptional set of ϕ(T ) in Hp consists of at most one point. It is nonempty if
and only if the unique exceptional point is a repelling fixed point and after a
change of coordinates, ϕ(T ) has good reduction at that point. In that case,
the exceptional point is the only repelling periodic point of ϕ(T ) in P1

Berk/Cp.

Finally, Rivera-Letelier classifies the cases with extreme behavior. The
following result combines Theorems 1, 2, and 3 from ([68]).

Theorem 10.91. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. Then the number
of periodic points of ϕ(T ) in Hp is 0, 1, or ∞. Moreover:

(A) ϕ(T ) has no periodic points in Hp if and only if ϕ(T ) has finitely
many non-repelling periodic points in P1(Cp). In that case, ϕ(T ) has a
unique attracting fixed point z0 ∈ P1(Cp), and all other periodic points of
ϕ(T ) in P1(Cp) are repelling.

(B) ϕ(T ) has exactly one periodic point in Hp if and only if, after a
change of coordinates, ϕ(T ) has inseparable good reduction. In that case,
the unique periodic point is an inseparable exceptional fixed point, and all
periodic points of ϕ(T ) in P1(Cp) are attracting.

An example of a function satisfying (A) is ϕ(T ) = (T p − T )/p (see
Example 10.103 below). A function satisfying (B) is ϕ(T ) = T p.

The Fatou Set and its Components.
For any set X ⊂ P1

Berk/Cp, we will write X(Cp) for X ∩ P1(Cp). In
particular, if X = Fϕ is the Berkovich Fatou set, we have seen in Theorem
10.50 that Fϕ(Cp) coincides with the classical Fatou set, defined as the set
of all points x ∈ P1(Cp) for which the iterates ϕ(n)(T ) are equicontinuous
on a neighborhood U(Cp) of x (relative to the chordal metric ‖x, y‖).

Recall that Rivera-Letelier works primarily with P1(Cp), not with P1
Berk.

In ([65]), following Benedetto ([11]), he partitions Fϕ(Cp) into subsets called
analytic components. Since we are interested in P1

Berk, we will define analytic
components slightly differently than Rivera-Letelier and Benedetto. Given
a set F ⊂ P1(Cp) and a point x ∈ F , Rivera-Letelier defines the analytic
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component of x in F to be the union of the sets X(Cp), as X ranges over
all connected open affinoids X ⊂ P1

Berk for which X(Cp) ⊂ F . However, we
define the analytic component of x to be the open set V ⊂ P1

Berk which is the
union of the affinoids X above. Thus Rivera-Letelier’s analytic component
is our V (Cp).

Analytic components usually have dynamical significance, but this is
not always the case. For example, if ϕ(T ) is a rational function with good
reduction, its Julia set is {ζGauss} and its Fatou set is Fϕ = P1

Berk\{ζGauss},
so Fϕ(Cp) = P1(Cp) and the analytic component of Fϕ(Cp) is P1

Berk, which
contains ζGauss.

In ([67]), Rivera-Letelier introduces a more subtle notion of components
of Fϕ(Cp), which he calls Fatou components. Given a point x ∈ Fϕ(Cp), he
defines the Fatou component of x to be the union of all sets X(Cp), where X
is a connected open affinoid with X(Cp) ⊂ Fϕ(Cp), satisfying the condition
that

(10.53)
∞⋃
n=0

ϕ(n)(X(Cp)) omits at least three points of P1(Cp) .

Since we are interested in P1
Berk, we will define the Fatou component of x

to be the union URL ⊂ P1
Berk of the corresponding Berkovich open affinoids

X. Thus, Rivera-Letelier’s Fatou component is our URL(Cp). The fact that
URL is dynamically meaningful follows from ([67], Proposition 7.1), which
says:

Proposition 10.92. Let ϕ(T ) ∈ Cp(T ) be a rational function, and sup-
pose X1, X2 are connected open affinoids satisfying (10.53). If X1 ∩X2 is
nonempty, then X1 ∪X2 also satisfies (10.53).

We will now show that the Rivera-Letelier Fatou components URL coin-
cide with the topological connected components of the Berkovich Fatou set
Fϕ. Indeed, let a Fatou component URL be given. Since each x ∈ URL has
a connected open affinoid neighborhood X satisfying (10.53), it follows from
Theorem 10.40 that URL ⊆ Fϕ. Since URL is connected, it is contained in
a component U of Fϕ. Conversely, fix x ∈ URL, and let X ⊂ U be a con-
nected open affinoid containing x. By Corollary 10.70, X satisfies (10.53),
so X ⊂ URL. Since such sets X exhaust U , it follows that U ⊆ URL.

Rivera-Letelier identifies two kinds of Fatou components of particular
interest: immediate basins of attraction, and components of the domain of
quasi-periodicity.

If C ⊂ P1(Cp) is an attracting periodic cycle, its basin of attraction
AC(ϕ) is the collection of all points in P1

Berk attracted by C. It is easy to
see that each basin of attraction is an open set. The immediate basin of
attraction A0

z0(ϕ) of a periodic point z0 ∈ C is the analytic component of
the basin of attraction which contains z0. It follows from ([67]), Proposition
6.1) that each immediate basin of attraction is a Fatou component.
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A point x ∈ P1(Cp) belongs to the domain of quasi-periodicity for ϕ if
there are a neighborhood U(Cp) of x and a sequence nj → ∞ such that
ϕ(nj)(z) converges uniformly to the identity on U(Cp). Rivera-Letelier de-
fines the domain of quasi-periodicity to be the collection of all such x. How-
ever, for us the domain of quasi-periodicity E(ϕ) will be the union of the
analytic components associated to that set, so Rivera-Letelier’s domain of
quasi-periodicity is our E(ϕ)(Cp). By ([67], Proposition 6.1) each analytic
component of E(ϕ) is a Fatou component.

Note that by definition, E(ϕ) is open and ϕ(E(ϕ)) = E(ϕ). It is easy to
see that E(ϕ(n)) = E(ϕ) for each n ≥ 1 ([65], Proposition 3.9).

A point x ∈ P1
Berk is recurrent if it belongs to the closure of its for-

ward orbit {ϕ(n)(x)}n≥0. By definition, each point of E(ϕ)(Cp) is recurrent.
Rivera-Letelier shows that E(ϕ)(Cp) is the interior of the set of recurrent
points in P1(Cp) ([65], Corollary 4.27).

LetR be the set of all recurrent points in P1
Berk, and letR0 be its interior.

Note that by Theorem 10.43, the Berkovich Julia set Jϕ is contained in R.
It follows from Proposition 10.100 below that E(ϕ) ⊂ R0.

We claim that E(ϕ) = R0, that is, E(ϕ) is the interior of the set of recur-
rent points in P1

Berk. Let x ∈ R0. Then there is a a connected open affinoid
neighborhood X of x with X ⊂ R0. In particular, X(Cp) ⊂ R0(Cp) =
E(ϕ)(Cp). By definition, this means X is contained in some analytic com-
ponent of E(ϕ), so x ∈ E(ϕ). Thus R0 ⊂ E(ϕ).

An domain D ⊂ P1
Berk is called wandering if

(1) its forward images under ϕ are pairwise disjoint;
(2) it is not contained in the basin of attraction of an attracting cycle.

The following result, which mirrors Fatou’s famous classification theorem
in complex dynamics, is Rivera-Letelier’s description of the classical Fatou
set over Cp ([65], p.205):

Theorem 10.93 (Classification theorem). Let ϕ(T ) ∈ Cp(T ) be a ra-
tional function of degree d ≥ 2. Then Fϕ(Cp) is the disjoint union of the
following three sets:

(A) Immediate basins of attraction and their preimages.
(B) The domain of quasi-periodicity and its preimages.
(C) The union of all wandering discs.

If ϕ(T ) has simple reduction, then ϕ has no wandering discs ([65], Corol-
lary 4.33). Benedetto has shown ([9], Theorem 1.2) that if ϕ is defined over
a field L which is a finite extension of Qp, and ϕ has no “wild recurrent
Julia critical points” (recurrent critical points belonging to Jϕ(Cp), whose
multiplicity is divisible by p), then ϕ has no wandering discs. In particular,
this holds if deg(ϕ) ≤ p. On the other hand, Benedetto ([12]) has also given
an example of a polynomial in Cp[T ] which has a wandering disc.
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Benedetto has conjectured that if L/Qp is a finite, and if ϕ(T ) ∈ L(T )
has degree deg(ϕ) ≥ 2, then the Fatou set of ϕ(T ) has no wandering com-
ponents. If true, this would be a nonarchimedean analogue of Sullivan’s
famous “No Wandering Domains” theorem in complex dynamics.

Let W (Cp) be the union of the wandering discs in Fϕ(Cp). Not much is
known about the structure of W (Cp), or the Fatou components correspond-
ing to it. However, in ([65], Lemma 4.29) Rivera-Letelier shows that the
lim inf of the chordal diameters of the forward images of a wandering disc
is 0.

In ([67], Theorem A), Rivera-Letelier shows that each Fatou component
associated to W (Cp) is a wandering domain:

Proposition 10.94 (Classification of Periodic Components). Let ϕ(T ) ∈
Cp(T ) have degree deg(ϕ) ≥ 2. Then any periodic Fatou component is either
an immediate basin of attraction of an attracting periodic point x0 ∈ P1(Cp),
or an analytic component of the domain of quasi-periodicity.

Basins of attraction. Rivera-Letelier gives the following description
of the immediate basin of attraction of an attracting periodic point ([65],
Theorem 2, p. 196)

Theorem 10.95 (Description of Immediate Basins of Attraction). Let
ϕ(T ) ∈ Cp(T ) be a rational function of degree d ≥ 2. Let A0

z0(ϕ) be the
immediate basin of attraction of an attracting periodic point z0 ∈ P1(Cp).
Then either

(A) A0
z0(ϕ) is an open disc D, or

(B) A0
z0(ϕ) is a domain of Cantor type, meaning that its boundary

∂A0
z0(ϕ) is a Cantor set.

Furthermore, the number of attracting periodic cycles whose immedi-
ate basin of attraction is of Cantor type is bounded ([65], Proposition 4.8,
p.197):

Proposition 10.96. Let ϕ(T ) ∈ Cp(T ) be a rational function of degree
d ≥ 2. Then ϕ has at most d − 1 attracting cycles such that the points
belonging to them have an immediate basin of attraction of Cantor type.

Rivera-Letelier gives an explicit description of the action of ϕ(T ) on each
immediate basin of attraction ([65], pp.199-200):

Proposition 10.97. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2, and let
X ⊂ P1

Berk be the immediate basin of attraction of an attracting fixed point
x0. Then there is a decreasing sequence of neighborhoods {Xn}n∈Z of x0,
which is cofinal in the collection of all neighborhoods of x0, such that X0 is
a disc,

⋃
nXn = X,

⋂
nXn = {x0}, and ϕ(Xn) = Xn+1 for each n.

The domain of quasi-periodicity. Rivera-Letelier also gives an ex-
plicit description of components of the domain of quasi-periodicity ([65],
Theorem 3, p.211).
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Theorem 10.98 (Description of the Domain of Quasi-periodicity).
Let ϕ(T ) ∈ Cp(T ) be a rational function of degree d ≥ 2. Then each

analytic component U of E(ϕ) is a strict open affinoid domain, that is, in
suitable coordinates,

(10.54) U = D(a, r)−\
n⋃
j=1

D(aj , rj) ,

where a, a1, . . . , an ∈ Cp and r, r1, . . . , rn ∈ |C×p |, with pairwise disjoint discs
D(aj , rj). Moreover, each boundary point of U is a repelling periodic point.

If n = 0 in (10.54), then U is called a Siegel Disc. If n ≥ 1 then
U is called an n-Hermann ring. Rivera-Letelier gives examples of rational
functions ϕ(T ) with an n-Hermann ring, for each n ≥ 1 ([65], Proposition
6.4, p.225 and Proposition 6.7, p.227).

Since any pre-image under ϕ of a strict open affinoid is itself a strict
open affinoid (see Lemma 9.13 and its proof), each connected component of⋃
n≥0 ϕ

−n(E(ϕ)) is strict open affinoid.

By Calculus, for any function f : R→ R>0,

lim
δ→0

f(x)δ − 1
δ

= ln(f(x)) .

Rivera-Letelier shows that if an analytic function f(T ) ∈ Cp[[T ]] induces an
automorphism of a disc, then its iterates satisfy an analogous limit ([65],
Lemma 3.11, Proposition 3.16):

Lemma 10.99. Let f(T ) be an analytic function, defined by a power
series with coefficients in Cp, which induces an automorphism of a disc
D(a,R)−. Suppose there is a γ < 1 such that |f(z) − z| < γR for all
z ∈ D(a,R)−. Then:

(A) There is a bounded analytic function f∗(T ) on D(a,R)−, called the
iterated logarithm of f(T ), such that for any sequence of natural numbers
{nk}k≥0 with |nk| → 0, the sequence of functions (f (nk)(T )−T )/nk converges
uniformly to f∗(T ) on D(a,R)−.

More precisely, there are a constant C and a number ρ > 0 depending
on γ (but not on f or R), such that that for each n ∈ N with |n| < ρ, and
all z ∈ D(a,R)−,

(10.55)

∣∣∣∣∣f (n)(z)− z
n

− f∗(z)

∣∣∣∣∣ ≤ CR |n| .

(B) For each z0 ∈ D(a,R)−, we have f∗(z0) = 0 iff z0 is an indiffer-
ent periodic point of f(T ), and f∗(z0) = f ′∗(z0) = 0 iff z0 is parabolic. If
f∗(z0) 6= 0, then there is an integer k0 = k0(z0) such that on a suitably small
neighborhood of z0, f (k0)(T ) is analytically conjugate to a translation. In
particular, the periodic points of f are isolated.
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In ([65], Lemma 3.11), he also shows that for each w ∈ Cp with |w| < ρ,
there is a canonical automorphism f (w) of D(a,R)−, which coincides with
the n-fold iterate f (n) = f ◦ · · · ◦ f when w = n ∈ N. These automorphisms
have the property that if |w1|, |w2| < ρ, then f (w1) ◦ f (w2) = f (w1+w2), and
for each z ∈ D(a,R)−

lim
w→0

f (w)(z)− z
w

= f∗(z) .

He interprets this as saying that the map w 7→ f (w), which interpolates the
map n 7→ f (n) for n ∈ N, is a ‘flow’ attached to the ‘vector field’ f∗(z).

Let us now consider what Lemma 10.99 says about the induced action
of f(T ) on the Berkovich disc D(a,R)−. By ([65], Lemma 3.11) one has
supz∈D(a,R)− |f∗(z)| ≤ DR, where D = maxk≥1(kγk). Put B = max(C,D);
note that B depends only on γ. It follows from (10.55) and standard proper-
ties of nonarchimedean power series that if D(b, r) ⊂ D(a,R)− is a subdisc
with r ≥ BR|n|, and if |n| < ρ, then f (n)(T ) induces an automorphism of
D(b, r). Thus it fixes the point x ∈ D(a,R)− corresponding to D(b, r) under
Berkovich’s classification theorem. Taking limits over nested sequences of
discs, we see that f (n)(T ) fixes each x ∈ D(a,R)− with diam∞(x) ≥ BR|n|.
Thus, for any sequence of natural numbers with ordp(nk)→∞, the iterates
f (nk)(T ) “freeze” larger and larger parts of D(a,R)−, moving the remaining
points within subdiscs of radius less than BR|nk|.

We can now describe the action of ϕ(T ) on a component of the domain
of quasi-periodicity. The following is ([65], Proposition 4.14, p.200):

Proposition 10.100. Let ϕ(T ) ∈ Cp(T ) be a rational function of degree
d ≥ 2. Let X be a connected closed affinoid contained in a component of the
domain of quasi-periodicity E(ϕ). Choose coordinates on P1 so that ∞ /∈ X.
Then there are a k ≥ 1 and constants γ < 1 and B > 0 such that:

(A) ϕ(k)(T ) induces an automorphism of X, which fixes ∂X and the
main dendrite D of X.

(B) If we write X\(∂X ∪ D) as a disjoint union of discs D(a,Ra)−,
then ϕ(k)(T ) induces an automorphism of each D(a,Ra)−, and the action of
f(T ) = ϕ(k)(T ) on D(a,Ra)− is the one described in the discussion above,
with the indicated γ and B, uniformly for all such discs.

In particular, this shows that each point of X is recurrent, and that each
point x ∈ X∩HBerk is fixed by some iterate ϕ(n)(T ). Proposition 10.58, used
in the proof that for P1

Berk/Cp the Berkovich Fatou set coincides with the
Berkovich equicontinuity locus, is an immediate consequence of Proposition
10.100.

We conclude this section by giving Rivera-Letelier’s formula for the num-
ber of fixed points in P1(Cp) belonging to a component of E(ϕ).

Let U be a component of E(ϕ), and let k ∈ N be such that ϕ(k)(U) = U .
Let ζ1, . . . , ζm be the boundary points of U which are fixed by ϕ(k)(T ).



10.9. EXAMPLES 297

By Theorem 10.98, each ζi is a repelling fixed point of type II. For each
ζi, we can change coordinates so that it becomes the Gauss point. Let
f̃i(T ) ∈ Fp(T ) be the reduction of ϕ(k)(T ) at ζi. The tangent direction at ζi
pointing into U corresponds to a fixed point αi of f̃i(T ) in P1(Fp); let ni(U)
multiplicity of that fixed point (that is, the order of vanishing of f̃i(T )− T
at αi). Rivera-Letelier ([65], Proposition 5.10) shows:

Proposition 10.101. Let ϕ(T ) ∈ Cp(T ) have degree d ≥ 2. Let U be a
component of the domain of quasi-periodicity E(ϕ). Suppose that ϕ(k)(U) =
U , and let ζ1, . . . , ζm be the points of ∂U fixed by ϕ(k)(T ). Then each fixed
point of ϕ(k)(T ) in U(Cp) is indifferent, and the number of such fixed points
(counting multiplicities) is exactly

(10.56) 2 +
m∑
i=1

(ni(U)− 2) .

10.9. Examples

In this section, we provide some examples illustrating the theory devel-
oped above.

Example 10.102. Consider the polynomial ϕ(T ) = T 2. The filled Julia
set is

Kϕ = D(0, 1) = {z ∈ A1
Berk : [T ]z ≤ 1} .

The Julia set of ϕ is the Gauss point ζGauss ∈ D(0, 1) ⊂ P1
Berk. The canonical

measure µϕ in this case is a point mass supported at ζGauss.

Example 10.103. If ϕ(T ) = T p−T
p ∈ Cp[T ], one can show that Kϕ =

Jϕ = Zp, which is also the classical Julia set for ϕ. By Theorem 10.74, the
canonical measure µϕ coincides with the equilibrium distribution of Zp with
respect to the point ∞, which is known ([72], Example 4.1.24) to be the
normalized Haar measure on Zp.

Example 10.104. The following example is due to Benedetto ([11], Ex-
ample 3). Let p be an odd prime, and choose a ∈ Cp such that |a| = pε > 1,
where 0 < ε ≤ p

2p+2 . If ϕ(T ) = T 2(T − a)p ∈ Cp[T ], then ϕ does not have
simple reduction but the classical Julia set Jϕ(Cp) is nonetheless empty.
From Lemma 10.37, Corollary 10.44, and Theorem 10.74, we conclude that
Jϕ is an uncountable subset of Hp with the structure of a Cantor set.

Note that for a polynomial ϕ(T ) ∈ Cp[T ] of degree at most p + 1,
Benedetto has shown that Jϕ(Cp) is empty if and only if ϕ has simple
reduction (Proposition 4.9 of [11]).

Example 10.105. This example is due to Rivera-Letelier ([66], Example
6.3). Let p be a prime, and take ϕ(T ) = (T p − T p2

)/p, with K = Cp.
It is not hard to see that if |a| ≤ 1 and p−1/(p−1) < r ≤ 1, then the preim-

age under ϕ of the disc D(a, r) is a disjoint union of p closed discs D(ai, r′)
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where r′ = (r/p)1/p > p−1/(p−1). Put D = D(0, 1), and let D1, . . . , Dp be
the preimages of D under ϕ; each Di has radius p−1/p. Inductively, for each
m ≥ 2, (ϕ(m))−1(D) is a disjoint union of pm closed discs Di1,··· ,im of ra-
dius rm = p−(1−p−m)/(p−1) Here we are indexing the discs by the sequences
{i1, . . . , im} with 1 ≤ ij ≤ p, and ij is determined by the property that

ϕ(j−1)(Di1,··· ,im) ⊂ Dij for j = 1, . . . ,m .

Clearly Di1,··· ,im ⊂ Di1,··· ,im−1 , and ϕ(Di1,··· ,im) = Di2,··· ,im , that is, ϕ is
conjugate to a left shift on the indices.

One has D ⊃ ϕ−1(D) ⊃ (ϕ(2))−1(D) ⊃ · · · and

Jϕ =
∞⋂
m=1

(ϕ(m))−1(D) .

Under Berkovich’s classification theorem, each x ∈ Jϕ corresponds to
a nested sequence of discs {Di1,··· ,im}, so the points of Jϕ are in 1 − 1
correspondence with the sequences {ij}j≥1 with 1 ≤ ij ≤ p for each j.
Furthermore

diam∞(x) = lim
m→∞

p−(1−p−m)/(p−1) = p−1/(p−1) .

If the sequence of discs corresponding to x has empty intersection, then x
is of type IV, while if it is nonempty, then x is of type II. Furthermore, the
action of ϕ on Jϕ is conjugate to a left shift on the index sequences, and it
can be seen that x is of type II if and only if the corresponding sequence
{ij}j≥1 is periodic. Thus, Jϕ is isomorphic to a Cantor set contained in the
set of points in HBerk with diam∞(x) = p−1/(p−1).

Since K = Cp, there are only countably many points of type II, so Jϕ
consists of countably many points of type II and uncountably many points
of type IV, but no points of type III.

Let Xp = {1, . . . , p} and let µp be the probability measure on Xp which
gives each element mass 1/p. Equip the space of sequences XN

p =
∏∞
j=1Xp

with the product measure µN
p . The canonical measure µϕ is obtained by

transporting µN
p to Jϕ.

Example 10.106. Let p be an odd prime, take ϕ(T ) = pT 3 + (p− 1)T 2,
and let K = Cp.

One checks easily that 0, −1, and 1/p are the fixed points of ϕ(T )
in Cp, with |ϕ′(0)| = 0, |ϕ′(−1)| = 1, and |ϕ′(1/p)| = p. Thus, 0 is a
superattracting fixed point, −1 is an indifferent fixed point, and 1/p is a
repelling fixed point. It follows that 0 and −1 belong to the Fatou set Fϕ,
while 1/p belongs to the Julia set Jϕ.

The reduction of ϕ(T ) at ζGauss is ϕ̃(T ) = −T 2, so ζGauss is a repelling
fixed point, and it belongs to Jϕ. As Jϕ contains at least two points, it
is infinite, perfect, and has uncountably many connected components. By
Proposition 10.31, no point in Jϕ is exceptional. This means 1/p and ζGauss
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each have infinitely many preimages under the iterates ϕ(k)(T ), and those
preimages belong to Jϕ. Hence Jϕ(Cp) and Jϕ ∩ HBerk are both infinite.
Furthermore, Theorem 10.43 shows that every Berkovich neighborhood of
1/p contains preimages of ζGauss, and every Berkovich neighborhood of ζGauss

contains preimages of 1/p. In particular, 1/p is a limit of points in Jϕ∩HBerk.

The next group of examples comes from Favre and Rivera-Letelier ([39]),
who describe a class of rational functions whose Berkovich Julia sets and
canonical measures can be determined.

Identify P1
Berk with A1

Berk ∪ {∞}, and for each t ∈ R let S(t) ∈ A1
Berk be

the point corresponding to the disc D(0, qtv) under Berkovich’s classification.
Given a collection of numbers a1, · · · , an ∈ K× satisfying |a1| < · · · < |an|,
and positive integers d0, d1, . . . , dn, consider the rational function

ϕ(T ) = T d0 ·
n∏
k=1

(
1 + (T/ak)dk−1+dk

)(−1)k

Then it is easy to see that ϕ(T ) has degree d = d0 + d1 + · · · + dn, and if
z ∈ K× and |z| 6= |a1|, · · · , |an|, then

|ϕ(z)| = |z|d0 ·
n∏
k=1

max
(

1, |z/ak|dk−1+dk
)(−1)k

.

Set an+1 =∞ ∈ P1
Berk, taking |∞| =∞, and put ck =

∏k
j=1 a

(−1)k(dk−1+dk)
k .

It follows from Proposition 2.18 that ϕ(S(t)) = S(L(t)) where L(t) is the
continuous, piecewise affine map defined by

L(t) =
{
d0t if t ≤ logv(|a1|) ,
logv(|ck|) + (−1)kdkt if logv(|ak|) ≤ t ≤ logv(|ak+1|) .

If a1, . . . , an and d0, d1, . . . , dn are chosen appropriately, then there will
be a closed interval I = [a, b] ⊂ R, and closed subintervals I0, . . . , In ⊂ I
which are pairwise disjoint except possibly for their endpoints, such that L(t)
maps Ij homeomorphically onto I for each j = 0, . . . , n. In this situation
L−1(I) = I0 ∪ · · · ∪ In. Put J0 = S(I), and for each m ≥ 1 put Jm =
S(
(
L(m)

)−1(I)), so J0 ⊇ J1 ⊇ J2 · · · . Favre and Rivera-Letelier show that
Jm = (ϕ(k))−1(J0) and that

Jϕ =
∞⋂
m=1

Jm .

They also show that if
∑n

k=0 1/dk = 1, then Jϕ = J0; on the other hand, if∑n
k=0 1/dk < 1, then Jϕ is a Cantor set contained in J0.

Furthermore, if Jϕ = J0, then µϕ is the measure on J0 gotten by trans-
porting the Lebesgue measure on I, normalized to have total mass 1. If Jϕ
is a Cantor set, then µϕ is the measure described as follows. For each m ≥ 1,(
L(m)

)−1(I) can be written as a union of closed subintervals Ii1,...,im , where
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each ij satisfies 0 ≤ ij ≤ n and is determined by the property that

L(j−1)(Ii1,··· ,im) ⊂ Iij .

Then µϕ(S(Ii1,...,im)) = di1 · · · dim/dm.

Example 10.107. Let n ≥ 2 and take a ∈ K with |a| > 1. Put ak = ak/n

(fixing any choice of the root) for k = 1, . . . n− 1, and let d0 = · · · = dn−1 =
n. Consider the function

ϕ(T ) = Tn ·
n−1∏
k=1

(
1 + (T/ak)2n

)(−1)k

,

with deg(ϕ) = n2. Let I = [0, logv(|a|)] and let Ik = [ kn logv(|a|), k+1
n logv(|a|)]

for 0 ≤ k ≤ n− 1. Then L(Ik) = I for each k, and
∑n−1

k=0 1/dk = 1.
By the discussion above, Jϕ = S(I), and µϕ is the transport of the

normalized Lebesgue measure on I.

Example 10.108. Take n = 2, and choose a ∈ K with |a| > 1. Put
a1 = a1/2, a2 = a3/4 for any choices of the roots, and set d0 = 2, d1 = 4,
d2 = 4. Consider

ϕ(T ) =
T 2(1 + (T/a2)8)

1 + (T/a1)6
,

which has degree 10. Let I = [0, logv(|a|)] and take

I0 = [0,
1
2

logv(a)] , I1 = [
1
2

logv(a),
3
4

logv(a)] , I2 = [
3
4

logv(a), logv(a)] .

Then L(I0) = L(I1) = L(I2) = I, and 1/2+1/4+1/4 = 1. Again Jϕ = S(I),
and µϕ is the transport of normalized Lebesgue measure on I.

Example 10.109. Take n = 1, and fix a ∈ K with |a| > 1. Let d ≥ 5 be
an integer, take a1 = a, and put d0 = d− 2, d1 = 2. Consider the function

ϕ(T ) =
T d−2

1 + (T/a)d
,

which has degree d. Then

L(t) =
{

(d− 2)t if t ≤ logv(|a|) ,
d logv(|a|)− 2t if t ≥ logv(|a|) .

If I = [0, d2 logv(|a|)], I0 = [0, d
2d−4 logv(|a|), and I1 = [d4 logv(|a|), d2 logv(|a|)],

then I0 and I1 are disjoint since d ≥ 5, and L(I0) = L(I1) = I. Clearly
I0 ∪ I1 ⊂ I and 1/d0 + 1/d1 < 1. By the discussion above, Jϕ is a Cantor
set contained in S(I).

Our final example concerns a rational function originally studied by
Benedetto ([8], p.14). It gives an indication of how complicated Jϕ can
be, in general.



10.10. NOTES AND FURTHER REFERENCES 301

Example 10.110. Let p be a prime, take K = Cp, and put

ϕ(T ) =
T 3 + pT

T + p2
.

Note that ϕ(0) = 0, and ϕ′(0) = 1/p, so that |ϕ′(0)| > 1. Thus 0 is a
repelling fixed point and it belongs to Jϕ. Let a0 = 0. Benedetto shows
that for each m ≥ 1, there is a point am ∈ Cp with |am| = p−1/2m for
which ϕ(am) = am−1. Hence, am ∈ Jϕ as well. The sequence {am}m≥1

has no Cauchy subsequences, since if m > n then |am − an| = |am| by the
ultrametric inequality, and limm→∞ |am| = 1. In particular, {am}m≥1 has
no limit points in Cp, so Jϕ(Cp) is not compact.

However, the point ζGauss, which corresponds toD(0, 1) under Berkovich’s
classification theorem, is a limit point of {am}m≥1 in P1

Berk. Since Jϕ is com-
pact in the Berkovich topology, we must have ζGauss ∈ Jϕ. We can see this
directly, by considering the reduction of ϕ(T ) at ζGauss, which is ϕ̃(T ) = T 2.
Since deg(ϕ̃) > 1, ζGauss is a repelling fixed point for ϕ(T ) in HBerk, and it
belongs to Jϕ by Theorem 10.64.

Since mϕ(ζGauss) = deg(ϕ̃) = 2, but deg(ϕ) = 3, the point ζGauss must
have a preimage under ϕ distinct from itself. Using Proposition 2.17, one can
show that if x0 is the point corresponding to D(−p2, 1/p3) under Berkovich’s
classification theorem, then ϕ(x0) = ζGauss. Similarly, for each k ≥ 1, if
xk is the point corresponding to D(−p2+k, 1/p3+k), then ϕ(xk) = xk−1. As
k →∞, the points xk converge to the point 0 in P1

Berk. This gives an explicit
example of a point in Jϕ(Cp) which is a limit of points in Jϕ ∩HBerk.

Continuing on, taking preimages of the chain of points {xk}k≥0, we see
that each am is a limit of points in Jϕ ∩HBerk. However, this is far from a
complete description of Jϕ. By Corollary 10.44, Jϕ is uncountable, and by
Theorem 10.71 each point of Jϕ is a limit of repelling periodic points. The
points {am}m≥1 and {xn}n≥0 are all preperiodic, so they are not among the
repelling periodic points described in Theorem 10.71, but each one is a limit
of such points. According to Bézivin’s theorem ([19], Theorem 3), each am
is in fact a limit of repelling periodic points in P1(K).

However, there are only countably many repelling periodic points in
P1(K). Furthermore, there are only countably many type II points in
P1

Berk/Cp, and each repelling periodic point in HBerk is of type II. Thus, Jϕ
contains uncountably many other points which we have not yet described.

10.10. Notes and further references

Much of the material in §10.2 also appears in ([2, Appendix A]).
Chambert-Loir ([26]) and Favre–Rivera-Letelier ([37, 38, 39]) have

given independent constructions of the canonical measure on P1
Berk attached

to ϕ. Also, Szpiro, Tucker and Piñeiro ([62]) have constructed a sequence
of blowups of a rational map on P1/Spec(Ov), leading to a sequence of
discrete measures supported on the special fibers. When suitably interpreted
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in terms of Berkovich space, the weak limit of these measures gives another
way of defining the canonical measure.

The proof we have given of Theorem 10.22 borrows some key ingredients
from the work of Favre and Rivera-Letelier, but it is also rather different in
several respects. (We make extensive use of the Arakelov-Green’s function
gϕ(x, y) attached to ϕ, while Favre and Rivera-Letelier’s proof does not use
this at all.)

Our treatment of Fatou and Julia theory on P1
Berk owes a great deal to the

comments of Juan Rivera-Letelier. We thank him in particular for pointing
out Example 10.53, explaining the proof of Theorem 10.55 for wandering
domains, and for teaching us about the theory of uniform spaces.

An earlier version of this chapter served as the basis for §5.10 of Joe
Silverman’s recent book ([76]). The treatment given here is a thoroughly
revised version of that earlier work, taking into account Example 10.53 and
correcting some errors in the original manuscript.



APPENDIX A

Some results from analysis and topology

In this appendix, we recall some results from analysis and topology which
are used in the main text.

A.1. Convex functions

(See [63, §2.6]) Let −∞ ≤ a < b ≤ ∞. A function ψ : (a, b) → R is called
convex if for every t1, t2 ∈ (a, b),

ψ((1− λ)t1 + λt2) ≤ (1− λ)ψ(t1) + λψ(t2)

for all 0 ≤ λ ≤ 1.
A convex function on (a, b) is automatically continuous. Also, if ψ ∈

C2(a, b), then ψ is convex if and only if ψ′′ ≥ 0 on (a, b).
In the proof of Proposition 3.13(C), we use the following result:

Lemma A.1. Let g : (a, b) → R be a function such that for each t ∈
(a, b), both one-sided derivatives g′−(t) = limh→0−(g(t + h) − g(t))/h and
g′+(t) = limh→0+(g(t+ h)− g(t))/h exist. Suppose that

A) g′−(x) ≤ g′+(x) for each x ∈ (a, b), and
B) g′+(x) ≤ g′−(y) for each x, y ∈ (a, b) with x < y.

Then g(t) is convex on (a, b).

Proof. Note that g(t) is continuous, since the left and right derivatives
exist at each point. Fix x, y ∈ (a, b) with x < y, and let

Lx,y(t) =
g(y)− g(x)
y − x

· (t− x) + g(x)

be the line through (x, g(x)) and (y, g(y)). We claim that g(t) ≤ Lx,y(t) for
all x < t < y. Suppose to the contrary that there is a point z ∈ (x, y) where
g(z) > Lx,y(z). Put α = (g(z) − g(x))/(z − x), β = (g(y) − g(z))/(y − z).
Then α > β.

We claim there are a point u ∈ (x, z) where g′+(u) ≥ α, and a point
v ∈ (z, y) where g′−(v) ≤ β. This contradicts g′+(u) ≤ g′−(v).

First consider the interval (x, z). Let Lx,z(t) = α · (t− x) + g(x) be the
line through (x, g(x)) and (z, g(z)), and put f(t) = g(t) − Lx,z(t). Then
f(x) = f(z) = 0. We will now apply the argument in Rolle’s theorem.
Since f(t) is continuous, there is a point u ∈ (x, y) where f achieves a
maximum or a minimum. If u is a minimum, then f ′−(u) ≤ 0 and f ′+(u) ≥ 0,
so g′−(u) ≤ α and g′+(u) ≥ α. If u is a maximum, then f ′−(u) ≥ 0 and
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f ′+(u) ≤ 0, so g′−(u) ≥ α and g′+(u) ≤ α. Since g′+(z) ≥ g′−(u) it must be
that g′−(u) = g′+(u) = α. In either case we have a point u where g′−(u) ≤ α
and g′+(u) ≥ α. This second inequality is the one we want.

Next consider the interval (z, y). By the same reasoning as before, there
is a point v ∈ (z, y) where g′−(v) ≤ β and g′+(v) ≥ β. This time it is the
first inequality that we want. �

A.2. Upper and lower semicontinuous functions

LetX be a topological space. We denote by C(X) the space of continuous
functions f : X → R, and by Cc(X) the space of compactly supported
continuous functions f : X → R.

Recall that a real-valued function f : X → [−∞,∞) is upper semicon-
tinuous if for each x0 ∈ X,

(A.1) lim sup
x→x0

f(x) ≤ f(x0) .

The limit superior in this context is defined by

lim sup
x→x0

f(x) = lim
V

sup
x∈V \{x0}

f(x) = inf
V

sup
x∈V \{x0}

f(x) ,

where the limit (or infimum) is taken over all neighborhoods V of x. Note
that while this is the standard modern usage of lim supx→x0

f(x), it is dif-
ferent from the usage in ([22]).

The condition (A.1) is equivalent to requiring that f−1([−∞, b)) be open
for each b ∈ R. The function f(x) is called strongly upper semicontinuous if
for each x0 ∈ X,

lim sup
x→x0

f(x) = f(x0) .

If X is compact, then according to ([63, Theorem 2.1.2]), an upper semi-
continuous function f on X is bounded above and achieves its maximum
value on X.

If f : X → [∞,∞) is locally bounded above, we define the upper semi-
continuous regularization f∗ of f by

f∗(x) = lim sup
y→x

f(y) .

(See [63, Definition 3.4.1]). The function f∗ is upper semicontinuous and
f∗ ≥ f on X. Moreover, f∗ is the smallest function with these properties,
in the sense that if g is upper semicontinuous and g ≥ f , then g ≥ f∗. In
particular, if f is upper semicontinuous then f∗ = f .

Similarly, f : X → (−∞,∞] is lower semicontinuous if for each x0 ∈ X,

lim inf
x→x0

f(x) ≥ f(x0) ,

or equivalently if f−1((b,−∞]) is open for each b ∈ R. It is strongly lower
semicontinuous if for each x0 ∈ X,

lim inf
x→x0

f(x) = f(x0) .
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According to ([40, Proposition 7.11(c)]), we have the following result:

Lemma A.2. If G is a family of lower semicontinuous functions on X,
and if f(x) = sup{g(x) : g ∈ G}, then f is lower semicontinuous.

Similarly, if G is a family of upper semicontinuous functions on X, and
if f(x) = inf{g(x) : g ∈ G}, then f is upper semicontinuous.

Furthermore, if X is a locally compact Hausdorff space and f is a non-
negative lower semicontinuous function on X, then by ([40, Proposition
7.11(e)]), we have

f(x) = sup{g(x) : g ∈ Cc(X), 0 ≤ g ≤ f} .
From this and the monotone convergence theorem, one deduces (see [40,

Corollary 7.13]):

Proposition A.3. Let X be a locally compact Hausdorff space. If µ is
a positive Radon measure and f is lower semicontinuous and bounded below
on X, then

(A.2)
∫
f dµ = sup

{∫
g dµ : g ∈ Cc(X), 0 ≤ g ≤ f

}
.

For a discussion of Radon measures, see §A.5 below.

A.3. Nets

Our primary reference for this section is ([40, §4.3]), see also ([59, §29]).
In the theory of metric spaces, convergent sequences play a major role.

For example, a real-valued function f on a metric space is continuous if and
only if x → xn implies that f(xn) → f(x). But for a general topological
space, this is not true: even if X is compact Hausdorff, there can be dis-
continuous functions on X for which f(xn)→ f(x) whenever xn → x. The
problem is that the indexing set N for a sequence is too small to capture
the complexities of an arbitrary topological space. To rectify the situation,
we introduce the notion of a net, in which the index set N for sequences is
replaced by an arbitrary directed set.

A directed set is a set A equipped with a reflexive and transitive binary
relation ≥, and such that for any α, β ∈ I, there exists γ ∈ A with γ ≥ α
and γ ≥ β. For example, if X is a topological space, the set of all open
neighborhoods of a point x ∈ X is a directed set, with V ≥ U iff V ⊆ U .

A subset B of a directed set A is called cofinal in A if for each α ∈ A,
there exists β ∈ B such that β ≥ α. More generally, a function h : B → A
is called cofinal if for each α0 ∈ A, there exists β0 ∈ B such that β ≥ β0

implies h(β) ≥ α0.
If X is a set, a net in X is a mapping α 7→ xα from a directed set A

to X. We write 〈xα〉α∈A, or just 〈xα〉, to denote a net indexed by A. It is
important to note that a sequence is the same thing as a net indexed by N.

Let X be a topological space, and let x ∈ X. A net 〈xα〉 in X converges
to x (written xα → x) if for every neighborhood U of x, there exists α0 ∈ A
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such that x ∈ U for all α ≥ α0. If X is a metric space with metric ρ(x, y),
then a net 〈xα〉 converges if and only if it is Cauchy: that is, for each ε > 0,
there is an αε ∈ A such that ρ(xα, xβ) < ε for all α, β > αε.

The following lemma is part of ([40, Proposition 4.18]):

Lemma A.4. If E ⊆ X, then x ∈ X belongs to the closure of E iff there
is a net in E which converges to x.

The following result (see [40, Proposition 4.19]) was alluded to above:

Proposition A.5. If X,Y are topological spaces and f : X → Y , then
f is continuous at x ∈ X iff f(xα) → f(x) for each net 〈xα〉 converging to
x.

A topological space X is Hausdorff iff every net in X converges to at
most one point.

A subnet of a net 〈xα〉α∈A is a net 〈yβ〉β∈B together with a cofinal map
β 7→ αβ from B to A such that yβ = xαβ . Note that the map β 7→ αβ is not
required to be injective. A point x ∈ X is a cluster point of 〈xα〉 if for every
neighborhood U of x and every α ∈ A, there exists β ≥ α such that xβ ∈ U .

The following result gives an analogue of the Bolzano-Weierstrass theo-
rem which holds in a general topological space ([40, Proposition 4.20, The-
orem 4.29]):

Proposition A.6. Let X be a topological space. Then
(A) If 〈xα〉α∈A is a net in X, then x ∈ X is a cluster point of 〈xα〉 iff
〈xα〉 has a subnet which converges to x.

(B) X is compact iff every net in X has a convergent subnet (which
happens iff every net in X has a cluster point).

There is also a version of Dini’s lemma for nets of functions:

Lemma A.7. Let X be a compact topological space, and suppose 〈fα〉α∈A
is a monotonically increasing or decreasing net in C(X). If fα converges
pointwise to a continuous function f ∈ C(X), then fα → f uniformly on X.

Proof. We may suppose that 〈fα〉 is monotonically increasing. Let
ε > 0. For each α ∈ A, set

Uα = {x ∈ X : fα(x) > f(x)− ε} .
Then each Uα is open, Uα ⊇ Uα′ if α ≥ α′, and ∪αUα = X. By compactness,
there is an α0 ∈ A such that Uα0 = X. Thus f(x) − ε < fα(x) ≤ f(x) for
all x ∈ X and all α ≥ α0, so that fα → f uniformly on X. �

A.4. Measure theoretic terminology

The following definitions and facts are taken from ([40, §3.1]).
Let X be a topological space, and let Σ be a σ-algebra on X. A signed

measure on (X,Σ) is a function ν : Σ → [−∞,∞] assuming at most one of
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the values ±∞ such that ν(∅) = 0 and if Ej is a sequence of disjoint subsets
in Σ, then

ν(
∞⋃
j=1

Ej) =
∞∑
j=1

ν(Ej) ,

with
∑∞

j=1 ν(Ej) converging absolutely when ν(
⋃∞
j=1Ej) is finite.

A positive measure (or, more properly, a nonnegative measure) is one for
which ν : Σ→ [0,∞].

A positive measure is finite if ν(X) is finite, and is a probability measure
if ν(X) = 1.

Every signed measure on (X,Σ) can be written as a difference of two
positive measures, at least one of which is finite. More precisely, one has
the Jordan Decomposition Theorem: If ν is a signed measure, there exist
unique positive measures ν+ and ν− on (X,Σ) such that ν = ν+ − ν− and
ν+ ⊥ ν−. The latter condition means that there exists a partition of X into
disjoint subsets E+, E− ∈ Σ such that ν−(E+) = ν+(E−) = 0. The total
variation |ν| of ν is the positive measure defined as |ν| = ν+ + ν−.

A signed measure is finite if |ν| is finite.
If X is a topological space, then unless otherwise specified, a measure

on X will mean a finite, signed Borel measure on X.

A.5. Radon measures

The idea behind the concept of a Radon measure is to axiomatize the
properties of measures corresponding to positive linear functionals on the
space of continuous functions on a locally compact Hausdorff space. Our
primary reference concerning Radon measures is ([40, §7.1]).

Let X be a locally compact Hausdorff space, and let µ be a positive
Borel measure on X. If E is a Borel subset of X, then µ is called outer
regular on E if

µ(E) = inf{µ(U) : U ⊇ E, U open}
and inner regular on E if

µ(E) = sup{µ(E′) : E′ ⊆ E, E compact} .
We say that µ is regular if it is both inner and outer regular on all Borel

sets. We say that µ is a Radon measure if it is finite on all compact sets,
outer regular on all Borel sets, and inner regular on all open sets.

If X is compact (or more generally if X is a countable union of compact
sets), then µ is Radon if and only if it is regular and finite on all compact
subsets of X.

More generally, a signed Borel measure is said to be a signed Radon
measure iff its positive and negative parts are both Radon measures.

For many of the topological spaces one encounters in practice, every
Borel measure is Radon. This is the case, for example, for any locally
compact Hausdorff space in which every open set is a countable union of
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compact sets ([40, Theorem 7.8]). In §A.6 below, we will see that if X is
compact, and if the Borel and Baire σ-algebras coincide, then every Borel
measure on X is Radon. However, there are compact Hausdorff spaces which
admit finite, non-Radon Borel measures (see [40, Exercise 7.15]).

Let RM(X) denote the normed vector space consisting of all signed
Radon measures on X, together with the norm given by ‖µ‖ = |µ|(X), and
let C0(X) (resp. C(X)) denote the space of compactly supported (resp. all)
continuous functions f : X → R.

Theorem A.8 (Riesz Representation Theorem). The map µ 7→
∫
X f dµ

is an isometric isomorphism from RM(X) to C0(X)∗.

Corollary A.9. If X is a compact Hausdorff space, then C(X)∗ is
isometrically isomorphic to RM(X).

Let µα be a net in RM(X). We say that µα converges weakly to
µ ∈ RM(X) iff

∫
f dµα →

∫
f dµ for all f ∈ C0(X). The corresponding

topology on RM(X) is called the weak topology. (This is actually the
weak∗ topology on RM(X), so we are proliferating a common abuse of ter-
minology here. Some authors use the phrase “vague convergence” rather
than “weak convergence”, and call the corresponding topology the vague
topology.)

Together with Alaoglu’s theorem ([40, Theorem 5.18]), the Riesz Rep-
resentation Theorem implies:

Theorem A.10. If X is a compact Hausdorff space, the unit ball

{µ ∈ RM(X) : ‖µ‖ ≤ 1}

is compact in the weak topology.

As a corollary, we have:

Theorem A.11 (Prohorov’s theorem for nets). If X is a compact Haus-
dorff space, then every net µα of probability measures on X has a weakly
convergent subnet.

A.6. Baire measures

A subset E of X is called a Baire set if it belongs to the σ-algebra
generated by the sets

{x ∈ X : f(x) ≥ α}
for α ∈ R and f ∈ Cc(X). (This σ-algebra is called the Baire σ-algebra on
X.) On a locally compact Hausdorff space, every Baire set is also a Borel
set, but there are compact Hausdorff spaces where the class of Borel sets is
strictly larger than the class of Baire sets ([70, §13.1, Problem 6]). A Baire
measure on X is a measure defined on the σ-algebra of all Baire sets which
is finite for each compact Baire set.
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It is clear that one can replace {x ∈ X : f(x) ≥ α} in the definition of a
Baire σ-algebra by any or all of {x ∈ X : f(x) ≥ α}, {x ∈ X : f(x) > α},
{x ∈ X : f(x) ≤ α}, and {x ∈ X : f(x) < α}.

A useful fact about Baire sets is that if X is compact (or more generally
if X is a countable union of compact sets), then every Baire measure on X
is regular ([70, Corollary 12, p.340]). In particular:

Proposition A.12. If X is a compact Hausdorff space for which the
Baire and Borel σ-algebras coincide, then every finite Borel measure on X
is a Radon measure.

A.7. The Portmanteau theorem

We make use of the following variant of the well-known “Portmanteau
theorem” (Theorem 2.1 of [20]). We include the proof, for lack of a suitable
reference for the precise statement needed.

Theorem A.13. Let X be a locally compact Hausdorff space, and let
〈µα〉α∈I be a net of positive Radon measures, each of total mass M > 0,
converging weakly to a positive Radon measure µ on X. Then:

(A) µα(A)→ µ(A) for every Borel set A ⊆ X with µ(∂A) = 0.
(B) More generally, for every Borel set A ⊆ X and every ε > 0, there

exists α0 ∈ I such that

(A.3) µ(A◦) ≤ µα(A) ≤ µ(A) + ε

for all α ≥ α0.

Proof. It suffices to prove (B), since if (B) holds and µ(∂A) = 0, then
for every ε > 0, there exists α0 such that for each α ≥ α0 we have:

µα(A) ≤ µα(A) ≤ µ(A) + ε = µ(A) + ε ,

µα(A) ≥ µα(A◦) ≥ µ(A◦)− ε = µ(A)− ε .
Thus |µα(A)− µ(A)| ≤ ε for α ≥ α0, i.e., µα(A)→ µ(A).

To prove (B), we recall from Proposition A.3 that if f is lower semicon-
tinuous and bounded below on X, then for all α we have∫

f dµα = sup
{∫

g dµα : g ∈ Cc(X), 0 ≤ g ≤ f
}
,∫

f dµ = sup
{∫

g dµ : g ∈ Cc(X), 0 ≤ g ≤ f
}
.

So for any ε > 0 there exists g ∈ Cc(X) with 0 ≤ g ≤ f such that∫
g dµ ≥

∫
f dµ− ε/2 .

By weak convergence, there exists α0 ∈ I such that for α ≥ α0 we have∣∣∣∣∫ g dµα −
∫
g dµ

∣∣∣∣ ≤ ε/2 .
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In particular, since 0 ≤ g ≤ f , for α ≥ α0 we have

(A.4)
∫
f dµα ≥

∫
g dµα ≥

∫
f dµ− ε .

If U ⊆ X is open, then the characteristic function χU of U is lower
semicontinuous, and applying (A.4) gives

µα(U) =
∫
χU dµα ≥

∫
χU dµ− ε = µ(U)− ε .

for all α ≥ α0.
If B ⊆ X is closed, then since µ(X) = limµα(X) = M , we have

µα(B) = µα(X)− µα(Bc) ≤ M − µ(Bc) + ε = µ(B) + ε

for all α ≥ α0. �

A.8. The one-point compactification

A reference for this section is ([59], §29).
A basic result in topology is that any locally compact Hausdorff space

has a minimal compactification. More precisely, we have the following result.

Theorem A.14. Let X be a locally compact Hausdorff space. Then there
exists a compact Hausdorff space Y containing X such that Y \X consists
of a single point. Moreover, if Y ′ is another such space, then there is a
homeomorphism between Y and Y ′ which is the identity on X.

The space Y given by the theorem is called the one-point compactifi-
cation of X. As a set, we have Y = X ∪ {∞} (disjoint union), where the
symbol∞ denotes an object which does not belong to X. The open subsets
of Y are defined to be the open subsets of X, together with all sets of the
form Y \C, where C ⊂ X is compact.

The converse of Theorem A.14 is also true, since an open subspace of a
compact Hausdorff space is locally compact.

If X is already compact, then ∞ is an isolated point of Y . If X is not
compact, then Y is dense in X.

For example, the one-point compactification of a locally compact field
F is homeomorphic to P1(F ), the projective line over F . (In particular, the
one-point compactification of R is homeomorphic to S1, and the one-point
compactification of C is homeomorphic to S2.)

A.9. Uniform spaces

Uniform spaces were first introduced by André Weil, and there are sev-
eral equivalent definitions in use today. For example, Bourbaki ([22]) defines
uniform structures in terms of “entourages”, while John Tukey ([79]) defines
them in terms of “uniform covers”. There is also a definition due to Weil in
terms of “pseudometrics”. We will mostly use the uniform cover definition,
though we also include a brief description of the entourage point of view. A
general reference for this material is Norman Howes’ book ([46]).
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A.9.1. Uniform covers. The definition of uniform spaces in terms of
uniform covers is as follows.

Let X be a set. A covering of X is a collection of subsets of X whose
union is X. A covering C refines a covering D, written C < D, if every
U ∈ C is contained in some V ∈ D. A covering C star-refines a covering D
if for every U ∈ C, the union of all elements of C meeting U is contained
in some element of D. For example, if X is a metric space and ε > 0, the
collection C of all open balls of radius ε/3 in X star-refines the collection D
of all open balls of radius ε.

The intersection C ∩ D of two coverings is the covering {U ∩ V | U ∈
C, V ∈ D}.

A uniform structure on a set X is a collection C of coverings of X, called
the uniform coverings, satisfying the following two axioms:

(C1) If C ∈ C and C < D, then D ∈ C.
(C2) Given D1, D2 ∈ C, there exists C ∈ C which star-refines both D1

and D2.
It is easy to verify that in the presence of axiom (C1), axiom (C2) is

equivalent to the following two axioms:
(C2)(a) If C1, C2 ∈ C, then C1 ∩ C2 ∈ C.
(C2)(b) Every C ∈ C has a star-refinement in C.

If a collection C′ of coverings of X satisfies (C2) but not (C1), we call it
a base for a uniform structure. If C′ is a base for a uniform structure, the
uniform structure generated by C′ is the set of all coverings of X having a
refinement in C′.

A uniform space is a pair (X, C), where C is a uniform structure on
the set X. A uniform space is called Hausdorff if it satisfies the following
additional axiom:

(C3) For any pair x, y of distinct points in X, there exists C ∈ C such
that no element of C contains both x and y.

If X is a metric space, one can define a canonical Hausdorff uniform
structure on X by taking as a base for the uniform covers of X the set
C′ = {Cε | ε > 0}, where Cε consists of all open balls of radius ε in X. The
fact that C′ satisfies axiom (C2) follows from the triangle inequality, which
guarantees that Cε/3 is a star-refinement of Cε. Axiom (C2) can thus be
thought of as a version of the triangle inequality which makes sense without
the presence of a metric.

If (X, C) is a uniform space, then for x ∈ X and C ∈ C, one defines
B(x,C), the “ball of size C around x”, to be the union of all elements of C
containing x. By definition, the uniform topology on (X, C) is the topology
for which {B(x,C) | C ∈ C} forms a fundamental system of neighborhoods
of x ∈ X. In other words, a subset U ⊆ X is open in the uniform topology
if and only if for each x ∈ U , there exists a cover C ∈ C with B(x,C) ⊆ U .
If X is a metric space, then B(x,Cε/2) contains each open ball of radius
ε/2 about x and is contained in the open ball of radius ε about x, and thus
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the metric topology on X coincides with the uniform topology on X. The
uniform topology on (X, C) is Hausdorff if and only if (X, C) satisfies axiom
(C3).

A basic result in the theory of uniform spaces is that if X is a compact
Hausdorff topological space, then there is a unique uniform structure on X
compatible with the given topology ([46, Theorem 2.7]). A base for the
uniform structure on X is given by the collection of all finite coverings of X
by open subsets. It is not hard to see that if B is any base for the topology
on X, a base for the uniform structure on X is also given by the collection
CB of all finite coverings of X by elements of B.

If X is a topological space and Y is a uniform space, a collection F
of continuous functions f : X → Y is called equicontinuous if and only
if for every point x ∈ X and every uniform covering C of Y , there is an
open neighborhood U of x such that f(U) is contained in some element of
C for every f ∈ F (using Axiom (C2)(b), this definition is easily seen to be
equivalent to the one in [46, p.366]). In this definition, it suffices to consider
a base of uniform coverings for Y .

If X is a topological space and Y is a compact uniform space, then a
collection F of continuous functions f : X → Y is equicontinuous if and
only if for every point x ∈ X and every finite covering C of Y by open sets
belonging to some base for the topology on Y , there is an open neighborhood
U of x such that f(U) is contained in some element of C for every f ∈ F .

A.9.2. The entourage point of view. The definition of a uniform
structure in terms of entourages (taken from Bourbaki [22]) is as follows.

Definition A.15. A uniform structure U on a set X is a collection of
subsets V of X ×X, called entourages, which form a filter and satisfy the
following additional axioms:

(E1) Each V ∈ U contains the diagonal in X ×X.
(E2) If V ∈ U then V ′ := {(x, y) ∈ X ×X | (y, x) ∈ V } ∈ U .
(E3) If V ∈ U , then there exists W ∈ U such that W ◦W ⊂ V , where

W ◦W := {(x, y) ∈ X ×X | ∃ z ∈ X with (x, z) ∈W and (z, y) ∈W} .

A uniform space is a set X together with a uniform structure on X.
Every metric space has a canonical uniform structure generated by the

entourages Vε = {x, y ∈ X | d(x, y) < ε} for ε > 0, and every uniform space
is a topological space by declaring that the open neighborhoods of a point
x ∈ X are the sets of the form U [x] := {y ∈ X |(x, y) ∈ U} for U ∈ U .

The definitions of a uniform structure in terms of uniform covers or
entourages are equivalent. The connection between the two definitions is
as follows. Given a uniform space (X,U) in the entourage sense, define a
covering C of X to be a uniform cover if there exists an entourage U ∈ U
such that for each x ∈ X, there is a V ∈ C with U [x] ⊆ V . Conversely, given
a uniform space (X, C) in the uniform cover sense, define the entourages to
be the supersets of

⋃
V ∈C V × V as C ranges over the uniform covers of X.
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These two procedures are inverse to one another, and furnish an equivalence
between the two notions of uniform space.

A.10. Newton Polygons

In this section we present selected facts from the theory of power series
over a complete, algebraically closed nonarchimedean field K. See ([1], [21],
[69]) for further discussion.

Fix a number qv > 1, and write logv(t) for the logarithm to the base
qv. Let |z| be the absolute value on K, and let ordv(z) = − logv(|z|) be the
corresponding valuation.

We first recall the theory of Newton polygons. Given a nonzero power
series f(T ) =

∑∞
n=0 anT

n ∈ K[[T ]], the Newton polygon of f is defined to
be the lower convex hull of the collection of points {(k, ordv(ak))}k≥0 in R2.
If am is the first nonzero coefficient, the Newton polygon is deemed to have
an initial side above (m, ordv(am)) with slope −∞ and projection on the x-
axis of length m. If f(T ) is a polynomial of degree N , the Newton polygon
is viewed as having a terminal side beginning at (N, ordv(aN )), with slope
∞ and projection on the x-axis of infinite length.

The radius of convergence of f(T ) is the number

R = sup{0 ≤ r ∈ R : lim
n→∞

(|an|rn) = 0} .

Clearly R ≥ 0; we will only be interested in power series for which R > 0.
In that case, f(T ) has either D(0, R)− or D(0, R) as its disc of con-

vergence, the set of all z ∈ K for which f(z) converges. If R ∈ |K×|, it
converges on D(0, R) if and only if limn→∞(|an|Rn) = 0. If R = ∞ (for
instance, if f(T ) is a polynomial), we take D(0,∞) = K. If ϕ(T ) ∈ K(T )
is a rational function defined at T = 0, and f(T ) is the Taylor expansion
of ϕ(T ) about 0, then R is the minimum of the absolute values of the poles
of ϕ(T ), and f(T ) has disc of convergence D(0, R)−. If α is any point in
the disc of convergence, then f(T ) can be rearranged as a power series in
K[[T − α]], with the same radius and disc of convergence.

The Newton polygon of f may either have infinitely many sides, each of
which has slope less than logv(R), or it may have finitely many sides and
a terminal ray of slope logv(R). If f converges on D(0, R) and R ∈ |K×|,
then its Newton polygon has a terminal side with slope logv(R), and finitely
many points (n, ordv(an)) lie on it. In that case, if (N, ordv(aN )) is the
rightmost point lying on the terminal side, the segment ending at that point
is considered to be the final side of finite length, and the terminal ray is
deemed to begin at that point. The Newton polygon determines the absolute
values of the roots of f :

Proposition A.16. Let K be a complete, algebraically closed nonar-
chimedean field, and let f(T ) ∈ K[[T ]] be a power series with radius of
convergence R > 0.
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Then the absolute values of the roots of f(T ) in its disc of convergence
are determined by the sides of the Newton polygon having finite projection
on the x-axis, and if there is a side with slope m and finite projection length
`, then f(T ) has exactly ` roots β for which logv(|β|) = m.

Proof. First suppose f(T ) is a monic polynomial of degree N ≥ 1, and
let β1, · · · , βN ∈ K be its roots, listed with multiplicities. We can assume
they are ordered in such a way that

|β1| = · · · = |β`1 | < |β`1+1| = · · · = |β`1+`2 | < · · ·
< |β`1+···+`n−1+1| = · · · = |β`1+···+`n | .

Let SN−k(x1, . . . , xN ) be the (N − k)th symmetric polynomial. Then ak =
±SN−k(β1, . . . , βN ) for k = 0, · · · , N − 1, and aN = 1. By the ultrametric
inequality, we have |ak| ≤

∏N
i=k+1 |βi|, and equality holds if k = 0 or k =

`1+· · · `j for some j, since in that situation there is a unique term of maximal
absolute value in the sum defining SN−k. It follows that the Newton polygon
has vertices at the points (ak, ordv(ak)) for which

k ∈ {0, `1, `1 + `2, . . . , `1 + · · ·+ `n = N} ,

and the segment between the vertices corresponding to k = `1 + · · · `j−1

and k = `1 + · · · `j has slope mj = logv(|β`1+···`j |) (we take `0 = 0). This
segment has projection length `j , and f(T ) has exactly `j roots β for which
logv(β) = mj .

Multiplying a polynomial by a nonzero constant C shifts its Newton
polygon vertically by logv(|C|), so the proposition holds for arbitrary poly-
nomials.

Finally, if f(T ) is a power series, and 0 < r ≤ R is a number belonging to
|K×| such that f(T ) converges in D(0, r), then the Weierstrass Preparation
Theorem ([21], Theorem 1, p.201) shows that f(T ) has a factorization

f(T ) = F (T ) · u(T )

where F (T ) ∈ K[T ] is a polynomial whose roots all belong to D(0, r), and
u(T ) = 1 +

∑∞
k=1 ckT

k is a power series having no roots in D(0, r), such
that |ck|rk < 1 for each k ≥ 1. (Such a power series is called a unit power
series for D(0, r), because it is a unit in the ring of power series converging
on D(0, r)). If deg(F ) = N , an easy computation using the ultrametric
inequality shows that the part of the Newton polygon of f in the half-plane
x ≤ N coincides with the Newton polygon of F , and that each vertex of the
Newton polygon of f in the half-plane x > N lies above the ray beginning at
(N, ordv(aN )) with slope logv(r). Hence the proposition holds in general. �

The next result describes the image of a disc under a mapping defined
by a power series.

Corollary A.17. Let f(T ) =
∑∞

k=0 akT
k ∈ K[[T ]] be a nonconstant

power series with radius R > 0. Given 0 < r < R, put s = supk≥1(|ak|rk).
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Then
f(D(0, r)) = D(a0, s) , f(D(0, r)−) = D(a0, s)− .

Furthermore, there is an r0 with 0 < r0 ≤ R, such that for each 0 < r ≤ r0,
(A) If a1 6= 0, then

f(D(0, r)) = D(a0, |a1|r) , f(D(0, r)−) = D(a0, |a1|r)− .
(B) If a1 = 0, and m ≥ 2 is the least index such that am 6= 0, then

f(D(0, r)) = D(a0, |am|rm) , f(D(0, r)−) = D(a0, |am|rm)− .

Proof. It suffices to deal with the case of a closed disc, since each open
disc D(0, r)− is the union of the discs D(0, t) with t < r. Without loss, we
can also assume that a0 = 0.

Since f(T ) is nonconstant, s := supk≥1(|ak|rk) > 0. As r < R, we have
limk→∞ |ak|rk = 0, and there is an index k for which s = |ak|rk; let ` be
the largest such index. Then the Newton polygon of f(T ) lies on or above
the line through (`, ordv(a`)) with slope logv(r), and (`, ordv(a`)) is the last
vertex on that line.

By the ultrametric inequality, for each z ∈ D(0, r) we have f(z) ∈
D(0, s). Conversely, if w ∈ D(0, R), set

fw(T ) = f(T )− w .

Since |w| ≤ s = |b`|r`, the Newton polygon of fw(T ) lies on or above the
line through (`, ordv(a`)) with slope logv(r), and for x ≥ ` it coincides with
the Newton polygon of f(T ). Hence the Newton polygon of fw(T ) has a
segment with slope at most logv(r), of finite projection length on the x-axis.
By Proposition A.16, fw(T ) has a root β ∈ D(0, r).

We next prove (A). If the Newton polygon of f(T ) has a side with finite
length beginning at (1, ordv(a1)), choose r0 so that logv(r0) is less than the
slope of that side. If there is no such side, then the Newton polygon has a
terminal ray beginning at (1, ordv(a1)) with slope logv(R). In this case, let
r0 be any number with 0 < r0 < R. Suppose 0 < r ≤ r0. By construction
maxk≥2(|ak|rk) < |a1|r, so s = |a1|r.

The proof of (B) is similar. �

If ϕ(T ) ∈ K(T ) is a nonconstant rational function, then by expanding
ϕ(T ) as a power series, we obtain

Corollary A.18. Let ϕ(T ) ∈ K(T ) have degree N ≥ 1. Write ϕ(T ) =
P (T )/Q(T ), where P (T ) and Q(T ) are coprime polynomials. Assume ϕ has
no poles in the disc D(α, r), and write

P (T ) = b0 + b1(T − α) + · · ·+ bN (T − α)N ,

Q(T ) = c0 + c1(T − α) + · · ·+ cN (T − α)N .

Put s = (max1≤k≤N |bk|rk)/|c0|. Then

(A.5) ϕ(D(α, r)) = D(ϕ(α), s) , ϕ(D(α, r)−) = D(ϕ(α), s)− .
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Proof. Without loss we can assume that c0 = 1 and α = 0. In this
situation u(T ) := 1/Q(T ) can be expanded as a unit power series for the
disc D(0, r). Write

f(T ) = P (T ) · u(T ) =
∞∑
k=0

akT
k ∈ K[[T ]] .

Put S = supk≥1 |ak|rk; an easy computation with the ultrametric inequality
shows that S = max1≤k≤N |bk|rk = s. The result now follows from Corollary
A.17. �

Applying the theory of Newton polygons in reverse, we have

Corollary A.19. Let g(T ) ∈ K[T ] be a polynomial. Suppose g(T ) has
no zeros in a disc D(a, r). Take z ∈ D(a, r). Then |g(z) − g(a)| < |g(a)|,
and |g(z)| = |g(a)|.

Proof. Write g(T ) = b0 +b1(T−a)+ · · ·+bN (T−a)N , where b0 = g(a).
Since g(T ) has no zeros in D(a, r), each segment of its Newton polygon
has slope greater than logv(r). This means that for each k ≥ 1, the
point (k, ordv(bk)) lies strictly above the line through (0, ordv(b0)) with
slope logv(r). Hence, for each z ∈ D(a, r), and each k ≥ 1, we have
|bk(z − a)k| < |b0|. By the ultrametric inequality, |g(z) − b0| < |b0| and
|g(z)| = |b0|. �

When char(K) = 0, there is a nonarchimedean version of Rolle’s theo-
rem. Our exposition follows ([69], p.316), where the proof is given in the
case K = Cp.

Given f(T ) =
∑∞

k=0 akT
k ∈ K[[T ]], let f ′(T ) =

∑∞
k=0 kakT

k−1 be its
formal derivative. It is easy to see that if f(T ) converges on a disc D(0, r)−,
then f ′(T ) converges on that disc as well.

Proposition A.20 (Nonarchimedean Rolle’s Theorem).
Let K be a complete, algebraically closed nonarchimedean field of char-

acteristic 0. Let K̃ be the residue field of K. If char(K̃) = 0, put ρK = 1; if
char(K̃) = p > 0, put ρK = |p|1/(p−1) < 1.

Suppose f(T ) =
∑∞

k=0 akT
k ∈ K[[T ]] converges on a disc D(0, r)−. If

f(T ) has two or more roots in D(0, ρKr)−, then f ′(T ) has at least one root
in D(0, r)−.

Remark A.21. The hypothesis that char(K) = 0 is needed so that
ρK > 0 when char(K̃) = p > 0.

Proof. If f(T ) has a multiple root α ∈ D(0, ρKr)−, then trivially α is
a root of f ′(T ) in D(0, r)− and we are done.

Otherwise, let α 6= β be roots of f(T ) in D(0, ρKr)−, chosen in such a
way that |β − α| is minimal among all such pairs of roots. After expanding
f(T ) about α, we can assume that α = 0 and a0 = 0. We also have a1 6= 0,
since α is not a multiple root.
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Since β 6= 0 is a root of f(T ) with least positive absolute value, the
Newton polygon of f(T ) has a segment of slope logv(|β|) beginning at
(1, ordv(a1)) with finite projection length on the x-axis. Let (n, ordv(an))
be the right endpoint of that segment.

If char(K̃) = 0, then ordv(k) = 0 for each integer k ≥ 1, and the
Newton polygon of f ′(T ) is gotten by translating the Newton polygon of
f(T ) left by one unit. Trivially the Newton polygon of f ′(T ) has a segment
of slope logv(|β|) < logv(r) with finite projection length on the x-axis, so by
Proposition A.16, f ′(T ) has a root in D(0, ρKr)− = D(0, r)−.

If char(K̃) = p > 0, note that (ordv(an)− ordv(a1))/(n− 1) = logv(|β|),
so ∣∣∣∣a1

an

∣∣∣∣ = |β|n−1 < (ρKr)n−1 .

Write n = pνm, where m is coprime to p. If ν = 0, trivially (n−1)/(p−1) ≥
ν. If ν ≥ 1, then

n− 1
p− 1

=
pνm− 1
p− 1

≥ pν − 1
p− 1

= pν−1 + · · ·+ p+ 1 ≥ ν .

In either case ρn−1
K = |p |(n−1)/(p−1) ≤ |pν | = |n|, so∣∣∣∣ a1

nan

∣∣∣∣ < rn−1 .

Hence the line segment between the points (0, ordv(a1)), (n− 1, ordv(nan)),
has slope m < logv(r). This segment lies on or above the Newton polygon
of f ′(T ), and (0, ordv(a1)) is the leftmost vertex of that Newton polygon,
so the leftmost side of the Newton polygon has slope m1 ≤ m < logv(r).
Since the radius of convergence of f ′(T ) is at least r, the leftmost side must
have finite projection length on the x-axis. By Proposition A.16, f ′(T ) has
a root in D(0, r)−. �





APPENDIX B

R-trees and Gromov hyperbolicity

In this appendix, we present a self-contained discussion of R-trees, in-
cluding the connection with Gromov 0-hyperbolicity. Our main purpose is to
provide a rigorous foundation for some of the topological properties of P1

Berk
which we use throughout this book. A secondary goal is to illustrate the
central role played in the theory of R-trees by the Gromov product, which
is closely related to the generalized Hsia kernel (the fundamental potential
kernel on P1

Berk).
Although most of the results here are known, our presentation of this

material is not completely standard. However, we have been influenced by
([61, §2.2]), ([23, Chapter III.H]), ([29, Chapter 2]), and ([36, Chapter 3]).

B.1. Definitions

A geodesic segment in a metric space (X, d) is the image |α| = α([a, b])
of an isometric embedding α : [a, b] → X of a (possibly degenerate) real
interval [a, b] into X. We say that α is a geodesic from x to y, or that α
joins x and y, if α(a) = x and α(b) = y. The points x and y are called the
endpoints of α. By abuse of terminology, we sometimes identify a geodesic
segment |α| with the parametrizing map α.

An arc (or path1) from x to y is a continuous injective map f : [a, b]→ X
with f(a) = x and f(b) = y. Again, we will sometimes identify an arc f
with its image in X. The metric space X is called arcwise connected if every
two points can be joined by an arc, and uniquely arcwise connected if there
is a unique arc between every two points.

A geodesic space is a metric space X in which any two points x, y can
be joined by a geodesic segment. In general, there could be many different
geodesic segments joining two given points of X.

An R-tree is a metric space (X, d) such that for any two points x, y ∈ X,
there is a unique arc from x to y, and this arc is a geodesic segment. We
will denote this geodesic segment by [x, y].

A rooted R-tree is a triple (X, d, ζ) consisting of an R-tree (X, d) together
with the choice of a reference point ζ ∈ X called the root.

A point x in an R-tree X is said to be ordinary if the complement X\{x}
has two connected components. A point which is not ordinary will be called

1We use the terms arc and path interchangeably in this monograph, although in
standard usage the two concepts are not the same. Similarly, we will use the terms
“arcwise connected” and “path-connected” interchangeably.
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a branch point of X. If X\{x} has just one connected component, the branch
point x is also called an endpoint of X. A finite R-tree is an R-tree which is
compact and has only finitely many branch points.

B.2. An equivalent definition of R-tree

Recall that we defined an R-tree to be a metric space X such that for
any two points x, y ∈ X, there is a unique arc from x to y, and this arc is a
geodesic segment. Our goal in this section is to prove:

Proposition B.1. A metric space X is an R-tree if and only if:
(A) For any points x, y ∈ X, there is a unique geodesic segment [x, y]

joining x and y.
(B) For any points x, y, z ∈ X, if [x, y] ∩ [y, z] = {y}, then [x, z] =

[x, y] ∪ [y, z].

Before beginning the proof, we note the following simple facts:

Lemma B.2. If X is a metric space satisfying conditions (A) and (B) of
Proposition B.1, then for any x, y, z ∈ X, we have [x, z] ⊆ [x, y] ∪ [y, z].

Proof. Given x, y, z ∈ X, let v be the first point where [x, y] and [z, y]
intersect; more formally, if [x, y] = α([a, b]) and [z, y] = β([a′, b′]), then let
v = α(c) = β(c′), where

c = inf{d ∈ [a, b] : α(d) ∈ |β|} , c′ = inf{d′ ∈ [a′, b′] : β(d′) ∈ |α|} .
Then [x, v] = α([a, c]) ⊆ [x, y] and [v, z] = β([a′, c′]) ⊆ [y, z], and we have
[x, v] ∩ [v, z] = {v}. Thus [x, z] = [x, v] ∪ [v, z] ⊆ [x, y] ∪ [y, z]. �

Corollary B.3. If X is a metric space satisfying conditions (a) and
(b) of Proposition B.1, then for any points x0, x1, . . . , xn ∈ X we have

[x0, xn] ⊆
n⋃
i=1

[xi−1, xi] .

Proof. This follows from the lemma, together with induction on n. �

We can now prove Proposition B.1:

Proof of Proposition B.1. (c.f. [29], Lemma 2.1, Proposition 2.3).
It is easily verified that an R-tree, as we have defined it, satisfies condi-

tions (A) and (B) of the proposition. So it suffices to prove that a metric
space satisfying (A) and (B) is an R-tree. Let X be such a metric space,
let x, y ∈ X, and let f : [a, b] → X be an arc from x to y. If [x, y] denotes
the unique geodesic segment from x to y and |f | denotes the image of f ,
we claim that [x, y] ⊆ |f |. Given this claim, the result follows, since then
f−1([x, y]) is a connected subset of [a, b] containing a and b, so is equal to
[a, b], and thus |f | = [x, y].

To prove the claim, note that |f | is a compact (hence closed) subset of
X, so it suffices to prove that every point of [x, y] is within distance ε of |f |
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for every ε > 0. Given ε > 0, the collection {f−1(B(x, ε/2)) : x ∈ |f |} is an
open covering of the compact space [a, b], so by Lebesgue’s covering lemma,
there exists δ > 0 such that any subset of [a, b] of diameter less than δ is
contained in some element of this cover. Choose a partition a = t0 < · · · <
tn = b of [a, b] so that ti − ti−1 < δ for all i. Then f([ti−1, ti]) ⊆ B(xi, ε)
for some xi ∈ |f |, and in particular d(f(ti−1), f(ti)) < ε for i = 1, . . . , n.
The triangle inequality then implies that [f(ti−1), f(ti)] ⊆ B(xi, ε) for i =
1, . . . , n. The claim now follows from Corollary B.3. �

B.3. Geodesic triangles

Let X be an R-tree. For every x, y, z ∈ X, let ∆ = ∆xyz ⊆ X be the
union of the three geodesic segments joining these three points:

∆ = [x, y] ∪ [y, z] ∪ [x, z] .

The proof of Lemma B.2 shows that ∆ is a tripod, i.e., a finite R-tree con-
sisting of three (possibly degenerate) edges joined at a common vertex v.
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Figure 1. A non-degenerate tripod with vertices x, y, z and
center v.

Moreover, x, y, and z are the endpoints of the tripod. The point v of
the tripod where the three edges meet is called the center; it is defined by
the condition that

v = [x, y] ∩ [y, z] ∩ [x, z] .

Note that [x, y] ∩ [y, z] = {y} if and only if y = v.

Following Gromov, we now establish a partial converse to the observa-
tion that every triangle in an R-tree is a tripod, thereby obtaining a useful
characterization of R-trees.

Let X be a geodesic space. A geodesic triangle in X consists of a set
{x, y, z} of points of X (the “vertices” of the triangle), together with geo-
desic segments |αxy|, |αyz|, |αxz| (the “edges” of the triangle) joining these
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points pairwise. We usually identify a geodesic triangle with the underlying
subspace ∆ = ∆xyz of X given by

∆ = |αxy| ∪ |αyz| ∪ |αxz| ,
and call x, y, z the vertices of ∆. For example, a tripod T is a geodesic
triangle whose vertices are the endpoints of T .

If ∆i is a geodesic triangle in the metric space Xi for i = 1, 2, a simplicial
map f : ∆1 → ∆2 is a continuous map taking vertices of ∆1 to vertices of
∆2 and edges of ∆1 to edges of ∆2.

Definition B.4. A geodesic space X is called strongly hyperbolic if every
geodesic triangle ∆ in X is isometric to a tripod T∆ via a bijective simplicial
map χ∆ : ∆→ T∆.

Proposition B.5. A geodesic space X is strongly hyperbolic if and only
if it is an R-tree.

Proof. We have already seen that an R-tree is strongly hyperbolic.
For the converse, we need to show that if X is strongly hyperbolic, then (A)
there is a unique geodesic segment [x, y] joining any two given points x and
y, and (B) if [x, y] ∩ [y, z] = {y} then [x, z] = [x, y] ∪ [y, z].

Suppose α, β : [a, b] → X are geodesic segments joining x and y. Take
any point z ∈ |α|, let c = α−1(z) ∈ [a, b], and consider the geodesic triangle
∆ with vertices x, y, z formed by the geodesic segments α1 = α|[a,c], α2 =
α|[c,b], and β. (So x, y, z correspond to a, b, c, respectively.) Choose an
isometry χ : ∆ → T∆ to a tripod T∆, and let dT denote the metric on T∆.
Let v be the point of X mapping to the center of the tripod T∆. If `(γ)
denotes the length of a geodesic segment γ, then we have

`(α) = `(α1) + `(α2) = dT (χ(x), χ(z)) + dT (χ(z), χ(y))
≥ dT (χ(x), χ(y)) = `(β) ,

with equality if and only if χ(z) = χ(v), i.e., if and only if z = v. Since
`(α) = `(β), it follows that z = v. But then z ∈ |β|, and since z was
arbitrary, it follows that |α| ⊆ |β|. By symmetry, we see that |α| = |β|,
which proves (A).

For (B), it suffices to note that if [x, y]∩[y, z] = {y}, then the center of the
(degenerate) tripod ∆xyz must be y, and therefore [x, z] = [x, y]∪ [y, z]. �

It is sometimes useful to think of strong hyperbolicity in terms of quadri-
laterals rather than triangles. If X is a geodesic space, x1, . . . , x4 ∈ X, and
αij is a geodesic segment joining xi and xj for each unordered pair (i, j)
with i 6= j, we call the union of the segments αij a geodesic quadrilateral
with vertices xi. Thus a geodesic quadrilateral has four vertices and six sides
(“four sides plus two diagonals”).

There is also an obvious 4-endpoint analogue of a tripod, which we call
a quadripod: it is a finite R-tree obtained by gluing two tripods along a
common edge:



B.4. THE GROMOV PRODUCT 323

s

s

s

s

...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
...........
.........

..........................................................................................................................................................................................................................

..........................................................................................................................................................................................................................

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
...........

...........
.........

Figure 2. A non-degenerate quadripod.

Lemma B.6. A geodesic space X is strongly hyperbolic if and only if ev-
ery geodesic quadrilateral Q in X is isometric to a quadripod via a simplicial
isometry.

Proof. The “if” direction is clear. For the reverse implication, suppose
X is strongly hyperbolic. By Proposition B.5, there is a unique geodesic
segment joining any two points of X. For any points x, y, z, w ∈ X, let ∆xyz

be the geodesic triangle corresponding to x, y, z, and choose an isometry
χxyz : ∆xyz → Txyz to a tripod Txyz. Let v be the point of X mapping
to the center of Txyz, and choose an isometry χxvw : ∆xvw → Txvw. By
Proposition B.5, there is a unique arc between x and v, and thus the point
v′ ∈ X mapping to the center of Txvw must belong to [v, x]. It follows easily
that the isometries χxyz and χxvw can be “glued” to give an isometry from
the geodesic quadrilateral with vertices x, y, z, w to a quadripod. �

B.4. The Gromov product

Let (X, d) be a metric space, and for x, y, z ∈ X, define the Gromov
product (x|y)z of x and y relative to z by the formula

(B.1) (x|y)z =
1
2

(d(x, z) + d(y, z)− d(x, y)) .

As motivation for this definition, note that if (T, dT ) is a tripod with
vertices x, y, z and center v, then dT (x, v) = (y|z)x, dT (y, v) = (x|z)y, and
dT (z, v) = (x|y)z.

Remark B.7. The Gromov product has the following “physical” inter-
pretation. If we think of a tripod T as a (purely resistive) electric circuit
with resistances given by the lengths of the edges, then the Gromov product
(x|y)z is the potential at y when one unit of current enters the circuit at x
and exits at z (with reference voltage 0 at z).
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Figure 3. The Gromov product on a tripod.

Definition B.8. A metric space X is called 0-hyperbolic (in the sense
of Gromov) if for every x, y, z, w ∈ X, we have

(B.2) (x|y)w ≥ min{(x|z)w, (y|z)w} .

In other words, X is 0-hyperbolic if and only if for any w ∈ X and any
real number q > 1, the function dw : X ×X → R≥0 given by

dw(x, y) = q−(x|y)w

satisfies the ultrametric inequality

dw(x, z) ≤ max{dw(x, y), dw(y, z)} .

Remark B.9. More generally, if δ ≥ 0 is a real number, a metric space
X is called δ-hyperbolic if for every x, y, z, w ∈ X, we have

(B.3) (x|y)w ≥ min{(x|z)w, (y|z)w} − δ ,

and X is called Gromov hyperbolic if it is δ-hyperbolic for some δ. See ([23])
for a detailed discussion of Gromov hyperbolicity, including a number of
equivalent definitions.

Fix a base point ζ in the metric space X. X is called 0-hyperbolic relative
to ζ if for every x, y, z ∈ X, we have

(B.4) (x|y)ζ ≥ min{(x|z)ζ , (y|z)ζ} .

By definition, X is 0-hyperbolic if and only if it is 0-hyperbolic relative
to ζ for all ζ ∈ X. We now prove the a priori stronger fact that X is
0-hyperbolic if and only if it is 0-hyperbolic relative to ζ for some ζ ∈ X.
First, we need the following lemma.

Lemma B.10. The metric space X is 0-hyperbolic with respect to the
basepoint ζ ∈ X if and only if for any points x, y, z, w ∈ X, we have

(B.5) (x|y)ζ + (z|w)ζ ≥ min{(x|z)ζ + (y|w)ζ , (x|w)ζ + (y|z)ζ} .
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Proof. If (B.5) holds, then since (z|ζ)ζ = 0, taking w = ζ shows that
X is 0-hyperbolic with respect to ζ.

Conversely, suppose X is 0-hyperbolic with respect to ζ. The desired
inequality (B.5) is symmetric with respect to x and y, and with respect to
w and z. Let

M = max{(x|z)ζ , (x|w)ζ , (y|z)ζ , (y|w)ζ} .
If M = (x|w)ζ , interchange the roles of w and z. If M = (y|z)ζ , interchange
the roles of x and y. If M = (y|w)ζ , interchange the roles both of x and y
and of w and z. In this way, we may assume without loss of generality that
M = (x|z)ζ .

By 0-hyperbolicity, we have

(x|y)ζ ≥ min{(x|z)ζ , (y|z)ζ} = (y|z)ζ
and

(z|w)ζ ≥ min{(x|z)ζ , (x|w)ζ} = (x|w)ζ .
Thus

(x|y)ζ + (z|w)ζ ≥ (x|w)ζ + (y|z)ζ ,
which proves (B.5). �

For points x, y, z, w ∈ X, define their “cross ratio” relative to ζ to be

(x; y; z;w)ζ = (x|y)ζ + (z|w)ζ − (x|z)ζ − (y|w)ζ .

Lemma B.11. The cross ratio (x; y; z;w)ζ is independent of ζ.

Proof. This is a direct calculation using the definition of the Gromov
product; indeed

(x; y; z;w)ζ =
1
2

(
d(x, z) + d(y, w)− d(x, y)− d(z, w)

)
.

�

By Lemma B.11, we may write (x; y; z;w) instead of (x; y; z;w)ζ . As a
consequence of Lemmas B.11 and B.10, we obtain:

Corollary B.12. If a metric space X is 0-hyperbolic with respect to
some basepoint ζ ∈ X, then it is 0-hyperbolic with respect to every basepoint
ζ ∈ X (i.e., it is 0-hyperbolic).

Proof. By Lemma B.10, X is 0-hyperbolic with respect to ζ if and only
if

(B.6) min{(x; y; z;w)ζ , (x; y;w; z)ζ} ≥ 0 .

But by Lemma B.11, condition (B.6) is independent of ζ. �

Consequently, X is 0-hyperbolic if and only if there are a point ζ ∈ X
and a real number q > 1 for which the function dζ : X ×X → R≥0 given by

dζ(x, y) = q−(x|y)ζ

satisfies the ultrametric inequality.
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We now come to the main result of this section, which says that a geo-
desic space is an R-tree if and only if it is 0-hyperbolic. The proof we give
is adapted from ([61, §2.2]) (see also [23, Chapter III.H]). Before giving the
proof, we note the following easily verified facts. If ∆ is a geodesic triangle
in a metric space X, there is (up to isomorphism) a unique pair (T∆, χ∆)
consisting of a tripod T∆ and a surjective simplicial map χ∆ : ∆ → T∆

whose restriction to each edge of ∆ is an isometry. Moreover, χ∆ is an
isometry if and only if χ∆ is injective.

Proposition B.13. If X is a geodesic space, then the following are
equivalent:

(A) X is strongly hyperbolic;
(B) X is 0-hyperbolic;
(C) X is an R-tree.

Proof. In view of Proposition B.5, it suffices to prove (A) ⇔ (B).
Suppose X is strongly hyperbolic, and let Q be any geodesic quadrilateral
with vertices x, y, z, w. Since Q is isometric to a quadripod, it suffices to
note upon inspection that a quadripod is 0-hyperbolic.

Conversely, suppose X is 0-hyperbolic. Let ∆ be a geodesic triangle
in X with vertices x, y, z, and let χ = χ∆ : ∆ → T∆ be the canonical
piecewise isometry to the tripod T∆. Suppose w,w′ ∈ ∆ are points for
which χ(w) = χ(w′). Without loss of generality, we can assume that w ∈ xy
and w′ ∈ xz, where xy (resp. xz) denotes the edge of ∆ connecting x and
y (resp. x and z). Since χ(w) = χ(w′), we have d(x,w) = d(x,w′) = r for
some real number r ≥ 0. Let v be the center of T∆; since χ(w) = χ(w′)
is situated between χ(x) and v, and since d(χ(x), v) = (y|z)x, we have
(y|z)x ≥ r. Also, we have (w|y)x = (w′|z)x = r. As X is 0-hyperbolic, we
see that

(w|w′)x ≥ min{(w|y)x, (y|w′)x} ≥ min{(w|y)x, (y|z)x, (z|w′)x} ≥ r .

On the other hand, by the definition of the Gromov product we have

(w|w′)x = r − 1
2
d(w,w′) ,

from which we obtain d(w,w′) ≤ 0. It follows that w = w′, and therefore χ
is injective. As previously noted, this implies that χ is an isometry. �

B.5. R-trees and partial orders

Let (T,≤) be a partially ordered set (poset) satisfying the following two
axioms:

(P1) T has a unique maximal element ζ, called the root of T .
(P2) For each x ∈ T , the set Sx = {z ∈ T : z ≥ x} is totally ordered.
We say that T is a parametrized rooted tree if there is a function α : T →

R≥0 with values in the nonnegative reals such that:
(P3) α(ζ) = 0.
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(P4) α is order-reversing, in the sense that x ≤ y implies α(x) ≥ α(y).
(P5) The restriction of α to any full totally ordered subset of T gives a

bijection onto a real interval.
(A totally ordered subset S of T is called full if x, y ∈ S, z ∈ T , and
x ≤ z ≤ y implies z ∈ S.)

Although inspired by it, this definition differs slightly from the one given
in ([36, Chapter 3]).

Given two elements x and y of a parametrized rooted tree T , one can
use the parametrization α to define the least upper bound x ∨ y of x and y.
Indeed, since the set Sx = {z ∈ T : z ≥ x} is full and totally ordered, axiom
(P5) provides a bijection from Sx to a real interval [0, Rx]. The intersection
of Sx and Sy = {z ∈ T : z ≥ y} contains the root ζ, so it is a non-empty
subset of Sx. Now define x ∨ y to be the unique point belonging to

Sx ∩ α−1

(
sup

z∈Sx∩Sy
α(z)

)
.

It is straightforward to show that x ≤ x ∨ y, y ≤ x ∨ y, and that if z ∈ T is
any point with x ≤ z and y ≤ z, then x ∨ y ≤ z.

We now describe a one-to-one correspondence between rooted R-trees
and parametrized rooted trees.

Given a rooted R-tree (T, d, ζ), one defines a partial order on T by
declaring that x ≤ y iff y belongs to the unique geodesic segment [x, ζ]
between x and ζ, and a parametrization α on T by setting α(x) = d(x, ζ).
It is easy to check that the resulting structure satisfies the axioms (P1)-(P5)
for a parametrized rooted tree.

Conversely, given a parametrized rooted tree (T,≤) with root ζ and
parametrization α, define a distance function d on T by

d(x, y) = α(x) + α(y)− 2α(x ∨ y) .

It is easy to check that d defines a metric on T , and that there exists a
geodesic segment joining any two points x, y ∈ T , namely the concatenation
of the segments σx = {z : x ≤ z ≤ x ∨ y} and σy = {z : y ≤ z ≤ x ∨ y}.

Proposition B.14. (T, d) is an R-tree.

Proof. First note that the Gromov product on (T, d) with respect to
ζ satisfies the identity

(x|y)ζ = α(x ∨ y) .
We claim that T is 0-hyperbolic with respect to ζ. This is equivalent to the
assertion that for every x, y, z ∈ T , we have

(B.7) α(x ∨ y) ≥ min{α(x ∨ z), α(y ∨ z)}.
By axiom (P2), the set {x ∨ y, x ∨ z, y ∨ z} is totally ordered. Since

(B.7) is symmetric in x and y, we may assume without loss of generality
that y ∨ z ≤ x ∨ z. But then

x ∨ y ≤ (x ∨ y) ∨ z = x ∨ (y ∨ z) ≤ x ∨ (x ∨ z) = x ∨ z .
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Since α is order-reversing, it follows that α(x ∨ y) ≥ α(x ∨ z) and that
α(y ∨ z) ≥ α(x ∨ z), proving (B.7), and thus that T is 0-hyperbolic with
respect to ζ. By Corollary B.12, T is 0-hyperbolic. The result now follows
from Proposition B.13. �

One verifies easily that the maps we have just defined

{rooted R-trees} � {parametrized rooted trees}
are inverse to one another, and therefore there is an equivalence between
the notion of a rooted R-tree and that of a parametrized rooted tree.

B.6. The weak and strong topologies

In this section, we mostly follow the exposition of ([36, Chapter 5]).
Let (X, d) be an R-tree. The strong topology on X is defined to be the

topology induced by the metric d. There is another natural and very useful
topology on X, called the weak topology. In order to define it, we need some
preliminary definitions.

Let p ∈ X. We define an equivalence relation on X\{p} by declaring
that x ∼ y if and only if the unique geodesic segments from p to x and p to
y share a common initial segment. An equivalence class is called a tangent
vector at p, and the set of tangent vectors at p is called the (projectivized)
tangent space of p, denoted Tp(X). A point x in the equivalence class ~v is
said to represent the tangent vector ~v.

If ~v ∈ Tp(X) is a tangent vector at a point p ∈ X, define

Bp(~v)− = {x ∈ X\{p} : x represents ~v} .
By definition, the weak topology is the topology generated by all sets of
the form Bp(~v)− (i.e., such sets form a sub-base of open sets for the weak
topology).

In ([31]), the weak topology is called the observer’s topology, since one
can think of Bp(~v)− as the set of all points which can be seen by an observer
standing at p and looking in the direction ~v. A fundamental system of open
neighborhoods of a point p ∈ X is given by sets of the form

(B.8) Bq1(~v1)− ∩ · · · ∩ Bqk(~vk)−

with p ∈ Bqi(~vi)− for all i. A set of the form (B.8) can be thought of as the
set of all points which can simultaneously be seen by k observers situated
at points of X\{p} and looking in the direction of p.

It is easy to see that the weak topology on a metric tree is always Haus-
dorff. As the names suggest, there is a relation between the weak and strong
topologies. The following lemma and its proof are taken from ([36, Proposi-
tion 5.5]). In the statement, we write Xstrong for X endowed with the strong
topology and Xweak for X endowed with the weak topology.

Lemma B.15. The strong topology on an R-tree (X, d) is stronger (i.e,
finer) than the weak topology. Equivalently, the natural map ψ : Xstrong →
Xweak which is the identity on the underlying sets is continuous.
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Proof. Let xn be a sequence in X which converges in the strong topol-
ogy to x. Consider X as a rooted tree with x as the root, and let ≤ be
the corresponding partial order. If xn 6→ x in the weak topology, then
there must be a point y < x such that xn ≤ y for infinitely many n. But
d(xn, x) ≥ d(y, x) for such n, a contradiction. �

There is also a relationship between connectedness in the strong and
weak topologies. The following lemma and its proof are taken from ([31,
Proposition 1.7]).

Lemma B.16. A subset of X is connected in the weak topology if and
only if it is connected in the strong topology.

Proof. We need to show that Xstrong and Xweak have the same con-
nected subsets. A connected subset of Xstrong is arcwise connected, and
therefore it is both connected and arcwise connected in the weak topology
by Lemma B.15.

Conversely, let C be a connected subset of Xweak, and assume that it
is not connected in the strong topology. Then it is not convex, so that
there exist points x, y ∈ C and z ∈ X\C with z ∈ [x, y]. Let ~v be the
tangent vector at z representing the path [z, x]. Then V = Bz(~v)− and
U = X\(V ∪ {z}) are disjoint open sets covering C. Moreover, both V and
U are non-empty, as x ∈ V and y ∈ U . This contradicts the connectedness
of C. �

As a consequence, it is easy to see that elements of Tp(X) are in one-to-
one correspondence with the connected components of X\{p} in either the
strong or weak topology.

We now show that arcwise connectedness in the weak and strong topolo-
gies coincide. (This is not explicitly pointed out in [36] or [31].)

Proposition B.17. An injective mapping i : [0, 1] → X is continuous
in the weak topology if and only if it is continuous in the strong topology.

Proof. Since the canonical map ψ : Xstrong → Xweak is continuous, it
is clear that if i is strongly continuous then it is weakly continuous. To
show the converse, suppose i is weakly continuous, and let Λ be the image
of i. Let x = i(0), y = i(1), and let σ be the unique geodesic segment
from x to y. We claim that Λ ⊆ σ. Indeed, if not then there exists z ∈
Λ\σ. Since z 6∈ σ, it is easy to see that x and y are contained in the
same connected component of X\{z}. Let t be the unique point of [0, 1]
for which i(t) = z. Since i : [0, 1] → Λ is a continuous bijection between
compact Hausdorff spaces (where Λ is endowed with the weak subspace
topology), it must be a homeomorphism. Thus 0 and 1 lie in the same
connected component of i−1(z) ⊆ [0, 1]\{t}. This contradiction proves our
claim that Λ ⊆ σ. It follows that ψ−1(Λ) is compact in the strong topology.
The inverse of the map ψ−1 ◦ i : [0, 1] → ψ−1(Λ) is i−1 ◦ ψ, which is a
continuous bijection between compact Hausdorff spaces, and therefore is a
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homeomorphism. Thus ψ−1 ◦ i is continuous, i.e., i is continuous in the
strong topology. �

Corollary B.18. An R-tree X is uniquely arcwise connected in its
weak topology.

Corollary B.19. A subset of X is arcwise connected in the weak topol-
ogy if and only if it is arcwise connected in the strong topology.



APPENDIX C

Brief overview of Berkovich’s theory

In this appendix, we recall some definitions and results from Berkovich’s
general theory of analytic spaces. The primary references for this material
are Berkovich’s book ([13]) and his papers ([14]) and ([16]); see also ([30])
and ([33]). For the most part, we do not give proofs, although we do provide
a self-contained proof of the compactness of Berkovich affinoids which is
different from the one in ([13]).

All rings considered in this appendix will be commutative rings with
identity.

C.1. Motivation

In rigid analytic geometry, one works with analogues of complex analytic
spaces where the field C of complex numbers is replaced by a complete
nonarchimedean field k. To deal with the fact that the canonical topology
on an analytic manifold X over k is totally disconnected – which makes the
naive notion of “analytic continuation” pathological – John Tate introduced
rigid analytic spaces, whose building blocks are affinoid spaces of the form
Max(A), where A is an affinoid algebra over K and Max(A) is the space
of maximal ideals in A. (Intuitively, an affinoid space is the common zero
locus of a family of analytic functions on a closed polydisc D.) Tate dealt
with the problems which arise from the topological pathologies of X by
introducing a certain Grothendieck topology on Max(A). A number of years
later, Vladimir Berkovich had the insight that one could instead look at
the larger topological space M(A) consisting of all bounded multiplicative
seminorms on A, together with a natural topology. There is a continuous
embedding Max(A) ↪→ M(A) having dense image, but the space M(A)
has many extra points which allow one to recover the same coherent sheaf
theory as in Tate’s theory, but using actual topological spaces, as opposed
to just a Grothendieck topology. One can glue the affinoid spaces M(A)
together to obtain a global analytic space Xan functorially associated to
any “reasonable” rigid analytic space X/k. In particular, every scheme X
of finite type over k has a Berkovich analytification Xan. The analytic spaces
in Berkovich’s theory are very nice from a topological point of view. For
example, Berkovich affinoids and the analytifications of projective varieties
over k are compact Hausdorff spaces, and are locally arcwise connected.
Moreover, the analytification of a scheme X is arcwise connected if and only
if X is connected in the Zariski topology, and the dimension of Xan is equal
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to the Krull dimension of X. Finally, the presheaf of analytic functions on a
Berkovich analytic space is in fact a sheaf, and thus one has a good theory
of “analytic continuation” on such spaces.

C.2. Seminorms and norms

A seminorm on a ring A is a function [·] : A → R≥0 with values in the
set of nonnegative reals such that for every f, g ∈ A, the following axioms
hold:1

(S1) [0] = 0, [1] ≤ 1.
(S2) [f + g] ≤ [f ] + [g].
(S3) [f · g] ≤ [f ] · [g].
A seminorm [·] defines a topology on A in the usual way, and this topol-

ogy is Hausdorff if and only if [·] is a norm, meaning that [f ] = 0 if and only
if f = 0. A seminorm [·] on a ring A is called nonarchimedean if

(S2′) [f + g] ≤ max([f ], [g]) ,
and it is called multiplicative if [1] = 1 and for all f, g ∈ A, we have

(S3′) [f · g] = [f ] · [g] .
A normed ring is pair (A, ‖ · ‖) consisting of a ring A and a norm ‖ · ‖.

It is called a Banach ring if A is complete with respect to this norm. Any
ring may be regarded as a Banach ring with respect to the trivial norm for
which ‖0‖ = 0 and ‖f‖ = 1 for f 6= 0.

A seminorm [·] on a normed ring (A, ‖ · ‖) is called bounded if
(S4) there exists a constant C > 0 such that [f ] ≤ C‖f‖ for all f ∈ A.
For a Banach ring, it is well-known (see for example [40], Proposition

5.2) that boundedness is equivalent to continuity. Moreover:

Lemma C.1. If [·] is multiplicative, then condition (S4) is equivalent to:
(S4′) [f ] ≤ ‖f‖ for all f ∈ A.

Proof. Since [fn] ≤ C‖fn‖, we have [f ] ≤ n
√
C‖f‖ for all n ≥ 1.

Passing to the limit as n tends to infinity yields the desired result. �

C.3. The spectrum of a normed ring

Let (A, ‖ · ‖) be a (commutative) Banach ring. We define a topological
space M(A), called the spectrum of A, as follows. As a set, M(A) consists
of all bounded multiplicative seminorms [·] on A. The topology on M(A)
is defined to be the weakest one for which all functions of the form [·]→ [f ]
for f ∈ A are continuous.

1As Brian Conrad pointed out, it is desirable to allow the zero function on the zero
ring to be a norm. This is why in axiom (S1) we allow [1] = 0. If [1] = 0 then (S1)-(S3)
imply that [f ] = 0 for all f ∈ A; otherwise (S1)-(S3) imply that [1] = 1.
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It is useful from a notational standpoint to denote points of X =M(A)
by a letter such as x, and the corresponding bounded multiplicative semi-
norm by [·]x. With this terminology, the topology on X is generated by the
collection of open sets of the form

U(f, α) = {x ∈ X : [f ]x < α}
V (f, α) = {x ∈ X : [f ]x > α}

for f ∈ A and α ∈ R.
Equivalently, one may define the topology on M(A) as the topology of

pointwise convergence: a net 〈xα〉 in M(A) converges to x ∈ M(A) if and
only if [f ]xα converges to [f ]x in R for all f ∈ A. (See Appendix A.3 for a
discussion of nets.)

Remark C.2. If A is a Banach algebra over the field C of complex
numbers, then one can show using the Gelfand-Mazur theorem that M(A)
is naturally homeomorphic to the Gelfand space of maximal ideals in A.

Theorem C.3. If A is a non-zero Banach ring, then the spectrumM(A)
is a non-empty compact Hausdorff space.

Proof. We will reproduce below Berkovich’s proof (see Theorem 1.2.1
of [13]) that M(A) is non-empty and Hausdorff. First, however, we give a
proof (different from the one in [13, Theorem 1.2.1]) of the compactness of
M(A). It suffices to prove that every net in X = M(A) has a convergent
subnet. Let T be the space

∏
f∈A[0, ‖f‖] endowed with the product topology.

By Tychonoff’s theorem, T is compact. By Lemma C.1, there is a natural
map ι : X → T sending x ∈ X to ([f ]x)f∈A, and ι is clearly injective.

Let 〈xα〉 be a net in X. Since T is compact, 〈ι(xα)〉 has a subnet 〈ι(yβ)〉
converging to an element (αf )f∈A ∈ T . Define a function [·]y : A → R≥0

by [f ]y = αf . It is easily verified that [·]y is a bounded multiplicative
seminorm on A, and thus defines a point y ∈ X. By construction, we have
ι(y) = limβ ι(yβ). This implies that limβ[f ]yβ = [f ]y for all f ∈ A, i.e.,
yβ → y. Thus 〈xα〉 has a convergent subnet as desired.

We now prove that M(A) is non-empty (c.f. [13, Theorem 1.2.1] and
[60, Theorem 2.5]). It is well-known that every maximal idealM in a Banach
ring A is closed, and therefore A/M is a Banach ring with respect to the
residue norm. So without loss of generality, we may assume that A is a
field. The set S of bounded seminorms on A is non-empty (since it contains
the norm ‖ · ‖ on A), and it is partially ordered by the relation [·] ≤ [·]′ iff
[f ] ≤ [f ]′ for all f ∈ A. Let [·] be a minimal element of S (which exists by
Zorn’s lemma). We will show that [·] is multiplicative.

Since S can only get smaller if we replace ‖ · ‖ by [·], we may assume
(replacing A by its completion with respect to [·]) that [·] coincides with the
given Banach norm ‖ · ‖ on A.

We claim that [f ]n = [fn] for all f ∈ A and all integers n > 0. If not,
then [fn] < [f ]n for some f ∈ A and some n > 0; set r = n

√
[fn]. Let
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A〈r−1T 〉 be the set of all power series f =
∑∞

i=0 aiT
i with

∑∞
i=0 ‖ai‖ri <

∞. Then f − T is not invertible in A〈r−1T 〉: otherwise, we would have∑
i≥0[f−i]ri <∞, and thus∑

i≥0

[f−in][fn]i =
∑
i≥0

[f−in]rni < ∞ ,

whereas on the other hand [f−in] ≥ [f in]−1 ≥ [fn]−i, which implies that∑
i≥0

[f−in][fn]i ≥
∑
i≥0

1 = ∞ ,

a contradiction. Now consider the natural homomorphism

ϕ : A → A〈r−1T 〉/(f − T ) .

The composition of the Banach norm ‖·‖r onA〈r−1T 〉/(f−T ) with ϕ defines
a bounded multiplicative seminorm [·]′ on A with [a]′ = ‖ϕ(a)‖r ≤ [a] for
all a ∈ A, and [f ]′ = ‖ϕ(f)‖r = ‖T‖r = r < [f ]. This contradicts the
minimality of [·], and proves the claim.

Next, we claim that [f ]−1 = [f−1] for all non-zero elements f ∈ A. If
not, let f be a nonzero element of A with [f ]−1 < [f−1], and set r = [f−1]−1.
Then f−T is not a unit in A〈r−1T 〉 by an argument similar to the one above.
The natural map

ϕ : A → A〈r−1T 〉/(f − T )
again satisfies ‖ϕ(f)‖r < [f ], contradicting the minimality of [·] and proving
the claim.

From this, it follows that [·] is multiplicative, since for non-zero f, g ∈ A
we have

[fg]−1 = [f−1g−1] ≤ [f−1][g−1] = [f ]−1[g]−1 .

This proves that M(A) is non-empty, as desired.

Finally, we prove thatM(A) is Hausdorff. Let x, y ∈M(A) with x 6= y.
Then there exists f ∈ A with [f ]x 6= [f ]y. Without loss of generality, suppose
[f ]x < [f ]y, and choose r ∈ R with [f ]x < r < [f ]y. Then

{z ∈M(A) : [f ]z < r}, {z ∈M(A) : [f ]z > r}
are disjoint neighborhoods of x and y, respectively. �

Remark C.4. In many cases of interest, such as when the Banach norm
on A is already multiplicative, the fact thatM(A) is non-empty is obvious.

There is an alternate way to view the points ofM(A). A complete valued
field is a field K together with an absolute value | · | on K with respect
to which K is complete. A character χ on A with values in a complete
valued field K is a bounded homomorphism χ : A → K. Two characters
χ′ : A → K ′ and χ′′ : A → K ′′ are called equivalent if they factor through
a common character χ : A → K (via some embeddings of K into K ′ and
K ′′, respectively). A character χ : A → K defines a bounded multiplicative
seminorm via f 7→ |χ(f)|, and equivalent characters define the same element
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ofM(A). Conversely, a point x ofM(A) defines a character via A 7→ H(x),
where H(x) is the completion of the quotient field of ker([ ]x). In this
way, one gets a canonical bijection between points ofM(A) and equivalence
classes of characters on A with values in some complete valued field K.

C.4. Affinoid algebras and affinoid spaces

Let k be a field equipped with a non-trivial2 nonarchimedean absolute
value, and which is complete with respect to this absolute value. Following
Berkovich, we want to define the category of k-affinoid spaces, which are
local building blocks for general k-analytic spaces (much as affine schemes
are the local building blocks for schemes).

In order to define k-affinoid spaces, we first need to define k-affinoid alge-
bras. For a multi-index ν = (ν1, . . . , νn) with each νi a non-negative integer,
we let |ν| = maxi(νi), and write T ν as shorthand for T ν1

1 · · ·T νnn . Given pos-
itive real numbers r1, . . . , rn, we define the corresponding generalized Tate
algebra

k〈r−1
1 T1, . . . , r

−1
n Tn〉 = {f =

∑
ν

aνT
ν : |aν |rν → 0 as |ν| → ∞} .

The generalized Tate algebra k〈r−1
1 T1, . . . , r

−1
n Tn〉 can be thought of as

the ring of analytic functions with coefficients in k which converge on the
polydisc {z ∈ Kn : |zi| ≤ ri for all i} for every complete nonarchimedean
field extension K/k.

A generalized Tate algebra becomes a Banach algebra over k when
equipped with the Gauss norm

‖f‖ = max
ν
|aν |rν .

A surjective k-algebra homomorphism π : k〈r−1
1 T1, . . . , r

−1
n Tn〉 → A

from a generalized Tate algebra to a Banach algebra A over k is called
admissible if the norm on A is equivalent to the quotient norm on A defined
by

‖f‖π = inf
g∈π−1(f)

‖g‖ .

A k-affinoid algebra is a Banach algebra A over k for which there exists
an admissible surjective map k〈r−1

1 T1, . . . , r
−1
n Tn〉 → A from some general-

ized Tate algebra to A.
Generalizing results of Tate one shows that k-affinoid algebras are Noe-

therian and every ideal in such a ring is closed.

2Berkovich allows the trivial absolute value as well in his work, and somewhat sur-
prisingly this “trivial” case has some interesting applications. But for simplicity, we will
assume here that the absolute value on k is non-trivial.
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Remark C.5. In classical rigid analysis, one considers only Tate algebras
in which r1, . . . , rn belong to the divisible group

√
|k∗| generated by the value

group of k. In Berkovich’s theory, these rings are called strictly k-affinoid
algebras.

Let A be an affinoid algebra. The Berkovich analytic space associated
to A, considered as a topological space, is just the spectrum M(A) of A
in the sense of §C.3. It is a non-empty compact Hausdorff space which is
locally arcwise-connected, and it is arcwise-connected if A has no non-trivial
idempotents. A k-affinoid space is a pair (M(A),A), where A is a k-affinoid
algebra.

A morphism (M(B),B) → (M(A),A) between k-affinoid spaces is by
definition a bounded k-algebra homomorphism ψ : A → B, together with
the induced map ψ# : M(B) → M(A) on topological spaces defined by
|f |ψ#(x) = |ψ(f)|x for x ∈ M(B) and f ∈ A. The category of k-affinoid
spaces which we have just defined is anti-equivalent to the category of k-
affinoid algebras (with bounded homomorphisms between them).

Just as in the theory of affine schemes, one can define a structure sheaf
OX on X = (M(A),A) for which H0(X,OX) = A. To define the structure
sheaf, we need to introduce the notion of an affinoid subdomain.

If A is a k-affinoid algebra, an affinoid subdomain ofM(A) is a compact
subset V ⊆ M(A), together with a k-affinoid algebra AV and a bounded
homomorphism ϕ : A → AV with ϕ#(M(AV )) ⊆ V , which satisfies the
following universal property:

If ψ : A → B is any bounded homomorphism of k-affinoid
algebras with ψ#(M(B)) ⊆ V , there is a unique bounded
homomorphism ψ′ : AV → B for which ψ = ψ′ ◦ ϕ.

One can show that if V is an affinoid subdomain ofM(A), thenM(AV )
is homeomorphic to V , and therefore that the homomorphism ϕ : A → AV
is uniquely determined by V .

Examples of affinoid subdomains include the Laurent subdomains

V = {x ∈M(A) : [fi]x ≤ pi, [gj ]x ≥ qj for 1 ≤ i ≤ n, 1 ≤ j ≤ m}

for p1, . . . , pn, q1, . . . , qm > 0 and f1, . . . , fn, g1, . . . , gm ∈ A. The affinoid
algebra AV representing such a Laurent subdomain is

AV = A〈p−1
1 T1, . . . , p

−1
n Tn, q1S1, . . . , qmSm〉/(Ti − fi, gjSj − 1) .

The Laurent subdomains containing x ∈ M(A) (and hence also the
affinoid subdomains containing x) form a fundamental system of compact
neighborhoods for x in M(A). The intersection of two affinoid (resp. Lau-
rent) subdomains is again an affinoid (resp. Laurent) subdomain.
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A closed subset V ⊆ M(A) is called special if it is a finite union of
affinoid subdomains. If V =

⋃n
i=1 Vi is a finite covering of a special subset

of M(A) by affinoid subdomains, one defines

AV = ker

∏AVi →∏
i,j

AVi∩Vj

 .

It can be shown that AV is a Banach algebra over k which depends only
on V , and not on the choice of a finite covering. The association V 7→ AV
is functorial, and AV is a k-affinoid algebra if and only if V is an affinoid
subdomain of M(A).

It is a consequence of Tate’s acyclicity theorem in rigid analysis that
the correspondence V 7→ AV is a sheaf of Banach k-algebras in the “special
G-topology” on X. Concretely, this means that the Cech complex

(C.1) 0 → AV →
∏
i

AVi →
∏
i,j

AVi∩Vj

is exact for any finite covering of a special subset V of X by special subsets
Vi. (We refer the reader to [21] for a general discussion of G-topologies and
sheaves on them.)

The structure sheaf OX on X = M(A) is defined as follows. For an
open subset U ⊆ X, define

OX(U) = lim←−AV ,

where the inverse limit is taken over all special subsets V ⊂ U . It is easy
to see that OX is a presheaf. The fact that OX is in fact a sheaf is a
consequence of the exactness of (C.1), together with the following lemma
(c.f. [75, Lemma 13]), whose proof is a straightforward application of the
compactness of special subsets of X:

Lemma C.6. If {Ui}i∈I is an open covering of an open set U ⊆M(A),
and if V ⊆ U is a special set, then there exists a finite covering of V by
special subsets V1, . . . , Vm with each Vi contained in some Uj.

The fact that OX is a sheaf means that the extra points in Berkovich’s
theory allow one to recover, in the nonarchimedean setting, a good theory
of analytic continuation.

If A is a strict k-affinoid algebra, let A◦ (resp. A◦◦) be the set of all
f ∈ A such that [f ]x ≤ 1 (resp. [f ]x < 1) for all x ∈ M(A). The quotient
ring Ã = A◦/A◦◦ is a finitely generated algebra over the residue field k̃
of k. If x ∈ X = M(A), the natural evaluation map A → H(x) induces
a homomorphism Ã → H̃(x) whose kernel belongs to X̃ = Spec(Ã); this
gives rise to a natural surjective reduction map π : X → X̃. The map
π is anticontinuous, in the sense that the inverse image of a Zariski open
(resp. closed) set is closed (resp. open) in X. If ξ is the generic point of
an irreducible component of X̃ of dimension ≥ 1, then π−1(ξ) consists of a
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single point. The set {π−1(ξ)}, as ξ runs through all such generic points, is
precisely the Shilov boundary of X, i.e., the smallest closed subset of X on
which supx∈X([f ]x) is achieved for every f ∈ A.

Example C.7. If A = k〈T 〉, so that X = M(A) is the Berkovich unit
disc B(0, 1), then Ã is the polynomial ring k̃[T̃ ] and X̃ is the affine line over
k̃. The Gauss point of X (corresponding to the Gauss norm on k〈T 〉) is
mapped onto the generic point of A1

k̃
, and all other points of X are mapped

onto closed points of A1
k̃
. For a “type I” point x ∈ B(0, 1) ⊂ B(0, 1), π(x) is

just the image of x under the usual reduction map k◦ → k̃.

Example C.8. If α ∈ k and 0 < |α| < 1, the spectrum of the strict
k-affinoid algebra A = k〈S, T 〉/(ST − α) is the Berkovich analytic space
associated to the closed annulus |α| ≤ |T | ≤ 1 (which is a Laurent domain
in B(0, 1)). One can identify A with the ring of all generalized Laurent series
f =

∑
i∈Z aiT

i for which both |ai| and |ai| · |α|i tend to zero as |i| → ∞.
We have Ã ∼= k̃[T̃ , S̃]/T̃ S̃, and Spec(Ã) has two generic points ξS̃ , ξT̃ . The
unique inverse image of ξS̃ (resp. ξT̃ ) under π is the multiplicative seminorm
sending

∑
aiT

i to max |ai| (resp. max |ai| · |α|i).

C.5. Global k-analytic spaces

We now turn to the problem of gluing together k-affinoid spaces to make
global k-analytic spaces. The category of k-analytic spaces is defined in
Berkovich’s book ([13]) in terms of locally ringed spaces (by analogy with
the definition of schemes and complex analytic spaces). We will not give
the precise definition here, but instead refer the reader to Chapter 3 of
([13]). The problem with the definition in ([13]) is that, unlike in the case of
schemes or complex analytic spaces, the building blocks for global k-analytic
spaces, namely the k-affinoid spaces, are closed rather than open. This
makes the theory of sheaves and locally ringed spaces a somewhat awkward
framework for gluing such building blocks together, especially when one
wants to understand the relationship between k-analytic spaces and rigid
analytic spaces.

In ([14]), Berkovich gives a more satisfactory definition of a global k-
analytic space. The improved definition is based on the notion of a net
(this usage of the term is different from that in Appendix A.3). If X is
a locally Hausdorff topological space, a quasi-net on X is a collection τ
of compact Hausdorff subsets V ⊆ X such that each point x ∈ X has a
(closed) neighborhood of the form V1 ∪ · · · ∪ Vn, with Vi ∈ τ and x ∈ Vi for
all i = 1, . . . , n. The quasi-net τ is a net if, for all V, V ′ ∈ τ , the collection
{W ∈ τ : W ⊆ V ∩ V ′} is a quasi-net on V ∩ V ′ ([14], p.14).

A k-affinoid atlas A on X with respect to the net τ is an assignment of
a k-affinoid algebra AV and a homeomorphism V

∼−→M(AV ) to each V ∈ τ
such that for each V, V ′ ∈ τ with V ′ ⊆ V , there is a bounded homomorphism
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of k-affinoid algebras AV → AV ′ which identifies (V ′,AV ′) with an affinoid
subdomain of (V,AV ) ([14], p.16).

A k-analytic space is a triple (X,A, τ) with τ a net on X and A a
k-affinoid atlas on X with respect to τ ([14], p.17). If all AV are strict k-
affinoid algebras then the triple is called a strict k-analytic space. When A
and τ are understood, one often writes X as shorthand for the corresponding
analytic space (X,A, τ).

Example C.9. Let X be the set of multiplicative seminorms on k[T ]
which extend the given absolute value on k, furnished with the weakest
topology for which x 7→ [f ]x is continuous for each f ∈ k[T ]. For each real
number r > 0, let Xr = {x ∈ X : [T ]x ≤ r}. Then restriction to k[T ]
induces, for all r > 0, a homeomorphism ιr : M(k〈r−1T 〉) ∼−→Xr, and in
particular each Xr is a k-affinoid space. The collection τ = {Xr}r>0 forms
a net on X, and the assignment Xr 7→ k〈r−1T 〉 furnishes a k-affinoid atlas
A on X with respect to τ . The analytic space (X,A, τ) formed in this way
is called the Berkovich affine line over k, or the analytification of A1 over k.
(Compare with the discussion in Chapter 2.)

Example C.10. A k-affinoid atlas for the Berkovich projective line P1
Berk

is given by the three sets consisting of the closed Berkovich unit disc V1 =
B(0, 1), the complement V2 = P1

Berk\B(0, 1)− of the open Berkovich unit disc
in P1

Berk, and their intersection V3 = B(0, 1)\B(0, 1)−. Note that V1∪V2 is a
compact neighborhood of the Gauss point ζGauss, but ζGauss does not have a
single compact neighborhood of the form Vi. (This explains why one wants
to allow finite unions in the definition of a quasi-net.)

Example C.11. If A is a k-affinoid algebra and X = M(A), then the
collection τ of all affinoid subdomains of X, together with the atlas given
by the usual assignment V 7→ AV for V ∈ τ , defines in a natural way a
k-analytic space (X,A, τ) associated to the k-affinoid space (X,A).

In Example C.11, we could also simply take τ ′ = {X} and A′ = {A}.
One would like to consider the analytic spaces (X,A, τ) and (X,A′, τ ′) as
one and the same. To accomplish this, a good notion of a morphism of ana-
lytic space is needed for which the natural map from (X,A, τ) to (X,A′, τ ′)
becomes an isomorphism. One would also like the previously defined cate-
gory of k-affinoid spaces to embed as a full subcategory of the category of
k-analytic spaces.

From such considerations, Berkovich was led to the following definitions
for the category of k-analytic spaces.

A strong morphism ϕ : (X,A, τ) → (X ′, A′, τ ′) of k-analytic spaces is
a continuous map ϕ : X → X ′ such that for each V ∈ τ there exists a
V ′ ∈ τ ′ with ϕ(V ) ⊆ V ′, together with a compatible system of morphisms
of k-affinoid spaces ϕV/V ′ : (V,AV ) → (V ′,A′V ′) for all pairs V ∈ τ and

V ′ ∈ τ ′ with ϕ(V ) ⊆ V ′. We define k̃-An to be the category whose objects
are k-analytic spaces, with strong morphisms between them.
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A strong morphism is said to be a quasi-isomorphism if ϕ is a home-
omorphism between X and X ′, and if ϕV/V ′ identifies V with an affinoid
subdomain of V ′ whenever V ∈ τ and V ′ ∈ τ ′ with ϕ(V ) ⊆ V ′.

Finally, the category k-An of k-analytic spaces is the localization of the
category k̃-An with respect to the quasi-isomorphisms, i.e., it is the category
obtained from k̃-An by “formally inverting” the quasi-isomorphisms.3

Another way to describe the morphisms in k-An is to first show that
every k-analytic space possesses a maximal k-affinoid atlas (whose elements
are called affinoid domains in X); in terms of maximal atlases, one can
describe morphisms in k-An similarly to the way that strong morphisms
were defined above (see Section 1.2 of [14] for details).

Remark C.12. Every k-analytic space X possesses a natural structure
sheafOX generalizing the structure sheaf defined above on a k-affinoid space.

C.6. Properties of k-analytic spaces

Here are some of the properties of k-analytic spaces.

1. The functor (X = M(A),A) 7→ (X, {A}, {X}) from the category of
k-affinoid spaces to k-analytic spaces is fully faithful, so one does not obtain
any new morphisms between k-affinoid spaces by thinking of them as objects
of the larger category of k-analytic spaces.

2. The category k-An admits fiber products and, for each nonarchimedean
extension field K/k, there is a ground field extension functor X 7→ X⊗̂K
taking k-analytic spaces to K-analytic spaces. Given a point x ∈ X, there is
an associated nonarchimedean fieldH(x) over k, called the completed residue
field of x, and given a morphism ϕ : Y → X, one can define in a natural
way the fiber Yx of ϕ at x, which is an H(x)-analytic space. If X =M(A)
is a k-affinoid space, then H(x) is the completion of the fraction field of the
quotient of A by the kernel of the seminorm corresponding to x.

3If C is a category and S is a class of maps in C, the localization of C with respect to
S is a category C[S−1] together with a functor Q : C → C[S−1] such that (i) Q(s) is an
isomorphism for all s ∈ S, and (ii) any functor F : C → D such that F (s) is an isomorphism
for all s ∈ S factors uniquely through Q. One can show that such a localization always
exists. However, it is difficult in general to explicitly describe the morphisms in C[S−1].
But if S admits a “calculus of right fractions”, meaning that it satisfies a system of four
axioms first described by Gabriel and Zisman in ([43]), then the localized category can be
described rather concretely: its objects are the same as the objects in C, and morphisms
from A to B in C[S−1] are certain equivalence classes of diagrams

A
s←− C

f−→ B

with s ∈ S and f ∈ Mor(C). Every morphism in C[S−1] can thus be represented as a “right
fraction” f ◦s−1 with s ∈ S and f ∈ Mor(C), and there is a rule similar to the usual one for
equality of fractions. (In particular, if f, g are parallel morphisms in C, then Q(f) = Q(g)
if and only if there is a t ∈ S such that f ◦ t = g ◦ t.) The family of quasi-isomorphisms in

in k̃-An admits a calculus of right fractions. See ([43]), ([54, §1.3]), and ([14, §1.2]) for
further details.
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3. Each point of a k-analytic space has a fundamental system of open
neighborhoods which are locally compact and arcwise connected. Every one-
dimensional k-analytic space, and every smooth k-analytic space (which we
will not define), is locally contractible. (The latter result is quite difficult;
see [17] and [18].)

4. There is an analytification functor which associates to each scheme
X locally of finite type over k a k-analytic space Xan. The scheme X is
separated iff Xan is Hausdorff, is proper iff Xan is compact, and is connected
iff Xan is arcwise connected. If X is separated, its Krull dimension is equal
to the topological dimension of Xan. If k is algebraically closed and X
is a quasi-projective variety over k, then X(k) (endowed with its totally
discontinuous analytic topology) can be naturally identified with a dense
subspace of Xan.

5. The analytification of Pn is contractible, as is the analytification
of any smooth, proper, integral variety over k having good reduction. On
the other hand, the analytification of an elliptic curve with multiplicative
reduction is homotopy equivalent to a circle. A detailed description of the
topological structure of one-dimensional Berkovich analytic spaces can be
found in ([13], Chapter 4); see also ([77]). For a discussion of the topological
structure of Aan when A is an abelian variety, see ([13], §6.5).

6. To any formal scheme X locally finitely presented over the valuation
ring k◦ of k, one can associate to it a paracompact strict k-analytic space
Xη called the generic fiber of X , and a reduction map π : Xη → Xs, where
Xs is the special fiber of X .
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38. , Équidistribution quantitative des points de petite hauteur sur la droite projec-
tive, Math. Ann. 335 (2006), no. 2, 311–361. MR MR2221116 (2007g:11074)
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77. A. Thuillier, Théorie du potentiel sur les courbes en géométrie an-
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affinoid
algebra, 337
Berkovich, 9
open, xx, 9, 29
strict closed, 118
subdomain, 338

algebraically capacitable, ix, xxiv, 120,
157

analytic component, 293
annular segment, 219
annulus, 27

in P1
Berk, 226

open, 228
rational, 228
standard open, 229

Arakelov-Green’s function, xxv, 189,
244, 250, 304

arc, 321
arcwise connected, see path-connected
attracting basin, 253, 267, 294
Attracting Fixed Point Theorem, 280
attracting periodic point, 253
Autissier, Pascal, xi

Baire set, 310
ball

closed, 68, 73, 76
open, 67, 73, 75

BDV(Γ), xxi, 57, 171
BDV(P1

Berk), xxi
BDV(U), 86, 182
Benedetto, Rob, xi, 237, 239, 248, 265,

286, 291, 293, 295, 296, 299, 302
Berkovich

adelic neighborhood, 119, 154, 156
adelic set, 119, 154
affine line, xv, 19, 341
annulus, 40
classification theorem, xvii, 3, 21
curves, x, xi, 49, 95

equicontinuity locus, xxvi, 263
hyperbolic space, xvii, 38
projective line, ix, xv, 24
spaces, x, xv, xxvi, 338, 341

Berkovich, Vladimir, xxvi, 18, 46, 333
Bezivin, J.-P., 284, 286
boundary point, 56
bout, 287
branch point, 321
branching, 12

countable, xiii
of main dendrite, 125, 164
uncountable, xiii
Bx(~v)−, 40

Call-Silverman local height, 240–242,
251

canonical distance, 75, 76
canonical measure, x, xii, xxvi, 188, 242
Cantor matrix, 133, 137
Cantor, David, 156
capacity

global, 155, 157
inner, xxiii
logarithmic, xxiii, 99

of an adelic set, 119
capped, 224, 226
Chambert-Loir, Antoine, x, 18, 303
Chebyshev constant, xxiv, 114
Christmas tree, inverted, 216
classical point, 5
cofinal, 307
coherent system of measures, 83, 86
Comparison theorem, 179
completed residue field, 342
completely invariant, 259
component of injectivity, 289
convergence

of Laplacians, 182, 183
weak, 101, 310
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convex, 163, 305
convex hull, xx, 38
coordinate change, 32, 213, 229
CPA(Γ), 50

D(U), 124
derivative

boundary, 87
directional, 50, 168

D(Γ), 55
diameter, xviii, 11, 42, 65
Dini’s lemma, 184, 308
direct limit, 16, 21, 39
directed set, 307
Directional multiplicity formula, 211
disc

Berkovich, 8, 20, 26, 224
Berkovich open, 40, 167
closed, xvi
image of a, 224, 317
irrational, xvi, 5
rational, 5

domain, 40, 79
associated to a finite subgraph, 167

domain of quasi-periodicity, 267, 295,
297–299

electrical network, 51, 52
endpoint, 322
energy integral, xxiii, 99
energy minimization principle, xxv, 190,

244
Eϕ, 251
equicontinuity, xxvi, 263, 266, 314
equidistribution theorem

adelic, ix, x, 188
for preimages, xxvi, 252

equilibrium
distribution, see equilibrium measure
measure, xxiii, 101, 136

existence of, 102
support of, 103, 145
uniqueness of, 105, 131, 136

potential, 109
equivalent

multiplicative seminorms, 23
paths, 12, 50

Evans function, 129
exceptional

locus, 251, 257, 293
point, 251

Fatou components, xxvi, 294
classification of, 267, 295

Fatou set
Berkovich, xxvi, 259
classical, 263

Fatou’s lemma, 177
Fatou-Julia theory, xxvi
Favre, Charles, xi, xii, 77, 94, 287, 301,

303
Fekete-Szegö theorem, ix, xiii, xxiv,

118, 119, 121
multi-center, 153, 156

finite subgraph, xx, 38, 68, 80
domain associated to a, 167
image of a, 220

finite-dendrite domain, 41, 133, 167
Fixed Point Property, 278
Frostman’s theorem, xxiv, 109, 191
full subset, 329
function

piecewise affine, 50
smooth, xxv, 96, 186

function field, ix
functional equation

for gϕ(x, y), xxvi, 248
for the canonical measure, xxvi, 242

Gauss
norm, 1, 337
point, 6, 18, 340

Gauss’ lemma, xvi
Gelfand topology, see topology,

Berkovich
Gelfand-Mazur theorem, xvi, 335
generic value, 35
geodesic

quadrilateral, 324
segment, 321
space, 321
triangle, 323

gµϕ(x, y), 244, 250
gϕ(x, y), 245, 246, 250
graph of discs, 14
Green’s function, xxiv, 140, 162

lower, 157
of a strict closed affinoid, 145
pullback formula for, 150, 152, 234

Green’s matrix, 155
Gromov product, 52, 94, 321, 325

relation to generalized Hsia kernel, 74
Grothendieck topology, xv, 333

harmonic, xxii, 123, 163
not strongly, 127
preserved under pullbacks, 150
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strongly, xxii, 123
harmonic measure, 135, 137
Harnack’s

inequality, 139
principle, xxii, 140

HBerk, xvii, 38
HQ

Berk, xvii, 38

HR
Berk, xvii, 38

Hermann ring, 297
homoclinic orbit, 281
Hp, 287
Hsia kernel, xix, xxii, 65, 77

function-theoretic meaning, 68
generalized, xix, 73, 162, 321

geometric interpretation, 74
relation to Gromov product, 74

Hsia’s theorem, 264
Hsia, Liang-Chung, x, xii, 65, 77, 237,

239, 286
hyperbolic

0-, 326
Gromov, 326
strongly, 324

immediate basin of attraction, 267, 294,
296

Incompressibility lemma, 223, 289
indifferent periodic point, 270, 272,

290–292
inverse limit, x, xx, 16, 39
iterated logarithm, 297

jν(x, y), 63
Jonsson, Mattias, xii, 94, 97
Jordan decomposition, 309
Julia set

Berkovich, xxvi, 259
classical, 263
filled, x, 284

jz(x, y), 51
extension to P1

Berk, 70
relation with Hsia kernel, 68

Kani, Ernst, 160
Kiwi, Jan, xiii
Kontsevich, Maxim, xiii

Laplacian, xv
complete, 87
generalized, 179
is self-adjoint, 92
on P1

Berk, xx
on R-trees, xii
on Berkovich curves, x

on metrized graphs, x, xvi, xx, 50, 53,
60

on subdomains of P1
Berk, 87

pullback formula for, 233
Laurent domain, 36, 338
least upper bound, 329
limit superior, 306
line of discs, 13
Lipschitz continuity, 216, 220
local degree, 204
local ring, 22, 27
localization of a category, 342
log-continuous, 188, 244

main dendrite, 124
and harmonic functions, 126
and subharmonic functions, 163
is finitely branched, 125

Maria’s theorem, xxiv, 108, 190
Mass Formula, 54, 91
Maximum Principle

for harmonic functions, 127
for subharmonic functions, xxv, 164
strong, 128

measure, 309
Baire, 311
discrete, 61, 95, 186, 200
finite, 309
log-continuous, 188
positive, 309
probability, 99
Radon, 84, 309
regular, 309
signed, 309
total variation of a, 309

metric
big, 13, 43
path distance, xix, 43

is canonical, xix, 45
small, 11, 42, 43

metrizability, xiii, 17, 19, 42
metrized graph, 49

model for a, 50
mirror symmetry, xiii
modulus of an open annulus, 46, 226,

229
mϕ(a,~v), 210
multiplicity

algebraic, 195, 202
analytic, xiii, xxv, 202, 206, 214
in a tangent direction, 210
of a bout, 288

Möbius transformation, xix, 31, 46, 229



350 INDEX

net, xiii, 19, 307
Newton polygon, 315, 316

one-point compactification, xvii, 23, 312
Open mapping theorem, 202, 203, 223

parametrized rooted tree, 11, 42, 328
partial order, xvii, 9
path, 50
path-connected, 14, 321

uniquely, xv, xvi, 12, 29, 332
ϕ-saturated, see saturated domain
ϕ-small neighborhood, see small

neighborhood
Piñeiro, Jorge, 303
PL-domain, 157
Poincaré-Lelong formula, xxii, 88
Poisson formula, xxii, 134, 135, 166

classical, 132
Poisson-Jensen measure, 135, 136

classical, 133
Portmanteau theorem, 200, 311
potential function, xxiii, 88, 89, 94, 106,

162, 180
continuity of, 181
generalized, 190
need not be continuous, 108

potential kernel, 51
extension to P1

Berk, 70
relation with Hsia kernel, 68

potential theory, ix, xv
product formula, 119, 153
Prohorov’s theorem, 310
Proj construction, xiii, 23
pseudo-equidistribution, x
pullback function, 230
pullback measure, xxv, 230
pushforward function, 204
pushforward measure, xxv, 230

quadripod, 324
quasar, 272

R-tree, xv, xx, 9, 321
finite, 322
profinite, xiii, xx, 16
rooted, 321

ramification function, 215
rate of repulsion, 207
rational function

action on P1
Berk, 30, 31, 37

reduction, 213
good, 243, 248
nonconstant, 34

simple, 243
repelling fixed point, 274, 292
repelling periodic point, 270, 272, 283,

290
reproducing kernel, xxiv, 149
Repulsion formula, 207
retraction map, xx, 16, 39, 81, 82

is continuous, 82
ρ, xix, 13, 44

is canonical, 45
Riemann extension theorem, 131
Riemann-Hurwitz formula, 252
Riesz Decomposition Theorem, xxv, 180
Riesz Representation Theorem, 310
Rivera-Letelier, Juan, xi, xxvi, 46, 77,

94, 235, 238, 266, 269, 281, 286,
287, 293, 299, 301, 303, 304

RL-domain, 118, 120, 157
Robin constant, xxiii, 99, 157

global, 155, 157
relative to µ, 191

Rolle’s theorem, 255, 318, 319
rϕ(a,~v), 207

saturated domain, 205
saturation, 14
semicontinuous, 106, 306

regularization, 174, 306
strongly, 106, 163, 306

seminorm, 334
bounded, 1, 334
equivalent, 23
evaluation, 3
multiplicative, xvi, 1, 334
normalized, 24

separability, 151, 290, 292, 293
sheaf of analytic functions, 19, 339
Shilov boundary, 340
Shishikura’s theorem, 293
Silverman, Joe, 18, 237, 239, 286, 304
simple domain, xx, 9, 41, 79

image of a, 203
inverse image of a, 203
strict, 41, 126

simple subdomain, 135, 168
small neighborhood, 206
smoothing kernel, 186
Soibelman, Yan, xiii
special subset, 339
spectrum, 2, 334
spherical

distance, 43, 71
kernel, 71, 72
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geometric interpretation, 72
spherically complete, xvii, 5
strongly involutive, 274
subharmonic, xxiv, 96, 141, 161

domination, xxv, 167
equals domination subharmonic, 167,

172
strongly, xxiv, 161

subnet, 308
superattracting periodic point, 253
superharmonic, xxiv, 162
Szpiro, Lucien, 303

tangent
direction, see tangent vector
space, 12, 40, 50, 330
vector, 12, 40, 50, 206, 330

Tate algebra, 337
Tate, John, xv, 333
Thuillier, Amaury, x, xi, 94, 95, 97, 121,

160, 193
topology

Berkovich, xvi, 2, 7, 17, 334, 335
neighborhood base for, xx, 41, 206,

338, 343
direct limit, 40
observer’s, 330
of pointwise convergence, 20
on A1

Berk, 19
on P1

Berk, 24, 28
path distance, 42
strong, 42, 44, 287, 330
weak, 11, 16, 42, 310, 330

transfinite diameter, xxiv, 114
Transitivity Theorem, 262
tripod, 323
Tucker, Tom, 303
type, xvii, 5, 22

preservation of, 32

Uniform injectivity criterion, 255
uniform space, 313, 314
U(x;~v), 12

vanishing chain, 288
Varley, Robert, 77
vertex set, 49

wandering
component, 268
domain, 295, 296

weak convergence, 310, see
convergence,weak

well-oriented subgraph, 168

witch’s broom, 12

ζa,r, 6
ζGauss, 6
Zh(Γ), 53


